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Conterning the Nature, Scope, and Finds of ALGEBRA : 
T The Confiruftion of Colic Qzantities,. or Powers; with 
the manner of expreſſing them by Alphabetical Letters: The 
ſigui ſcation of Characters aſed in the Firſt Boos 
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IHE Mathematical Arts or Sciences are exercis'd about Quantity; 
which is compris d under Numbers, Lines, Supetficls, And So- 
Us: Theſe if they be conſidered abſtractively, and ſeparate 
from all kind df Matter, are the proper Objects of Arithine- 
10 tic and Geometry, which are called Pure Mathematic, © © 
II. The Method which Mathematicians are wont to uſe in ſearching outit Truth 
about Quantity, is twofold ; viz; I. Smthetical, or by way of Cottipoſition - 
2. Analytical, or by 3 — ß 5 ir 77, 17 TOR 
III. Mathematical Compoſition, or the Hnt hetica! Method, argues altogether 
with known Quantities to ſearch out unknown; and then demonſtrates that the 
Quantity found out will fatisfie the Propoſitio nn. E:7 
| IV. Mathematical Reſolution, or the Analytical Art, commonly call'd Algebra. 
is that way of reaſoning which aſſumes or takes the Quantity ſought as if it were 
_ known or granted and then with the help of one or mote Quantities given or known, 
proceeds by Conſequences, until at length the Quantity firſt only aſſumed or feign- 
ed to be known, is found equal to ſome Quantity or Quantities certainly known: 
and is therefore likewiſe knooub n. e 
V. The Scope, Drift or Office of the Analytic ot Algebraic Art, is to ſearch 
out three kinds of Truths, viz. Vos. 49: 1 P 
I. Theorems; whichare nothing elſe but Declaratidns, or Aﬀitmiations of certain 
Properties, Proportions, or Equalities, juſtly inferr'd from ſome Suppoſitions or 
Conceſſions about Quantity: Which Theorems are to be reſerved in ſtore, as ready 
helps to find out new, and to confirm old Truths. This kind of Reſolution when it 
teſts in a bare Invention of Truth, is called Contemplative; or-Netional; - © © 
$791] . A 3 ; 2. Canons,” 
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2. Canons, or infallible Rules, to direct how to ſolve knotty Queſtions, by the help 
of Quantities given or known ; this kind of Reſolution is called Problematical. 
3. Demonſtrations, or evident and indubitable Proofs, to manifeſt the Truth of 
ſuch Theorems and Canons as are Analytically found out. 7 
VI. Algebra is by late Writers divided into two kinds; to wit, Numeral and Li- 
teral (ox Speis. 1 FT SS 
VII. Maneral Ageb ra is ſo called, becauſe in this Method of teſolving 1 Queſtion, 
the Quantity ſought or unknown is. ſolely deſign ꝗ or repreſented by ſome Alphabetical 
Letter, or other Character taken at Pleaſure, but dll the Quantities given are expreſt 


„ e Ls — L 
VIII. Lircral, or Specious Algebri is fo called becnuſe in this Method of reſolving | 


a Queſtion, 48 well the ay or known Quaiſtities, as the unKnown are Rll ſeverally 
expreſſed or repreſented by Alphabetical Letrers.“ * hence it eomes to paſs, that at 
the end of the Reſolution of a Queſtion, every Quantity appearing diſtinct under the 
ſame Letter or Form by which it wasat firſt expreffed, a Canon is diſcovered to direct 
how the Queſtion propos'd may be ſolved, not only by the quantities firit given, but 


by any other- whatſoever that are capable of ſolving the Queſtion. In this Reſpect 
therefore Llteral Algebra far excels the Numeral; for this latter ſerves only to ſolve « 


Arithmetical Queſtions, and produces not a Canon without much difficulty, in regard 

the Numbers firſt given, by reiterated Multiplications, Diviſions, and other Arith- 
metical Operations, will for the molt part be ſo confounded and interwoven, that their 
Foot-ſteps ean hardly be traced out: But Literal or Specious Algebra is applicable to 
the ſolving of Geometrical Problems, as well as Arithmetical. 


9 a * * 


IX. The Doctrine of Algelv is principally grounded upon the Knowlege of cer- 


tain Quantities called by ſome Authors Caſte Quantities, by others, Powers, the 
Conſtruction whereof is explain'd in fix Sections next following. | 
EX. Numbers are ſaid to be in Geometrical Prophrtion continued, when as the firſt is to 
the ſecond, ſo is the ſecond to the third, and fo is the third to the fourth, Cc. As, for 
Example, Kere Numbers, x, 2, 4, 8, 46, 32, Cx. are Contimtal Proportienals , for 
as the firſt Term 1, is the half of the ſecond Term 2; ſo is the ſecond Term 25 the half 
of the third Term 4; aud 1018 4 the half of 8, Cc. Likewiſe rhefe Numbers, 3, 9, 
27, 81, 243, Cc. are in Geometrical Proportion pontinued; Fot as the firſt Term 3 is 
a third part of the ſecond. Term 9, ſo is the ſecond Term a third part of the third 
Term 27; and ſo is 27 one third of 81, Cc. Allo, theſe numbers are continual 
Proportionals, to wit, 1, 2, 4, , Cc. for as the firſt Term 1, is the double of the ſe- 


4 
bs 


cond Term. 4, fo is the double of >, and + the double of , He. 


XI. In any ſeries or rank of Numbers proceeding from Unity ina.continugd Geome- 


trical proportion, whether aſcend ing or deſcending; all the Numbers or Terms&kcept the 


firſt, which is ſuppoſed to be 1, (to wit, Unity,) are called Cofic Numbers, or Powers; 
vix. the ſecond Term or Proportional is called the Root, or firſt Power; the third Propor- 


tional is called the Square, ot ſecond Power; the fourth Proportional is called the Cube, or 
third Power; the fifth Proportional is called the Biquadrate, or fourth Power, the ſixth Pro- 


portional, the fifth Power, &c. As for Example, in this rank of Continual Poportionals, 


7% 2, 4, 8, 16, 32, Cc. the ſecond Term 2 is the Root; the third Term 4 is the ſecond 
Power, or the Square of the Root 2; the fourth Term ð is the third Power, or the Cube of 
the Root 2 ; the fifth Term 16 is the Biquadrate or fourth Power of the ſame Root 2, Fc. 
In like manner in this rank of continual Proportionals deſcending from 1, to wit 
I, 4 , +. , c. the ſecond Term ; is the Root; the third Term + is the ſecond 
Power; the fourth Term ; is the third Power, c. The like is to be underſtood 
of any other Rank of Numbers in a continued Geometrical Proportion, whoſe firſt 
Term or Proportional is Unit. 1. 6% 

XII. From the two laſt preceding Sections, (which are grounded upon 10. Prop. 
8. Elem. Euclid) it is evident that any Number whatſoever being propoſed for a 
Root, the ſecond Power, or the Square, is produced by the Multiplication of the 
Root by it ſelf; the third Power, or the Cube, is produced by the Multiplication of 
the ſecond Power by the Root; the fourth Power is produced by the Multiplication 
of the third Power by the Root, &c. 1 — TIT og Ones: 
As, for Example, if 2 be given for the Root, this 2 multiplied by it ſelf, produces 4 


the ſecond Power, to wit, the Square of the Root 2: Again, 4 the ſecond Dawes 
EEO a” 8 5 9 . | cing 
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. Definitions. | "7" " 
being multiplied by the Root 2 gives 8 the third Power, or the Cube; which third 
Power multiplied by the Root 2, produces the fourth Power 16, &c. 

In like manner, if this Fraction + be preſcribed for a Root, by multiplying + by 

it ſelf, there comes forth 5 for the ſecond Power, or the Square of the Root; A- 

gain, the ſecond Power > multiplied by the Root + produces the third Power * 

or the Cube of the Root +; and the third Power 4 multiplied by the Root + gives 
the fourth Power , CWG. 

But when the Root is 1, to wit, Unity, every one of its Powers will alſo be 1; 
for multiplication by 1 makes no alteration. All which will be further illuſtrated 
by the Scales of Coſſic numbers or Powers in the following Table, which ſhews 

that if the Root be 5, the Square is 25, the Cube 125, the Biquadrate or fourth 


Power 625, the fifth Power 3125, Cc. | 
1355 A Table of Powers in Numbers. 
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je Root or firſt Power. 


he Square or ſecond Power. | 


— 
— —_ — — — Ju 


* {The Cube or third Power. 


1 | [The zi abba Or fourth Power. fi 26 | 1 1 56 1 62 5 
The fifth wer. 1 3 243] 1024] 3125 | | 
a [The fxth Power. = ” 1] 64] 729 4056 _ 15625 | 
[The ſeventh Power. 1112802187 16384] 78125 | 
[The eig hth Power, Se. 5 [x [255 [6561 65526 | 290625 | 


XVII. The Root or firſt Power being given, the third, fifth, eighth, or any other Power 
may be found our without reſpett to the intermediate Power or Powers, in this 
manner; vix. 2 the number 3 be preſcribed for the Root, and that the fifth 
Power be deſired; firſt write down the Root 3 five times thus, 3, 3, 3, 3, 3; then multi- 
ply theſe five equal numbers one into another according to the Rule of continual Multi- 
plication, ſo the laſt Product 243 ſhall be the deſired fifth Power raiſed from the Root 3. 
In like manner, if the eighth Power of the Root 2 be deſired, you may write the 
Root 2 eight times thus, 2, 2, 2, 2, 2, 2, 2, 2, theſe multiplied continually 
produce 256, which is the eighth Power of the Root 2. After the ſame manner 
you may find out any other Power from a number given for the Root. 5 
XIV. If over or under any Series or Rank of Coſſic numbers or Algebraic Powers, 
conſtituted according to the three laſt foregoing Sections, there be placed a rank 
of Numbers beginning with Unity, and proceeding according to the natural order of 
numbers, as 1, 2, 3, 4, 5, 6, 7, 8, 9, Cc. theſe numbers ſo placed are uſually called 
the Indices, or Exponents of thoſe Powers, as well becauſe they ſhew the order, ſeat, or 
place of each Power, as alto its number of Degrees or Dimenſions; that is, how ma- 
ny times the Root is involved or multiplied in producing each Power reſpectively: 
As for Example, let there be a Rank or Scale of Algebraic powers raiſed from the 
Toot 3, as 3, 9,27, 81, 243,729, 2187, c. and over them let there be ſo many num- 
bers placed in an Arithmetical progreſſion, beginning with 1, and proceeding accor- 
ding to the natural order of Numbers, as here you ſee: n 


2 . — — 5 ——— —ſ ' n — —j 
INDICES. |: | 2 | 3] 4|5 | 6 | 7 | 8 ]&. 
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I fay the Index 4 in the Arithmetical progreſſion, ſnews that the fourth Power 81, 
which ſtands under 4, is produced by the multiplieation of the Root 3 fout times into 
it ſelf, viz. theſe four numbers 2, 3, 3, 3, e a continually will produce 81; 
likewiſe the Index 7 in the Arithmetical progreſſſon ſhews, that the ſeventh Power 
2187, which ſtands under 7, is produced by the multiplication of the Root 3 
ſeven times into it ſelf; viz. theſe ſeven equal numbers 3, 3, 3, 3, 3, 3, 3, multiplied 
continually produce 2187. And fo of others Bs 
To that uſe of Indices, this may be added; viz. If any two or more Indices be ad- 
ded together, the ſum will be an Index ſhewing what power will be produced by 
the multiplication of thoſe Powers one into another which anſwer to the Indices that 
were added together: As for Example, if the Indices 3 and 5 be added together, the 
ſum is the Index 8, which ſhews, that if the third and fifth Powers be multiplied 
one by the other, the eighth Power will be produced: As in the rank of Powers in the 
precediug Tabulet, if the third power 27 be multiplied by the fifth Power 243, the Pro- 


duct will give the eighth Power 6561. In like manner, for as much as the Indices 2 


and 6 added together make the Index 8; therefore the ſecond Power 9 multiplied by 


the ſixth Power 729 will alſo produce the eighth Power 6561: Again becauſe the 


Indices 1, 2, and 5 added together make the Index 8; therefore the firſt, ſecond and 
fifth Powers, to wit, 3,9, and 243 multiplied continually will likewiſe produce the 
eighth Power 6561. And as the Index 3 added to it ſelf makes the Index 6, ſo the 
third Power 27 multiplyed by it ſelf, or ſquared, will produce the ſixth Power 7 29. 
And as the Addition of Indices anſtwers to the Multiplication of their correſpon- 
dent Powers, ſo the ſubtraQion of Indices anſwers to the diviſion of their correſpon- 
dent Powers: As, for Example, becauſe the Index 8 leſſened by the Index 5, leaves 
for a Remainder the Index 3; therefore the eighth Power 5561 divided by the fifth 
Power 243 gives in the Quotient the third Power 27. Likewiſe, as the Index 7 lef- 
ſened by the Index 3 leaves the Index 4; ſo the ſeventh Power 2187 divided by 


the third Power 27, gives the fourth Power 81. 1 3 
XV. From the ptemiſſes it is evident, that upon an Arithmetical foundation, a 


Scale or Rank of Algebraic Powers may be raiſed and continued as far as you pleaſe, 


* 


the three firſt of which have an affinity with, and may be expounded by Geometri- 
cal dimenſions: For firſt, we may conceive any terminated Right- line, to be divided 
into a number of equal parts at pleaſure, ſuppoſe 12, then this number 12, or that 
Right- line, may be eſteemed as a Root: Secondly, the ſaid 12 multiplied by it ſelf 
produces 144 the ſecond Power, which is equal to the Area of a ſquare Superiicies 
whoſe fide is 12: Thirdly, the ſaid ſecond Power 144 multiplied by the Root 12 
produces the third Power 1728, which is equal to the Solid content of a Cube, 
(to wit, a Solid in the form of a Dye) whoſe ſide is 12. SD 
But none of the reſt of the Algebraic powers can properly be explain'd by any 
Geometrical quantity, in regard there are but three dimenſions in Geometry, to wit, 
Length, Breadth, and Depth (or Thickneſs.) 

XVI. In ſearching out the ſolution of a Queſtion by the Algebraic Art, the number 
or line ſought is uſually called a Root, which ſo long as it remains unknown cannot be 


really expreſt, and therefore it muſt be deſign'd or repreſented by ſome Symbol or Cha- 


2 
* 


raQter, at the will of the Artiſt; alſo the Powers which may be imagined to proceed 
from the ſaid Root in ſuch manner as has before bin declared are likewiſe to be repre- 
ſented by Symbols or Characters; concerning which there is much diverſity among 
Algebraical Writers, every one pleaſing his fancy in the choice of Characters: But in 
this matter I ſhall imirate Mr. Thomas Harriot in his Ars Analytica, and Renates des Car- 
tes in his Geometry, but chiefly the former; whoſe method of expreſſing Quantities 
dy Alphabetical Letters, I conceive to be the plaineſt for Learners, viz. 

Io deſign or repreſent the Roat ſought, whether it be a number or a Line in a Queſtion 
propoſed, we may aſſume any Letter of the Alphabet, as a, b,or c, &c. but for the better 
diſtinguiſhing of known quantities from unknown, ſome Analyfs are wont to aſſume 
one of the five Vowels, as, a, or e, &c. to repreſent the quantity ſought; and Conſo- 
nants, as, ö, c, d, &c. to repreſent quantities known or given: Now if the letter a be 
aſſumed to repreſent the Root ſought, then (according to Mr. Harriet ) the ſecond 
Power, or Saure raiſed from that Root, may be repreſented by aa; the third Power, 
or the Cube, by aaa; the fourth Power by aaaa; the fifth Power by aaaaa; and after 
„( Es 7 | | the 
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the ſame manner any higher Power of the Root or number @ may be repreſented : _ 
For ſo many Dimenſions or Degrees as are in the Power, ſo many times the Lettern 
which at firſt was aſſumed for the Root is to be repeatqde. 

Or after the manner of Renates des Cartes, if the letter a be aſſumed to repreſent 
the Root, the Square may be deſigned thus, a*. the Cube thus, a?. the fourth Power 
thus, a*. the fifth Power thus, al. And fo any other power may be expreſt by wri- 
ting the Index or Exponent of the Power in a ſmall figure next atter, and near the 
head of the letter aſſumed to repreſent the Root, Both which ways will be further 


illuſtrated by the following Table. 


; A Table ſhewing two ways ( wow moſt in uſe) to expreſs _ 
ſimple Powers by Alphabetical Letters, | 


The Root or firſf Power, © | | z | — ' 
ob cy Pg be eee 1. HOLD &, | 
The Square or ſecond Power, 2464. 2 
The Cube or third Power, ee 
The fourth Power, Tos 18 7- N | 1 
The fifth Power, „ aaaaa. ” 4 
* : ; The fixth Power, | 5 aaaaas, as 

” The ſeventh Power, i ET agaaagad. a7 

he eighth Power, PIT a daa. E 


After the ſame manner, known Quantities and their Powers may be repreſented by 
onſonants; as, b may be put for any known number in a Queſtion, and then its Square 
may be ſignified by bb, the Cube by bh, the fourth Power by bbbb, the fifth Power by 
bbbbb, the fixth by b6bbbb, and ſo forwards: Or the Square of the Root h may be ex- 
preſt thus, hz. the Cube thus, 53, the fourth Power thus, 54. the fifth Power thus, bs. 
the ſixth Power thus, 65. and ſo forward. „ : Ras 
XVII. Numbers ſer before, that is, on the left hand of quantities expreſt by letters 
are called Numbers prefixt; but if no number be prefixt to the letter, then 1 or unity 
-muſt be imagined to be prefixt: As, in theſe quantities a, (or 1 a,) 2a, 3 4, 4a, 4 a, 
5bbb (or 563) the numbers prefixt are (as you ſee) 1, 2, 3, 2, 4, and 5, every one of 
which numbers (and the like ſo prefixt) ſhews how often the quantity repreſented by 
the letter or letters immediately following the number is taken; ſo a or 1 a ſignifies 
Jome number or line once taken, alſo 2a repreſents the double, a the half, and a2 
two third parts of the number or line repreſented by a. In like manner '5bbb, or 5b. 
ſignifies that the Cube of the number or line repreſented by b is taken five times. 
 ..- XVI. All numbers expreſt by figures and cyphers (as in vulgar Arithmetic) not 
having any letter or letters annexed to them, are for diſtinction ſake called Abſolute 
numbers; as theſe numbers, 5, 20, 105, 4, +, and all others when they be not pre- 
fixt or annext to any letter or letters are called abſolute numbers. „ 
XIX. All Agebraical Operations dre, perform'd in an Arithmetical manner, partly in 
the vulgar way by numbers, and partiy by Alphabetical letters in all the parts of A- 
rithmetic, to wit, Addition, Subtraction, Multiplication, Diviſion, and the Extra- 
ion of Roots: But ſince letters cannot be diſpoſed like numbets to perform thoſe ope- 
rations, ſome Characters muſt of neceſſity be uſed to ſigniſie ſuch operations. The 
Characters uſed in this firſt Book are explained in the following Sections. 1 
XX. This Character + is a ſign of 4firmation, as alſo of Addition, and always be- 
longs to the quantity that follows the ſign; as, +a affirms the quantity denoted by a 
to be real, or greater than nothing; the like may be ſaid of +b, and -+ 2c, &c. 
When no ſign is prefixt before a quantity, the ſign + is always to be underſtood, 
and muſt be imagined to be prefixt; ſo a implies +a, likewiſe 2b ſignifies the ſame 
thing with ＋ 25; the like of others. 5 | 2 5 
«- But when the ſign A is placed between two quantities, it imports as much as the 
word plus, or more, and 1ignihes that thoſe quantities are added or to be added 8 
A 5 5 ether 
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the quantity a above the quantity h. 
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XXVII. Every one of theſe four Characters, to wit, +, , , and e before 


p 2 Is 


IR 


gether: As 344 57 3 more 4) fignifies the ſum of 3 and 43 or it hints that 4 is- 
to be added to 3. In like manner a+b fignifies the ſum. of numbers or quantities 


repreſented by a and b; and a+b+c ſignifies the ſum of quantities denoted by a, b, 


WS... 5 MEE 1 
XXI. This Character is a fign of Negation, as alſo of Subtraction, and always 
belongs to the following quantity; as for Example, — 5 is 4 fictitious number leſs 
than nothing by 5; biz. as + 5 J. may repreſent five pounds in money, or the Eſtate 
of ſome perſon who is clearly worth five pounds; ſo — 5 l. may repreſenta Debt of 
five pounds owing by ſome perſon who is worſe than nothing by five pounds. 5 
But when the ſign — is placed between two quantities, it imports as much as the 
word minus, or leſs; and intimates that the number or quantity following that ſign is 
ſubtracted or to be ſubtrated from the number or quantity that ſtands next before 
the ſame ſign: As 8—3 (or 8 leſs 3) ſignifies that 3 is ſubtracted or to be ſubtract- 


ed from 8; or 8—3 denotes the excels of 8 above 3, to wit, 5. 


In like manner a- (or a leſs h) fignifies that the quantity denoted by b is ſub- 
trated or to be ſubtracted from the quantity a; or a—b may ſignifie the exceſs of 

XXII. This Character © ſignifies the Difference of two quantities, to wit, the exceſs 
of the greater above the leſs, when tis not determin'd or known in which of thoſe 


quantities the excels; lyes; ſo an ſignifies the difference of two quantities repre- 


ented by a and h when tis not known whether a be greater or leſs than . 
XXIII. This Character * is a figa of Multiplication, and is put for the word into, 
or by; viz. when *tis ſet between two quantities it fignifies that they are multiplied, 
or to be multiplied mutually one by the other: As, 6x3 (or 6 into or by 3) im- 
ports the Product of the multiplication of 6 by 3, to wit, 18. „ 
In like manner a xb ſignifies that the quantity repreſented by a is multiplied or 
to be multiplied by the quantity h: alſo axbxc ſignifies the Product made by the 
continual multiplication of the quantities a, b, and c, one into another. * 
But for the moſt part the Multiplication of quantities denoted by letters is ſigni- 


fied by the joyning of letters together, like letters in a word; as ab lignifies the Pro- 


duct of the multiplication of the quantity à by the quantity 6. Alſo abc fignifies 
the Product of the continual multiplication of the quantities a, b and c one into a- 
nother'; All which will be further illuſtrated in Chap. 4 
XXIV. Quantities deſign d or repreſented by letters are 1 or Compound. 
XXV. A Simple quantity is defigned or expreſſed either by a ſingle letter. or by 
two or more letters joy ned together like letters in a word: As a (or +a) is a fim- 
ple quantity; likewiſe 2aa, 3 abc, and dddd are fimple quantities. bo 


XXVI. A Compound quantity conſiſts of two or more fimple quantities con- 
nected or joy ned one to another by + or —; ſo a-+b is a compound quantity, like- 
wiſe a—e, alfo a+-b-+c, and a++b—c are compound quantities. „ COpg 


in Sect. 20, 21, 22, and 23.) may ſometimes have reference to ſach a Compoundquan- 


the ſquare root of 36, to wit, 6, 


tity as follows the ſign, and has a line drawn over every member of it. As, for. 
Example, by a+ hc, you are to underſtand that the difference of the quantities þ 


2 


ande (whether the Exceſs be in h or in c) is added or to be added to the quantity a. 


Inlike manner, a—b+c ſhews that the Compound quantity b+c is ſubtracted or to 
be ſubtracted from the quantity a; where in regard of the line drawn over bc, the 
lign— hath reference to the ſubtraction of c as well as b from the quantity a. But if 
that line were omitted, then the fign— would only refer to the next following ſimple 
quantity: As, a—b-+c, (or a-) lignifies the ſubtraction of h only from ac. 
Moreover, ab + ſignifies. the difference between the ſimple quantity a, and 
the compound quantity bc. © © | VVV 

And ac fignifies that the quantity @ is multiplied or to be multiplied by the 
exceſs of the quantity b above the quantity c. F 185 

XXVIII. This Character v is called a radical ſign, and ſignifies that the Square 


root of the number or quantity that ſtands next after the aid ſign V, is extracted, or 
to be extracted; as v25 ſigniſies the ſquare root of 25; to wit, 5; and V 36 ſignifſes 
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ikereiſe . ali lig nis che ſquare root of the quantity ab. So that when a number 


ſignifies the root from whence 243 conſider d as the fifth Power is raiſed, which Root is 
2. And if you pleaſe you may write v( 2981 to denote the ſquare root of 81, to wit, 9. 


Line drawn over them; as Y b 4c; or, V(2)\; +. ; ſignities the Square root of the 
ſum of the Quantities b and c. Likewiſe y : bb—c : imports the Square root of the 
Remainder when the quantity c is ſubtracted from the Square of the quantity b. 
Which Roots, and fuch like, are called Univerſal Roots. wh V 

Again, 4-+ V/: k: ſignifies that the Quantity'c is firſt to he ſubtracted from the 
Square bb, and then the Square root of the Remainder is to be added to the quantity d. 


5 „„ 


But that the Learner may the betrer perceive my meaning in the three laſt Examples con- 
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Ggnifies 24+ 17: that is, 16, fe bie 4. Aſo; V: bb 5: Bgnifies V a8 12: 

that is, va, to witz 2. And 4+: PC; ſigniſſes 22+ 2, That 18. 2 5 After the 

ſame manner the Univerſal Square root of d c: may be ex preſt thus; SHE; 

| e on ol . d +y} e that is, 5. yy 2 1 3 Ide THE 

rays in the middle of four Seas 
ar 


XXIX. Four points ſet in this form: : are alwayy in the n font C 
trical Proportionals, as, for Example, theſe fout Numbers 2 4 :: 6. 12'are'Geomes 
trical Proportionals, and to be read thus; As 2 1$ to 4, ſo is 6 0 12 3'0r, (in the 
Phraſe of The Rule of Three) If 2 give 4, then 6 will give 12. 
In like manner theſe four Quantities, B. G.: C. aare to be read thus; As is to d, 
ſoc.to a, that is, look What proportion þ has to d, the ſame proportion' has c to a. 
- Alfo thefe four Quantities, b He. d-: f '5 40 intimare the the ſum of h ande 
bas ſuch proportion to the Exceſs of d aboye.a, asf has to g. The like is be un- 
Gerfiogcd of ters. J Eo lo TO OO Et TY 
XXX. This Character ; ſet at the end of three or more Quantities, lmpotrs that 
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they are Continual Ptoportionals Gecmetricdl fo by 2. 4.5.16. 32 It is. 
that ſuch proportion 48 2 has to 4, the ſame has 4 to 8, 8 m0 16, and 16 10.22. . 


Likewiſe by theſe a. b. c = you are to underſtand that the quantity a has, the fame 
proportion to the quantity V, as Þ to c. Wee erden NT 


f 
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XXXI. This Character = is rhe fign of an Equation or Equality, and orts as 
much as the Word Equal; as 8+4 = 7+5 fignifies that the fum of 8 and 4 S equal 
tothe ſum, of 7 and 5, Likewiſe 8=.12—4 that ö is equal to 12 leſs. 4 t0 wit, 


“W ab0V8 4 IIs FH 
Again, 8X 3 = 4x 6 denotes the Product of 8 multiplied hy 3 to be equal to the 
BAXARMLL_MCCMMMT_L.LLEaER ITT oo: A. hhk 

+ Soalfoa+b=c+d ſignifies that the ſum of the quantities à and b is equal to the 
ſum of the quantities c and d This wilt be farther explained in che I Chiptet. | 
XXXII. This Character © ſtands for the Word Greater, viz. it fignifies that the 
Quantity which ſtands before, that is, on the left hand of the faid Character is greater 
han the quantity following the fame; fo 5 4 muſt be read thus; 5 is greater than 4. 
Likewiſe a+bcc ſignifies that the, Compound quantity a+bis greater than the Sim- 
ple quantity c. And d a+ © ſignifies that the quantity ds greater than a c. 
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XXXIII. This Character = fignifies that the quantity ftanding before the Chara- 
Ceter is leſs than the quantity following the ſame; as 42 5 muſt be read thus, 4 is 
leſs than 5. Likewiſe, a+b"=c+d fignifies that the compound quantity a+b is leis 


than the compound quantity c d. 
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XXXIV. Quantities, whether they be Simple or Com 


Line, are called Algebraica 
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43, Or. But theſe quantities, e and others fo written, are called 
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the ſingle letter a. Alſo theſe are. like quantities, 3aa, aa, — 2aa, each of which is 


letters uc 


Ms 4 $44 1 for Example, if it be defired to add a to a, or ＋ 1a to 


| Þ 24 67 +24 ls the dum deſired. 


* NF NAI — 
nen . V A 3 
nere 


ee 


ay which areexpreſt 

either wholly by Letters, .or 17 by Letters and partly by Numbers written upon one 
Integers, or whole Quantities; as theſe, a, ab, cd + ff; =_ 

b 'aa+bb a3. = f 


conſiſts of a Numerator placed above a Line, and a Denominator underneath 
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Alullition of Algebraical Integers. 
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= | | | | : ett; 123 32 — 6 1 it 3 ; 1 74 E | 135 Park . 3 ; : 1 : 2 5 : 
J. * Addition finds out the Sum or Aggregate of two or more Quan- 
|  £ &.tities expreſt either wholly by Letters, or partly by Letters and partly by 


II. The Operations in Algebraic Addition depend principally upon a diligent ob- 
.. . Tc . ĩ˙ 1. 
- Firf, You muſt obſerve whetlter the Quantities to be added be Like or Unlike. : 
Like Quantities are thoſe which are expreſt by the ſame Letters equally repeated in 
every one of tlie Quantities ; ſuch are theſe, a, 5a. — za, each of which is expreſt by 


expreſt by a double a, to wit, aa. Likewiſe theſe, 2ab, 3 ab, —ab are called Like 
quantities. becauſe evety one of them is expreſt by the ſame Letters, to wit, ab. 
Unlike Quantities ate thoſe which areexpreſt by different Letters, or elſe by the fame 
vally repeated ; as, for Example, band care unlike quantities, becauſe they 
y different letters; alſo 2abcand 2abare unlike quantities, becauſe the let- 


are expreſt | | 
ter c is in the one, but not in the other. Again, a and aa are unlike e Ann 
the letter a is not equally repeated in both. The like is to be undetllood of others. 
- Secondly, You mult ore whether the Signs (to wit, and —) belonging to like 
quantities given to be added be Like or Unlike: As, for aasee quantities + 28 - 
and + 3a havelike ſigns, the ſame ſign + being prefixt before each quantity. Alſo 
theſe quantities, —24 and—3a have like ſigns, the lame fign — being prefixt to eacli 
quantity; but theſe quantities + 24 and — za have unlike or different ſigns prefixt, | 
* Thirdly, The Numbers prefixed before the Letters muſt be diligently obſerved, fot 
their und or difference will be concern'd in Algebraical Addition, as will be. manifeſt 
by the following Rules. os 1 
III. When two or more fimple Algebraical Integers (or whole quantities) propos d 
to be added or collected into one Sum are like, and have like ſigns, Firſt collect the 
mbers prefixt into one Sum; then to that Sum annex the letter or lettets by which 
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one of the quantities propos d is expreſt; laſtly, prefix the given ſign whetherit 
| be + or E, fo ſhall this new quantity be the Sum deſired. As, 
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Sum 24 24 Rule) the Sum of the ape Numbers 1 and 1 is 2, to 
which I annex à and prefix + (or imagine it to-be prefixed,) 
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Add F +1, the Sum will be 24 or N24; for (according to the 
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„ c numbers prefixt ate 2 and 1, which added together make 3, 
Add 3 5 to which 15 4 b, and prefixing the given ſign —, there 
n — :s Ai the Sum defredl .-. US A 
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In like manner, if to—2b you would add — b, the Sum will be —35. For the 
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CAP. 2. - Addition in Algebrair Integers. 


More Examples of the Rule of Addition in the foregoing Sect. III 


3 5a „% „„ 
To be added, 1 34 — 225 £559 8 
The Sum, 3 da — Naa on | ＋ 20ab TR 8 

. e | — 3bed + 343 

To be added, ac — bed + 2a3 
| Zac — 6bcd + 763 
The Sum, bac 1 — tobcd | + 1243 


IV. When two fimple Quantities propos d to be added together be like, and have 
equal Numbers prefix d, but unlike or contrary Signs, the Sum will be e, or nothing; 
for the affirmative Quantity will deſtroy or extinguiſh the 
Negative - As for Example, if it be required to add c, or Tc, 
to —c, the Sum will be o, to wit, nothing. For ſuppoſing Add, & +c 
c, or —Ic to be a Debt of one Crown that I owe; and —— 
c, or +1c to be one Crown in my Purſe, it is evident that Sum, 0 
one Crown in ready Money will diſcharge or ſtrike off a Debt of 
one Crown; and o that Debt and Credit being added or compared together, the 
Sum amounts too. 9 


if my whole Eſtate be worth but 6 Pounds; and I owe a Debt l 
of 6 Pounds, it is manifeſt that my clear Eſtate is worth or Add, ed — 67. 


amounts to juſt nothing. | — 
; e ht Sum, o 
More Examples of the Rule of Addition in the preceding Sect. IV. 
0 + 3a - — gab. 3 + 5ddd 
TT 


_ 1 


Signs unlike, and the prefixed Numbers unequal between themſelves, firſt ſubtrac 
que leſſer Number prefixed from the greater, then to the Remainder annex the Letter 
rr Letters by which either of the QUetities propoſed is expreſt ; laſtly, before the 
aid Remainder ſet the Sign which ft: before the greater Number prefix d, ſo ſhall 


an 


this new Quantity be the Sum deſired; ” 
As for Example, if it be deſired to add —2a to -* YVY + 23a 


Pza, the Sum will be a. For firſt Subtracting 2 Add, 3 — 2a | 
fromz the Remainder is r, to which annexing a and 4 — —— 
M prefixing + (becauſe + belongs to that Quantity Sum, 2 1, or, + 4 
* hich has the greater Number prefix d) there ariſes +1a, or -+a for the Sum 
Kain, to add +bto —36, I ſubtract 1 the leſſet 

ber prefix'd, from 3 the greater, and to the J —3b 

mainder 2 annexing b and prefixing—, (becauſe Add, < + 6 
belongs to 36 whoſe'prefix'd Number 3 is greater „ 

than that of +b or ＋15) I find —2b for the Sum, — 2b 

Dum deſired. 8 G5 e | 
uus you ſee that this laſt Rule of Addition is performed 1 may eaſily 
be underſtood under the Notion of diſcharging or paying off a Debt, or at leaſt part of a 
Debt by ſo much ready Money or Credit, and * obſerving what Debt remains unpaid, 


* 
#e 


In like manner, if it be defired to add —6 L. to +861. the Sum will be o; Br 


FV. When two fimple Quantities propos d to be added together be like, but their 
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or what Money or Credit remains as an overplus : So in the firſt of the two laſt Ex- 


. ther, you will find by Subtraction that the clear Money remaining after the Debt 
is pay d, will be one F 


5 Y ＋ 445 4 
| To be added, <4 + 32 + za +36 _ © 
„ 7 e 
the Sum 0” | = i +26 r 
3 79 | —W 1 + 1257 
| TY acc — ., | — 38g 
| Toteadded, 3 3% [F | — Wh 
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- £3.72 0:1; 0 Bare Examples of the Rule of Addition in Sect. VII. «© 
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Addition in 
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amples, you may conceive 3a to be three Pounds in ready Caſh; and — 2a to 
be a Debt of two Pounds; then comparing the ſaid ready Money and Debt toge- 


A. 


; „ 5 ; 


ound, to wit, +14 or a which is the Sum of the Quantities ©. 
+342 and —22. Likewiſe in the latter Example, if —3b be conceived to repre- 
ſent a Debt of three. Pounds, and +b or +16 one Pound in ready Money ; tis 
evident that this will ſtrike off one Pound of that Debt, and ſo the Debt remaining 
will be two Pounds, to wit, —2b, which is the Sum of —3b and -+6. 


More Examples of the Rule of Addition in the preceding Sect. V. 


To be added | ＋ a 1 + 6abcd — 8. 


—7a | —gabd | + 3f+ 
The Sum, — 24 | ++ zh | '—ofs _ 


VI. When three or more ſimple Quantities propos'd to be added be like, but have 
unlike Signs; Firſt, (by the Rule in Seck. III. of this Chap.) collect the Affirmative 
quantities into one Sum, and the Negative quantities into another; then (by Sed. IV. 
or V.) add thoſe two Sums into one, ſo this laſt Sum ſhall be that which is ſought.. 

As, for Example, If the Sum of theſe four Quantities, 7a, ea, —3a, —5a be 
defired ; Firſt, (by Sec. III.) the Sum of Ja and 24 is Ta; alſo the Sum of —3a 
and —5a is —8a; laltly (by Seck. V.) A 9a added to —8a makes +a, that is, a, 
wich is the Sum deſired. DO £3 „%%% To Fan 


ore Examples of the Rule of Addition in Sect. VI. 


+ 3% \ == 2bc 


VII. When two or more Simple quantities given to be added be unlike, write them 
down one after another without altering their Signs; as, if the Number (or Line) a be 
to be added to the Number (or Line) b; I write a-+b, or, b4a for the um. 

In like manner the Sum of theſe Quantities, a, ö, c, may be written thus, ak- 
bc; or thus, a+c+b ; or thus, rc. 5 


10 be added, I 735 | Xa 
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I)ie Sum, 3a fz“ + 4 — 
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Again, 
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The Sum, | + ab—a ad 3 


e Addition of Compound Algebraical Integers. | 
III. The Addition of Compound whole Quantities may eaſily be diſpatch by 


the help of the Rules in the preceding Sections of this Chapter, as will appear by the 
following Examples. 5 Ge 2 . 
Firſt then, If this Compound quantity a ,h be to be added to a+ 2b, their Sum 
is a+b+a-+ 2b, that is 24+3bz for a+a makes 2a; and +b+2b makes + 3b. 
Again, The Sum of theſe two Compound quantities 2b+54 and 2b—2a is 
3b-+ 5a-+ 2b—2a , that is, '56+3az for 3h Tab makes 55; and (by Sed. 
U ) +54—24 makes | 34. . 85 j | | i: | TH 3 Wee FE 
Likewiſe, The Sum or theſe two Compound quantities 52+ 3j—8$8 and 36 f 
2f+6 will be found 82e+j—2 : For Jee added to zee makes See; alſd-þ 3f 
added to-—2f gives + f, and —8 added to +6 makes —2. Es, | 
After the ſame manner, 3a—8 added to 10—2 makes 2a+2; ( for -+3a 
added to —a makes + 2a, and — added to +10 gives 4 2.) T3 11% 
Again, The Sum of theſe two. ompound quantities a and ed is a+ bb cd, 
which Sum admits of no Contraction, in regard all the Simple quantities are unlike. 
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More Examples of the Addition of Compound whole Quantities. 


Teas, { 73} 24 
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To be added, 
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The Sum, — ee 8% —ff | ai + 2bc 


N —#22 + 2bba a4 — 5a ＋ 24 
Saaa + abba aa + 4 — 17 
Euaa — 6bba 24a + 2a + 12 


To be added, 


The Sum, 


To be added, 
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4+b+e—d+e+f| ghz, or, gbbb 


The Sum, 
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CHAP. III. 
"2 Subtraflionin Algebraic Integers, 


J. Fo 9 en Subtraction takes one Quantity, whether it be expreſs'd by a Letter 
or Letters, or partly by Letters and partly by Number, out of, or from an- 
ther, in ſach manner, that if the Remainder be added ( according to the Rules of 
Algebraic Addition) to the Quantity ſubtracted, the Sum will be always equal to 
the ſaid other Quantity. 3 3 
Il. A general Rule to find out the Remainder in all caſes of Algebraical Subtracti- 
on is this: Firſt, joyn botli the given Quantities together, by writing one after the 
other; but with this caution, that every Sign of the Quantity given to be ſubtracted, 
be ever changed into the contrary Sign, viz. + into — and — into .; then ſhall 
the Sum of both Quantities ſo connected be the Remainder ſought, which is to be 
contracted (when it may be done) into the feweſt and ſmalleſt Terms, by the 


Rules of Algebraical Addition. 1 1 

As for Example, If from 5a. it be deſited to ſubtract 3a, firft, I write down 5a, 
Of „„ © then next after the ſame I write —3a ; ( where 
x0). AG 36.1; - obſerve, that according to the Rule above given 


Subtract 55 2 change , the Sign belonging to 3a the Quan:, 

. * "oy N 7 SHOE tity given to be ſubtracted, into —,) ſo there 

5 Rep „ 54 3 8 ariſes 5a—3a, which being contracted ( by the 

7 wr MY. aa: Rule of Addition in Sect. V. Chap. II.) makes 
contracted, 3 2a the Remainder ſought. 1 


Likewiſe, if from 3b it be deſired to ſubtract — 20, I firſt write down 3b, and next 
e e after the fame I write . 26; ſo 36 26, that is, 

© b. 9 EN je” ö is the Remainder ſought; where obſerve ( as 
udtract — ' before) that I change the Sign —, which belongs 
. to 2b the Quantity propos d, to be taken out of 36, 


Renainda, 3 +2 into the contrary Sign +. But that the ſaid 55 is 
: eme. „ 2 true Remainder, we may prove by Addition; 
contracted, &“4ñ fot +56 added to —2b the Quantity ſubtracted, 


Moreover, if à be to be ſubtracted from a, the Remainder will be a—a, that is, 
o or nothing. And if from 26 there be ſubtracted 4b, the Remainder will be 20 
L.ikewiſe, if from —2m it be required to ſubtract —m, the Remainder will be 
found — 2 m, that is, —n. In every one of which Examples you may obſerve 
that the Sign of the Quantity propos d to be ſubtracted is changed into the contrary Sign. 
Again, if from 2bc, it be deſired to ſubtract 2ab, the Remainder will be 200 — 2a 
Out r zꝛbe - Which, becauſe it conſiſts of unlike Quantities, 
Supra 246 cannot be contracted into fewer or leſter Terms, 
9 * ; 1 any of the * 1 A ger ue e 
1 EE But according to the definition of Subtraction, 
Remi, 256 — a the Rid 2 (ab is a true Remainder, for if it 
be added to ,244 the Quantity ſubtratted, the Sum is abc, which is the Quantity out 
of which the ſaid 2ab was ſubtracted. — 3 EL 


Pe Examples of Subtraction in Simple Algebraic Integers. 
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changed into the contrary Sign — ( ac- 


ariſes | 24-+b—5a+6b which con- 3 
tracted (by the Rules of Addition in Seck. III. and V. of Chap. II.) make Th— 


 a+b—c+04, which becauſe it conſiſts 
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Remainder, — bed + bd — 478 975 1 * 4abc EY abc , 


Remainder 2? Fe: 2 3 
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Remainder, 


2 
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Nor will the Operation be otherwiſe in the Subtraction of Compound Algebraic Inte- 


ſubtract a 3b. Firſt I write dewn 2 7. 

+ 2b, then next .after the ſame I write HD - EW 
— a —3b, where obſerve, that the Sign + - ubtra 4 36 
which belongs to a, and alſo to 36, inthe 
Quantity propos'd to be ſubtratted, is 


Remainder, 3a + 2b—d—3b © 
Remainder ?' | 
_ contracted, J 2d 4 . 


cording to the Rule of SubttaCtion before 


Sed. 


Again, Ie m 2a +b, it be deſired to ſubtract 5a—6b, the Remainder will be 
ra); that is, 734 for out of 22 5 
{ according to the Rule of Algebraical Subtrack $a—6b 


SubtraQion)I joyn together the two given 


: HE yr NET ——. 


7 uantities, changing only the Signs of 5 — bs 
_ —6b ( the Quantity to be Subtra- Remainder, 24 +b—5a+4b 


| Remainder 7—3 4 


cted) into the contrary Signs, ſo there contracted, 5 


1 


3a, which is the Remainder ſought, as will eafily appear by the Proof. 

- Likewiſe, to ſubtract c—d from ab, I change the Signs of -d into the cons 
trary Signs; viz. inſtead of &—d, I take prom 45 
ed which added to ab makes Qi og 


contracted into fewer Terms, and there- Remainder, a T- d 


\ 


fore the ſaid a+b—c+4d is the Remainder ſought; to wit, that which ariſes 


_—_— 


by ſubtrafting c—d from a-+b. 


CT 


[4 o 


More 


given; (5 che Remainder fought is 3a++26—5—=3b, that is, 4a, ( by 


After the fame manner, cd. 36 ſubtracted from 3aa- Th 24 leaves 3aa+ 


gers; as for Example, if from. this Compound quantity 3a T 2b, it be deſired to 


More Examples of Subtraflion in C ompound Algebraic Iutegers. 


Out of a+b 
| Subtract a=—b 
= Remainder, —. +b—a+b | 30 —8 —Cm=g 
44 Remainder L 5h 
5 Kemainde! ; | 2c — 13 
1 contracted, tha LO 5 . 9 _ 
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29e ＋ 36— 7 


Remainder, 5a—qb— 3a + 36 
\ I Remainder 
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a III. The reaſon of changing the Signs of the Quantity to be fubtracted into their 
mW Ccontraties, to wit + into —, and — into + (according to the Rule before on 
if will be manifeſt from a ſerions Conſideration of the definition of Subtraction, which 
1 requites that the Sum of the Quantity ſubtratted and the Remainder be equal to the 
9 quantity from which the SubtraQion is made: for firſt, (according to the ſaid Rule) 
lit the Remainder is always compos'd of both the quantities propos'd for Subtraftion, 
ww with this Caution, that the Signs + and — in the quantity to be Subtracted be chang» 
7 ce. into the contrary Signs; Secondly. (according to Algebraical Addition ) the 
| quantity to be ſubtracted with its own ſigns being added to it felf with contrary ſigns, 
"4 will deſtroy of extinguiſh it ſelf, therefore the Sum of the Remainder and the Quar- 
10 5 tity to be Subtracted will neceffarily be equal to the Quantity from which the Sub- 
1 traction was made And therefore the certainty of the faid Rule of Algebraical 
1 Subtraction, and the Reaſon, of changing the Signs of the Quantity to be ſabtraed 
into their contraries, to wit, + into —, and — into +, is manifeſt So if from 
4 . a+b there be ſubtracted a-—b, the Remainder (according to the Rule of Age 
dae Stechen before given). mill de a+6—a-+5, to which if a= ( the 
5 N ſubtracted) be added, it is evident that a—b will deſtroy —#+b-, and 
the Sum will be a+b, to wit, the quantity from which 4-5 was ſubtracted. 
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Multiplication in Algebraic Integers. 


1 A Lygchraical Multiplication does by two Quantities, whether they be expreſs'd by 
= A Letters wholly, or partly by Letters and partly by Numbers, find out a 
WP third Quantity, which is called the Product, the Fact, or the Rectangle. 

= The Quantities given to be multiplied one by the other are called Factors; or (as 
in vulgar Arithmetic) either of them may be called the Multiplicand, and the other 


the Multiplicator or Multiplier. = — 
H. When two Simple ( or ſingle) Quantities expreſs d by Letters, whether 
ie or unlike, be to be multiplied by one another, and have no Numbers prefix d 
to them, join the Letters of both Quantities together, like Letters in a Word, it 
matters not in what order they be written ; then the new Quantity repreſented by 
the Letters ſo ſet togeiher is the Product ſought 
As for Example, If the Number or Line a be to be — by it ſelf, to wit, 
by a, I write aa for the Product: So alſo to multiply a by b, I write ab or be for 
the Product; in like manner if I would multiply abc by bc, I write ab:bc, or abbcc, 
or acchb, Ec. for the Produdt. ',  —- OT 

And if a, b, and c, be to be multiplied one into another ; firſt a multiplied by 
b produces ab, then ab multiplied by c produces abc, or bac, or bca, to wit, the 
Product made by the continual Multiplication of the three Quantities a, b, and c. 

Again, if aa be to be multiplied by ba, the Product will be aaab; which may 
alſo be written thus, a5; where the Learner muſtUdiligently note that the Figure 3 
which ſtands next after but a little higher than a, muſt not be taken as a Number 
prefix d to , but as an Index to ſhew the number of Dimenſions in a3, or aaa, (as 
before has been ſaid in Sed. XVI. and XVII. Chap. I.) „ 1 
Likewiſe, if aaa be to be multiplied by aaa, or a3 by a3, the Product will be 
nagaaa, or af, in which latter way of expreſſing the Product, the Index 6 ſtanding 
at the Head of à is the Sum of 3 and 3 the Indices of the Quantities a3 and a3 
propos d ro be multiplied. | 5 5 | Om 
So the Product made by the Multiplication of 5% by bbb or b+ by bs will be 


4 


— 


bbbbbhb, or b7 (7 being the Sum of the Indices 4 and 3.7 


thus, a5b4c3 : and ſo of others. 


: a More Examples of Multiplication in fimple A gebraic Integers, according 
| 4 150 the preceding Sect. II. 


"Mann, FF 1. 44 l 
Multiplica or, c . 1 1 CC 
5 Product, F be | z : dd Te acd 8 CCCCC 
WMultiplicand, aabe | 8 | aabbcc 
4 Multiplicator, x, 1 abc |  aabbcc 
Product, aaahbcs | abedef | aihic4 


4 
* 


III. If two ſimple Quantities, vhether like or unlike, having Numbers prefix d befote 
hem, be to be multiplied one by the other; firſt multiply the Numbers prefix d, one 


48 
# +-* 
CE, 


Likewiſe if theſe three Quantities be to be multiplied continually, to wit, aaaaa, 
bbb and ccc, the Product may be expreſs d thus, aaaaabbbbecc, or compendiouſſy 


Anto the other, then to this Product annex the Letters of both Quantities, by ſetting them 


15 


. 
_ - RR 
1 


— 4 
a — — % 


unaltered values whereſoever they ſtand ;) but due regard muſt be had to the Signs + 


Multiplication of ab by c. 


9 N * * 9 rl 


7 LED ITE 


$"<. % Ss 


Malti 
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n 5 by $6.0 TY "outs; 1 * * 4 — 
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, ” 


1 NEE * 
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plication in 


immediately one after another, (as before in Sec. II.) ſo this new Quantity, ſhall 5e 
the Product ſou gt. ; T f 9 
As, for Example, if it be deſired to multiply 2a by 36; firſt I multiply 2 by 3, 
and the Product is 6; to which annexing ab, (to wit, 


Multiply * the Letters found in both Quantities given to be multi- 
by 3 | plyed ) there ariſes 6ab the Product ſought ; which 
3 ſhews that fix times the Product of the Multiplication 

Product, 6a“ of any two Numbers, or Right-lines, a and b, is qual 


to the Product made by the Multiplication of the Double of a by the Triple of. 

In Iike manner, if 26 be multiplyed be c the Product will be 2bc, or 2cb; for 2 

Multipl 1 which is prefix d to 5 in the Multiplicand, being 

u * me - multiplied by 1, which is ſuppos' to be prefixd ro 

* the Multiplier c, makes 2, to which annexing bc, 

boi oy” there is found 2bc for the Product ſought. — 
— 


More Examples of Multiplication in Simple Algebraic Integers, 
f/ ͤ K HC Ca 


Multiply 4b | 12, _-- qo 
» | 34 dgh fo 
\ Product, dab 36acd 8 | $d3fegh 
. 5 my W eee — — 
Multiply aaa 3a | 16aab 
. 53 1 


2 - a 
— — — — — - an 
2 1 * 6 2 as — * 9 — * n_ * 


Product, Zaaabbb 3a3%hl3 | Ggaab 


IV. The Multiplication of Compound quantities depends upon the precedent Rules 
of multiplying ſimple quantities; for when a Compound quantity is to be multiplied 
by a ſimple (or ſingle) quantity, every Member of that muſt be multiplied by this; 
alſo, when two compound quanticies are to be mutually multiplied, every Member 
of the one muſt be multiplied into every Member of the other. It matters notwhe- 
ther you begin to multiply at the right Hand or the left, nor in what order the parti. 
cular Products be ſet ; (for quantities expreſs d by Letters retain their peculiar. and 


and —, one of which always belongs to every particular Product, and may be diſco- 


Product, ac + be _ 


So if a—b be to be multiplied by c, the Product will be ac bc. 2 . 
Multiply a—b 
— — 


| Product, ac — be — 


duces ad bd; (for according to the Rule, Product, 


5 —ba by Addition do quite vaniſh ;) There- 


the Square of 3a—2e. 


AP. Algebraic Integers. 


. 
2 - "= vt. 8 5 . — - "" o P 1 * 


cH 
255 he ſame manner, if it be deſired to gee ond 
auth al by cd, the Product will Multiply a+b 


be found ac be Tad + bd. For, firlt a-þb 2 25 
being multiplied by c, (as in chEfirſtExample) Tac 
produces Tac he; likewiſe a+b again nl 


es hoe Products together, the Sum is Product, Tac TH Tad N 
ac+bc++ad+bd, which is the required Product of a+b multiplied by cd. 

Again, if 2— be multiplied by c—d the Product will be ac—be—ad+bd : 
For Firſt, a—b multiplied by c produces „ .. „ . 
ac—bc, (as in the laſt Example but one;) Multiply Gb 
then a—b again multiplied by —d pro- 5 by Cd 


+a multiplied by —d produces —ad, N acc ad- hd 

and —b by —d produces d) Laſtly, thoſe particular Produgts added together 

make ac—bc—ad-+ bd, which is the Product of a—b multiplied by b—c, 
Likewiſe, if a+b be multiplied by gon, | 

the Product will be aa+6b: For firſt, a, Multiply a+b 


multiplied by a produces aa ba; then a+b by a—b Os 
multiplied by —b produces —ba—bb, laſt- e 
ly, the ſaid Products aa ba and - ba- 5 - Ms - 

added together make aa hb; (for & ba and . 


„** 


— 


— 


fore aa—bb is the Product of a multi- Product, os. dd 
plied by a- l. 2 5 VVV 
Moreover, if aa—ab-+bb be multiplied by a. ö, the Product will be only aaa 


bb; for the reſt of the particular Products will vaniſh by Addition. 
And if a be multiplied by it ſelf, to wit, by a, the Product will be aa . 


Likewiſe 25 Square * 2 3 es 4a—2a5-T Bb. 

Nor will the Operation be otherwiſe when Numbers are prefixed to commonr 5 
tities propoſed to be multiplied, reſp ett P mpound Quan- 
being had to the Third Seck. of this Chap, Multiply ga—2e 


as, fox, Example, to multiply 3a—2e-: .: b ee 

by za ez; Firſt, 34—2e multiplied ba — = — 

by 34 pro uces gag—6ae, and Ja—=2e YES: -+ g9ag—6ae : 
again multiplied by. e produces — aas ba ee 
+4gee ; which particular Products added e Wawa EEE 
together make gaa—12ae-F4ee which is Product, PORE e 


When abſolute Numbers are m@mbers of Quantities to be multiplied, the Rules of 


Multiplication in vulgar Arithmeticapd thoſe before given muſt be mixtly obſerved ; as, 


i it be deed ß ĩ .idec. oo; Ja 6 
By the abſolute Number 5 

„ Bb <1 an ti... Iyer”. - 
For five times 3a makes 15a, and five times 6 makes 30. 55 
Likewite, if 2aa—3 be multiplied by a—6, the Product will be 244—1 24 


, 


3a 19, and the work will ſtand as here you ſee; 


Multipicand, . 24a—3 
Multiplicaror, a- 
r A. 
= — — 1 
Produk, aa 124434 ＋ 18 


For further illuſtration of the Multiplication of Algebraic Integers, the Learner 
may peruſe the following Examples; in every one of which, as alſo in thoſeafore-going, 


1 begin to multiply at the left Hand, becauſe in Algebraical Multiplication it beinga thing 


5 C indifterent 


v4 


Multiplication in BOOK I. 
indifferent to begin the work either at the right Hand or the left, it will be eaſier to write 
forward than backwatd. And as to the placing of the particular Products, there is 
no neceſſity of obſerving any Order therein; for whether they be written upon one 
two, or more Lines, they retain the ſame values, and mutt by Algebraical Addition 
be collected into one Sum, to make the total Product: And therefore you may ei- 
ther write the particular Products all upon one Line when there is room, or elſe up- 
on ſo many ſeveral Lines as there be particular Multipliers, ſetting like Produ&s 


( when they happen) under one another to facilitate their Addition; or otherwiſe, 


o 
* 


- as you ſhall find it moſt convenient. 


More Exam ples of Multiplication in Compound Algebraic Integers, 
8 according to Sect. V. Eto 


Multiplicand, ate - 2b—2d 58—8 
7 Muultiplicator, d | : & 6 
| 5 8 | — 
Product,  da-kde | 2bj—3jfd | 308—48 
Multiplicand, Ja ＋ 30  _ | 26+ 3 
Multiplicator, 320 „„ 
+ I5aa+gca 75 | 8bb＋ 125 TITS: 
loca cc | —125—18 
Produfh, Iz;aa T gca——Ioca—bcc | 855＋120—1 N - 
Produ Cs : 
contracted, 1F5aa— Ca—GbCC 86 5—18 


2 * We WP. 29 
de 4 = 
* * — 
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2 : 


"3 
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Multiplicand, 3dd+ 4de-b ee 
Multiplicator, 3dd—e 
IT gdddd-y 12ddde-+ 3ddee 
=2 ddee — 4deee — cece 


Produtt = gdddd-+ 1 2ddde+ 3ddee—3ddee—gdeee—ceece 5 
Produ 5 . | I | 
|  contradted, gd. 12d3%e—gdei—e+ : 
_ © Multiplicand, ae age 
Multiplicator, are | ae 
ALzaa-Fae „„ 5 
„ eee 
Product, aa+ 208+ _ — da ee ” af 
Multiplicand, 4aaa+ 3 aa— 24 1 


Multiplicator, aaa +6 a 
— — - — 
gqaaaaa ? Jaaaa— Za t aa 
2a - IJ aaa 1045 
＋ 244aa-Þ 1 8aa—1 24+ 5. 


4aaaaa—1 Jaaaa 7 294a— 17a 6 


— — — 
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- 3 Again, 
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gers. 
| 1 2 1 
r bert 5 
D 1 — yy" — — . 3 FI 3 
baaaa-＋ gbaaa—3bcaa 723 
: —2ccaa—3bccab+ bcc 
— 7 — | — — 8 1 1 


2 K Vas rr hi "TY 


e abe 2 
95 Prod. 6aaaa + pbaaa—6bb da * 3 ea + beee © it 


V. Sometimes when Compound quantities be to be multiplied one by the other, 
it will be very commodious to omit the Operation, and to ſet only the word into, or 
x (the Sign of Multiplication ) between the Quantities to be multiplied, to ſignifie 
the Product of their Multiplication ; But in ſuch Caſe, to avoid Miſtake, it will be 
convenient to draw a Line over each Compound quantity, to ſhew that every Mem- 


1 


ber of the one is to be multiplied by every Member of the other. 


As to multiply 4aaa+ 3aa—2a+1 by aa— Ja 6, I write 

Jaaa T 3aa—2a+1 into aa Fa 

Or, 4aaa-F 324 T=1 . 4a—54＋ 6 . 
But that + multiplied by —, or — by 4 makes —; alſo, that — multiplied 


by — makes + in the Multiplication of compound. Quantities, Lſhall hereafter make 
= manifeſt in the laſt Sed. of Chap. Rl. 1 1 | 
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Diviſion in Algebraic Integers. 
x. A Lene Divifon does by two Quantities, (Whether they be expreſed 
. wholly by Letters, or partly by Letters and partly by Numbers, ) where- 


of one is called the Dividend, and the other the Diviſor, find out a Third called the 
Quotient; to wit, ſach a Quantity, that if it be multiplied by the Diviſor, the 


Preduct will be equal to the Dividend. „„ 
II. The Nature of Divifion is to reſolve or undo that which is compoſed or done 
by Multiplication ; for the Dividend always repreſents the Fact or Product in Mul- 
8 tiplication, the Diviſor one of the two Factors or Multipliers, and the Quotient the 
bother. As, if 12 be to be divided by 2, the Dividend 12 repreſents the Fact or Pro- 
duct made by the Multiplication of two Numbers, one of which is the Diviſor 2, 
and the other is the Quotient ſought, to wit, 6. 9: „„ 
III. Every Fraction is equal to the Quotient of the Numetator divided by the De- 


7 3 * 


g nominator: So 4 is the Quotient of 3 divided by 4; for, according to the Proof of 


. to the Dividend 3. Upon this ground, Diviſion in Algebraic Integers, whether Sim- 
0 pu or Compound is moſt commonly performed; viz. by ſetting the Dividend as the 
Numerator of a Fraction, and the Diviſor as a Denominator; for this Fraction is 


equal to the Quotient ſought. : 


ES 3 a 3 

As for Example, to divide the Quantity a by 5, I write I, which ſignifies that 
5 : a ; 5 ES | . : | 
that a is divided by ö; or j is equal to the Quotient of the Quantity a divided by 


'the Quantity l. 
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Wn; te if = h be given to be divided by c, the Quotient may be repreſented by 
a+b and if 3a be to be divided by 26—c; the Quotient is -— 1 
6 3 | | Py Ep 


More Examples of Diviſion in A 


ividend, bb {| de VV 
Diviſor, F 2dd | 2d | 
Quotient, —_ | 


a 


Dividend, PTY] 
Diviſor, C 
aa+bb 


C 


Quotient, 


| Dividend, 
Diriſor, 
. : @. . Aaa 4 | | | '2cc +5dd 1. 2 . 544 
| — Cn. — — — 


8 
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w. When the Dividend is equal to the Diviſor, the Quotient is 1; for every 


tient: As to divide 4 by 4 the Quotient is 1; likewiſe, a divided by a gives 1 for the 


Quotient; alſo, if a+b be divided by a+b the Quotient is 1; and if 3a 2cd 


be divided by 3a -E 2cd the Quotient is I. The like is to be underſtood of others. 


V. When the Quotient is expreſſed Fraction- wi ſe, (according to Sed III) if the ſame 


letter or letters be found equally repeated in every member of the Numerator and Deno- 
minator; caſt away thoſe letters, ſo the remaining Quantities ſhall fignifie the Quotient. 
As, for Example, If ab be to be divided by a, the Quotient expreſt Fraction- wiſe 


will bers, But becauſe the letter @ is found in the Numerator and Denominator, I 
caſt away a out of both, {> b only is left, which is the Quotient of ab divided by a. 

Likewiſe, If aa be divided by a the Quotient is —, that is, a; (by caſting away 
a out of the Numerator and Denominator.) En 


Again, If aua be to be divided by as, the Quotient will be ==, that is, a; by caſt- 


aa 


ing away aa out of the Numerator and Denominator. And if abc be to be divided by 
that is, c, after ab is caſt out of 


ab, the Quotient expreſt Fraction-wiſe will be 75 
ut p 
the Numerator and Denominator. | V 
After the ſame manner, if a5 be propos d to be divided by as, (that is, aaaaa by aaa) 
whe * will be a., or aa, by expunging a3 (or aaa) out of the Dividend and 
IVIIor. | Om | 8 


Quantity contains it ſelf once, and therefore being divided by it ſelf gives 1 in the Quo- 
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This Contrattion 7 Diviſions like r to 75 TINA: of a Fraftion «xp 


3 | tor by a common Diviſor. 


1 according to the preceding Set. III. will ſtand thus, 
3 ab+as where becauſe the letter 4 is found in D ividend; ab. Tor 


2 af* Diviſor, a4 
. every member of the Numerator and Denominator, Quotient, ab race 
ti may be quite ſtruck out, and then the new Quo- 1 


5 bc Quotient b-+ i 
I ich bp 10N is e ual t | | 8 4 
5 tient will be -— bf. wh act 9 4 the | contratted, n dF 


WT former, and expreſt by more ſimple Terms. | | 
1 Likewiſe; If ab-+a be divided by a, the Quotient (according to Sell. III.) will be 
9 — that is, b+ Ty No by caſting away a, there will remain at —— that is, 


a 


© 34 13 ( fob is but 5 And 2 is 1 3) but that 51 is the true Quotient it will 


So alſo to divide 3bc—2b by 2bb+b, I write 5777 for the Quotient' : whers 


Ws obſerve, that altho the letter b be caſt out of eve - 4 Member of the given Dividend 
and Diviſor, yet the number prefixt to the letter caſt out muſt ſtand till in the new 


Baut note diligently, Thatin this kind of Divifion of of Compound Algebraic Integers, 
a letter cannot be cancell'd or caſt away, unleſs it be found in every Member o the 


Dividend and Diviſor and therefore this Quotient TY cannot be contracted | by 


1 caſting away any lettet. 


More ie Kang ohe, according 
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Dividend, dab dief abe 4 at | | 
Diviſor, aa * ot 5 ö 
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Dividend, ab Tac | 5-24 
Diviſor, a 3 


Quotient, 


Quotient 3 3 Rs OE 
contracted, 3 „ th; 


Dividend, 1 EI. | E 2 2ba3 caa— zaa 
Diviſor, 3b * bas dia- as 
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rs b lar M 
eimer to more fi mple Terms, by dividing tlie Numerator and alſo the rt by tres | 


Again, If ab Tac be to be divided by ad-, the Quitient 1 285 Frafion-yiſe 


1 appear by the proof of Diviſion, for b+t Multiplied by the Diviſor a will pro- 
ducc the Dividend Ts. 
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4 — teger, de gar le or 2 0. bot to be divided by. 
FOES == be ſuch = Top 55 d to _— letters int the Dividend 
ivifor as may al he ſe verally divided by ſome; number as a common Diviſor with- 
out 2 hd 2 Remainder, ſet the Quotients ariſing oy the Diviſion of thoſe numbers 
before the letters reſpeCtively, inſtead of the numbers that 


by their common Diviſor, 
ors firſt” a 'd: AS; for Example, if 8a be to be divided by 66; 5 the Quotient 


expreſt Fracti on-wiſe (according to decken. of this Chap) will be $4 N 2 (hen divid ng 
| 6 


the prefixed N umbers 8 and 6 by their common iviſor 2, Iſet the Quotients 4 and ; 
inſtead of\8 and'6 a and b; fo the Quotient ſought i is 4 


S 3 5 
In like man man ine, ihe dhe Divided by fle gives the Quotient =, 
„ Pot firſt, the Dividend and Diviſor being ſet Frattion: 


Dividend, habe — 3 dhe 

4 Diviſor, gfbe._- UE wiſe will ſtand thus, * ; then, (according to 

Quotient, * Seck. V.) be is to be caſt out of the Numerator and De- 
%% "nominator z; laflly; the prefixed numbers 6, 3, and 7 

Quotient rn cane 4 bein ng divided by thei common Diviſor 3, give , "ep 7 

contratted; g 7 . and 3, which being ſet before the remaining lerters 


- $: d woe mae del give the contrafted in 5 8 5 -14 0 — ws : 


13 


More ke f c tral is Divif ron, ad to Seck v. and vi 
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VII. If coy Member of 4 Chroma 1 be multiplied = one wad = ſame 
ſimple quantity, it is evident from the Nature of Multiplication and Diviſion, that 
ik the Product of that 1 be di ivided' by the ſaid Compound Quanticy, 
the porters will be the ſimple Quantity. - 

a 0 for Example, If- b-þc be multiplied by [1 the Product will be ba ca, 
erefore ba- ca divided by the Factor Ae will give the other Factor a. and 
or 


/ | ( 


wt £25 * 
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WC HAP. 5. Agebreic Inegere 
er the fame Reaſon, 2bca Ea, that is 2bca+14, divided by 26c+1 will give the 


WW Quorient 4. Sr hi gre ix 4.1 e020 W112 5 
1 Likewiſe, If 6a45a—a (that is 10a) be divided by 6+5—1 (that is, 10,) 
the Quotient will be a. 5 RY 3 
. b 05 If 204 T 2ca+ 2da be divided by cd, the Quotient will be 24; and if 
2 zaa I caa daa — aa be divided by 2þb+c—d—1, the Quotient will be az. 


e the preceding Set, VII. 


Dividend, 2da+3 | 2364186416 


| Diviſor, . 2d ＋ 3c i | 23 +18 +I 

Quotient, 5 a - | | 5 8 e 
Dividend, 2baa— 3 caa 2af— 26f+ 2 —&f : 
Diet, d 36 4 — b+ 6c —3 
Quotient (as | af 
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VIII. When the Dividend and Diviſor are Compound whole Quantities, the pre- 
cedent Rules of Algebraical Divifion will not always give the Quotient in the leaſt 
Ws Terms ; but the ſimpleſt Quotient may be found out by one of theſe two ways, viz. 
1. When the Dividend and Diviſor are Algebraic Integers, and there is a poſſibility 
of expreſſing the Quotient by an Algebraical Integer, it may be found out by the ge- 
W neral Method of Diviſion handled in the next following Section, which way is like 
that of dividing whole Numbers in Vulgar Arithmetic; but if the Learner find it dif- 
8 ficulr, he may wave it until he has proceeded as far as the 8. Chapter of the 2. Book. 
2. The Quotient, whether it happen to be an Algebraic Integer, or a Fraction, 
may be found out in its leaſt Terms by the Method hereafter delivered in Se. 7. 
Chap. 8. of the Second Book; where the manner of finding out all the Aliquot Parts 
or juſt Diviſors, every one of which will divide the Dividend and Diviſor propos'd 
without any Remainder is exhibite. 1 N 
K. In this Sedion a general Method of Diviſion in Algebraical Integers is hand. 
led. As to the order of the Work, it agrees with that form of Diviſion in whole 
LMNumbers which I have explained in Mr. Vingate's Arithmetic, but the Work it ſelf 
depends upon the preceding Rules of Algebraical Divifion, Multiplication and Sub- 
traction, as alſo upon this Rule for diſcovering the due Sign belonging to every par- 
WF ticular Quotient, viz. + divided by, or—by—, gives + in the Quotient; but 
+ divided by —, or — by +, gives — in the Quotient. Whether the Operation 
be begun at the Right Hand or the Left, it matters not; but becauſe tis eaſier to 
Write forwards than backwards, I ſhall (as in Vulgar Arithmetic) begin to Divide 
at the Left Hand, and proceed towards the Right. F 353 
Example 1. Let it be required to divide ac- ad- hc bd by cd. 
Having placed the Dividend and Diviſor in ſuch order as you ſee in the next Page, 
firſt I divide +ac by c, (according to Seck. 5. of this Chap.) and there ariſes Ta, 
(+a, becauſe + divided by + gives +,) therefore I write ＋ a ora in the Quotient; 
then Multiplying the whole Diviſor c d by the ſaid Quotient a, I write the Product 
ac+ad under the two firſt Members of the Dividend towards the Left Hand, to wit, 
. under ac+ad; that done, drawing a Line under the ſaid Product ac+ad, I ſubtract 
the ſame from ac Tad, (the two firſt Members of the Dividend) and there remains oz 
which I ſet under the Line, as you may ſe in the Page following, — 


Diviſor; 


— 5 


N 2 2 
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— * ** 
S 28 


F Quotient, 


— pe — An Mis. =” VIEWERS 
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Dividend - 
c TAI achad +bc+b4 \a+b 
act . 
% o ue 
_+bc+bd 
8 = 


© Then there remains to be divided +bc+b4which 1 bring downto the Remainder o, 
and renew the Work, viz. I divide +6bc by +c, and there ariſes H which I write 
in the Quotient next after a; then multiplying the whole Diviſor c+d by the ſaid 


Quotient i, the Product is ic d, which being ſubſcribed, and ſubtracted from that 
which remained to be divided, there remains o. So the Diviſion is finiſhed, and the Quo- 
tient is found a+6, but that it is a true Quotient the Proof will make manifeſt; for 


a-+b multiplied by the Diviſor c-+d produces the Dividend ac+ad+bc-+bd. 


Example 2. In like manner, if 42 —- bb be to be divided by a+b the Quotient 


will be found a—b; For firſt, as divided by a gives @ in the Quotient, by which 
multiplying the whole Diviſor a+6b the Product is 


a+b).aa — bb(a—b_ 
aa + ah there remains to be divided — bb —ab. Now 
— renew the Work, and diyide — bb by its correſpon- 
— bh — ab dent Diviſor +b, (not by a, becauſe the Quo- 
— bh —ab tient will be a Fraction, which is to be avoided when 
— there is a poſſibility) and there ariſes — þ to be 
2 written next after a in the Quotient, I ſay — , not 


5 . +6, for according to the Rule before given, — divi- 
ded by + gives — in the Quotient; then multiplying the whole Diviſor a+b by — þ 
(laſt {et in the Quotient) the Product is — ab bb, or — bb — ab, which ſub- 
tracted from — bþ—ab that remained to be divided, there remains o; fo the Divifion 
is finiſh'd and the Quotient is found a—b, to wit, ſuch a Quantity that if it be mul- 
tiplied by the Diviſor a+6, it will produce the Dividend aa — 65. 2 

Example 3. Again, If it be deſired to divide aaa-+bbb by aa — ba+6bb, the Quo- 
tient will be found ah, and the Work will ſtand thus 88 


aaa — haar ba e 


— — 
* 


+bbb+baa— bba © 
+ bbb+ baa — bba 


0 +. 0-0 
In which Example, firſt (as before) 1 begin at the firſt Term of the Dividend to- 
wards the Left Hand, and dividing aaa by aa, (not by — ba nor by +6b, becauſe 
each of theſe will give a Fraction in the Quotient) there ariſes a, which ſet in the 
Quotient; then Multiplying the whole Diviſor aa — ba+6b by the ſaid Quotient a, 
the Product is aaa— haa + bba,, which I ſubtract from the 
there remains to be yet divided ＋ bþb + baa— bba. . 
Nom I renew the Work, and divide . 556 by its correſpondent Diviſor +66, (not 


by -+aa, nor by — ba, becauſe each of theſe gives a Fraction) and there ariſes +6, - 


which I write next after a in the Quotient; then multiplying the whole Diviſor aa ha 
+6 by the faid Quotient +6, the Product is bbb+baa— bba, which I ſet under, 
and ſubtract from the Quantity that remained to be divided, ſo there remains o, and 
the Quotient ſought is a: But that it is a true Quotient the Proof will diſcover 

for if the Diviſor aa — ba-+ bb be multiplied by the Quotient a+6, it will produce 
the Dividend aaa 0b. | ub 
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Example 5. Again, If ↄdddd- 1 2ddde—4dere—veee be to be divided by 3dd—ee, 
the Quotient will be found 3dd+4de+ee, as will be manifeſt by the ſubſequent 
— 3 dec) odddd 1 2ddde - Adece —eece (3dd+ de- ee 

dacddd — 3ddee 7 — 


2 
— — — — 


+ 12d4de-- 3ddee—adeed | 
-+ 12ddde —qdeee 
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— 8 : 3 4 ; *. | | 
0 | + 3ddee— eeee 
+ 2ddee— ecee 


89 
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nn which Example, firſt I divide 9dddd by zdd, and it gives 3dd, which I write in 
= theQuotient ; then multiplying the whole Diviſor 34d—ee by the ſaid Quotient 3dd, 
te Product is 9dddd—3ddee, which I write under the two firſt Members of the Divi- 
dend, and ſubtract the fame from the ſaid two Members, ſo there remains + 1 2ddde 
+ 2ddee , to which I bring down —4qdeee (the next Member of the Dividend) and it 
makes A 12ddde+ 3ddee—gdeee which comes now to be divided; therefore I renew 
the work, and dividing +12ddde by ＋ 3dd, it gives + 4de, which I ſet in the Quo- 
tient next after 3dd, then multiplying the whole Diviſor, 3dd—ee by the ſaid Quoti- 
ent + ade, the Product is +12ddde—4qdeee, which I write under -+ 12ddde-+ 3ddee 
—4deee (the Quantity laſt ſet apart to be divided ; ) and having drawn a Line under 
the ſaid Product I ſubtract it from the faid particular Dividend, ſo there remains 
Y zaddee which write underneath the Line; that done, to the ſaid Remainder -+ 3ddee 
1 bring down —eece, (the laſt Member of the total Dividend) and it makes + 3ddee 
—eeee which is yet to be divided: Therefore I renew the Work, and dividing + 3ddee 
by -+3dd, it gives ee which I {et in the Quotient next after ＋ 4de; (or I might here 
divide + 3ddee by —ee in regard it will give an Algebraical Integer in the Quotient, 
as I ſhall ſhew in the next Example:) then multiplying the Diviſor 3dd—ee by —+ ee, 
(laſt fer in the Quotient,) and ſubtracting the Product + 3ddee—eece from the Quan- 
tity that remained to be divided, there now remains o. So the Diviſion is finiſhed 
without any Quantity remaining, and the entire Quotient is + 3dd-+ Ade ee. 

Note. By this general Method of Diviſion the Quotient may oftentimes be found 
out and expreſs'd various ways, both as to the Order and Multitude of Members in 
the Quotient, but yet the entire Quotient in each Form will have one and the ſame 
value, as will appear by the following manner of Dividing the two Quantities pro- 
pos in the laſt Example. | | 

Let it therefore he again propos'd to divide 9dddd-++ I 2ddde - Adeee —eces by 3dd—ee. 

Firſt, T work as before in the laſt Example to find out the two firſt Members in the 
Quotient, to wit, 2d4d+ 4de, and then there remains to be divided + 3ddee—eeec which 
you ſee ſtands at this Mark & in the following Operation: Now becauſe + 3ddee 
divided by —ee gives an Algebraic Integer for the Quotient, tb wit, —3dd, therefore 
I write —zdd in the Quotient; then multiplying the whole Divifor 3dd—ee by 
—3dd (laſt fer in the Quotient) I ſubrra&t the Product + 3ddee—qgdddd from + 3ddee 
—ezee Which remained to be divided; ſo there As to be yet divided —eece+ ↄdddd. 
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Then I divide —ecee (which ſtands immediately under the third black Line) by 
its correſpondent Diviſor —ee, (for it cannot be divided by 3dd fo as to give an ln. 
teger in the Quotient,) and there ariſes ee, which I ſet in the Quotient; then mul- 

tiplying the whole Diviſor 3dd—ee by the ſaid Quotient e the Product is —eeece+ 
3ddee, which ſubtracted from —ecee-+ 9dddd (to wit, the Quantity that remained to 
be divided) there remains to be yet divided ↄdddd—3 Adee, (which ſtands imme- 
diately under the laſt black Line but one; ) therefore I divide + 9dddd by + 3dd and 
it gives + 3dd to be ſet in the Quotient; then multiplying the whole Diviſor 3dd ee 
by the ſaid + ;3dd, it makes + 9gdddd—3ddee, which ſubtracted from + 9dddd— 

zadee (the Quantity that remained to be divided) leaves o; ſo the Diviſion is finiſh-- 
ed without any Quantity remaining, and the Quotient is found 3dd+4de—3dd+ee 
- 3dd, that is, 3dd + 4de+ee : So that the Quotient found out by the latter Ope- 

ration, after it is contracted by Algebraical Addition, is the fame found out by the 
former way of dividing the Quantities given in the fifth Example. 0 


tient will be found yyy+ 4, and the Work will ſtand thus: the Quo- 
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If the Powers of the Root y in the laſt Example be expreſſed according to Carte- 
ſus his way; the work will ſtand thus e 
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in the following Operation. 
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wards, viz. from the right Hand 9 * Divi aß towards the left, as you here ſee 


oy x. 0 

More Examples are here ated for the fuller exerciſe and Uluſtration of Diviſion 
in compound A lgebraic In _—_ 3 to the Seneral Metbod in Sect. IX. 

. of this Cs. — ez 
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"I Cartefus — the Quantities propos d in the laſt Example works back- 
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If Algebraical Diviſion according td Ws TEM Method will not work off juſt 
without a Remainder, then you ma Viite the Dividend and Diviſor fraction-wiſe, 


according to Sec. III. of this Chap. Ur ſometimes 2 ee may be expreſs d partly 
by Integers, and partly by a Fraction 3 as If bb d cc be to be divided by .6+ +4, 


44 
ad 9 


the Quotient may be N. ec r | bh E on elſelthus, "bb: ; - 5 

Ager | 8 1 WN ( | 
which latter Quotient is found out by t the help f the ſaid general Method; for af- 
ter you have thereby diſcovered as many Integers as can ariſe in the Quotient, you 
may ſet the Remainder of the Dividend, as à Numerator over the Diviſor as a Deno- 
minator, ſo this Fraction together 1 faid Integer or Integers ſhall be equal to 


the ee, ſought; as in this following Example. 
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1. E Operations about Algebraic FraQti ns are wrought like 08 4 15 ar 
EIT the help of he! Rules of Algebraic Inte: gers before delivered OY 
will appear by the following Rules of this Gbaptth,”” oo STROH! © 

ll. From the manner of dividing Quantities according to Seck 3. of the preceding 
2 5. Algebraic Fractions arile ; 'as, if a be to be divided by ö, the Quotient is 


[repreſented by the Fraction +: Likeniſc ub, which imports as much as the 
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voten of 4 dj ivided by —4 l 220 LES 2 and ſach like, are called Alge- 
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1 If the Numerator be — to the Denominator, that Fraction (or Quotient 
d fraction 6s © 0 iQ I (to wit, Unity ) as before hath been, Had in 
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V. Fak Alzebrale toger 281 4, Be to be fetin.the Form of a Fraftionalvit hall 
it Whavt ber its Deriomitiaror Tome Algebtaical Integer preſcribed, as d, multiply a by 
„ [the Denominator d, and write the Product 15 as 2 Numerator over the Denomina- 
i | or & us, "74 wick gte opal s the Inge get propoſes, and hath 


br its 8 the preſeribed Quantity d. 
Likewiſe the Quantity a reduced -to the Form of a Fraction whoſe Denominator i is 


ac | 
1 be will ſtand thus, Fac = ER „„ 


Moreover, if. l = 10 be tefficed > the . of a F WEAR that han have 


3 a be multiplied bl 1 d. and to the Pradubt 
5 add the Numezator a a then get that Sym, to wit, ad+aa over;the Denominator 
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Floib to reduce Alzebrait Frattions to othets of the ſame value 
e in more ſimple Terms. | 


: * 2 * 1 
” . \ ”. % © 4% P DT 4 8 0 2 * * * 7 * : 0 k e 8 

n E 5 * 4 * 41411 - C5 f : ZE % . 8 ; F TT Sod 1 

4 A 44. a * 1A „ee n iin | - 


VI. When the ſame Letter or Letters be found in the Numerator and Denominator, 
| let them be caſt out of both; and if the Numbers prefix d can be abbreviated by ſome 
common Diviſor, ſet the Quotients in the places of thoſe Numbers prefix d, ſo ſhall 
the new Fraction be of the ſame value nt thar-frlt propoſed : So this Fraction 
ae e beer >> 26 : | 
vil abc will be reduced to 45 and this 75 will be reduced to 7, 2. This 
_ 10 ke FF EEC 
0 7 20% 22 Rule hath already been explained in Seck. 5. and 6. of Chap, 5, and may be further 
| [il illuſtrated by theſe following Examples. 10 eln: lie cir ds 
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VII. The ſearching out of the greãteſt common Diviſor, for reducing an Algebraic 
Fraction to the ſmalleſt Terms, after the manner uſed in vulgar Arithmetic, is for the 
moſt part a tedious and intricate work, eſpecially when the Numerator and Denomi- 
nator arg compound Quantities confiſting of many Members; and therefore inſtead of 
that w y of finding out a common Meaſure (or Diviſof) 1 ſhall by a clear Method 
in Chap. 8. of the Second Book, ſhew how to find but all ſuch Diviſors as will divide 
the Numerator and Denominator preciſely without leaving a Remainder. But in the 
mean time I ſhall recommend to the Learners exerciſe the following Examples of 
Fractions abbreviated by Divifion according to the general Method in $8. g. Chap. 5. þ 4 
of this Book; which Examples, together with the Rule above-delivered in the 6. Ser. 
will be great helps to reduce Algebraical Fractions to lower terms, when there Wa 
poſſibility. FO TOE STINT TR C8 2D CE rg 8 . 4 
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Examples of Fractions reduced to their ſmalleſt Terms. 
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ö = ow 10 find out the ſmalleſt Quantity that can be divided by two or more 
£ given Quantities ſeverally without a Remainder. 


III. Two or more Algebraic Quantities whether Simple or Compound being pro- 8 
oſed, the ſmalleſt Quantity that can be divided by every one of thoſe given, without 
ES Remainder, may be found out by the following Operation, (which is grounded up- 
ns Prop. 7. Elem. Euclid.) and the Uſe thereof will hereafter appear. 
As for Example, if it be defired to find the ſmalleſt Quantity that can be divided 
asc and cd, fer thiEm in the Form of a Fraftion | 79 | 
hs, 


and reduce the Fraction to its primi- | aac NJ aa 


+ which being ſet near the former, multiply aacd 


cd 
ive or equivalent Fraction in the ſmalleſt Terms 
2 Sb 


ro-wiſe , vi. aac by d, or aa by cd, and . 
here will ariſe one and the ſame Product, to wit aacd the Quantity ſought ; 
hich is the ſmalleſt Quantity that can be divided feverally by aac and cd without 
aving any Remainder. EE fu WI 
3 8 . 55 | 8 
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Fx. 2. In like manner to find the ſmalleſt Quantity that can be divided by ab-+ ac 

3 e ee And ad—af ſeverally, I fer them Fraction 
= | A 7” > „„ . 

/ ab ac... 1 wiſe thus, ee, this reduced to its low- 
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— mnnonen” F3,—enn—th, con : 2 3 | — . 
a | abd-hacd—fab—fac ____ eſt Terms gives 2 then I multiply 3 
1 „„ wiſe (as before) viz. ab ac by d—f or ad 
4 Lf bf bc, and there ariſes: ab4+ acd—fab—fac, which is the ſmalleſt Quantity 

that can be divided by ab-- ac and ad—af, ſo as to leave no Remainder. 

IX. Bur if the given Quantities cannot be reduced to lower Terms, then multiply 
; „5 them one into another, and their Product is 
bbc ys Ce the Quantity deſired: So to find the ſmalleſt 
di- X dd+fF. Quantity that can be divided by h cc and 


a LED — dd ſeverally without leaving a Remain- 
bbdd-k-cedd-+ bf c der; becauſe 


Ace cannot be reduced to 
more fimple Terms, I multiply bcc by dd-+ff, and there is produced bbdd-+ccdd 


1 Hs Quantities are given, the ſmalleſt Quantity that can be 

divided by them ſeverally without leaving aRemainder may be found out in this manner; 
es viz, To find out the leaſt Quantity that can 

1 „ aa—ab be divided by aaa abb, aa+ zab- bb, and 

a +6 1 „j * "a+b- aa—bb , 1 firſt ſeek (after the Manner of 
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15 — — 


3 es i —- the ſecond Example in Seck. 8.) the ſmalleſt 
r Ladd Quantity that can be divided by aaa—abb, 
aaaa aH 4 8 and aa+2ab+bb, ſo I find aaaa—aabb 


+ aaab—abbb; and becauſe this Quantity may be alſo divided by aa—bb (the third 

Quantity propoſed) it is manifeſt that azaa—aabb--aaab—abbb is the Quantity 

ſought. = „„ Yong . . 5 

7 like manner, if there be given theſe four Quantities, aaaa—dbbb, aa Fab; 
aaaa-aabb ; and a+b ; Firſt, I find out (as before) the ſmalleſt Quantity aaaaa 

Laabböb that can be divided by the firſt and fecond Quantities aaaa—bbbb and aa ab; 


aaaa—bbbb aaa aa A- 
aa Tab | a | - 
aaaaa—abbbb e 


Then becauſe the ſaid naaaa—abþbb cannot be divided by the third Quantity aaa 


Jaabb, I ſeek the ſmalleſt Quantity that can be divided by aaaaa—abbbb and aaaa 
5 | | +aabb, ſo I find (in like manner as be- 


* 5 :  annna—abbbb ta——bb _ "IP, which, becauſe it is 
S Ae ee + "Pts —_ iviſible by the fourth Quantity propoſed, 
T . ee RE 3 to wit, by a+b ſhall be the Quantity ſought, 

F db viz. a%—aah+ is the ſmalleſt Quantity that 


NY $ can be divided by every one of theſe four 
Quantities, a*—b+; aa ab; ad aabb; and a+6b. And ſo of others. 
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Hou to reduce Algebraical Fractions which have different Denominators, into other 
Fractions of the ſame value that may have a common Denominator. 


XI. When two Fractions having different Denominators are to be reduced into two 

other Fractions of the ſame Value that ſhall have a common Denominator; 8 
| the Numerator of the firſt Fraction by the Denominator of the ſecond, and the Product 

] | ſhall be a new Numerator correſpondent to the Numerator of that firſt Fraction; Alſo, 
= yd A en pra 8. . „ multiply 


„ü Sd. Jt. At tit 


eee 19 8 
Nadel the N r of che ſecond Fraction by the Denominator of the f firſt, and 
the Product is 2 new Numerator correſpondent to the Numerator of the ſecond 
Fraction; laſtly, multiply the Denominators one by the other, and the Product ſhall. 


be a common enominator to both the new Numerators. 


As, for Example, to reduce - and 44 (whoſe Denominators c and a are unlike * 


into two other Fractions that may be of the ſame valuewith thoſe given, and have 2. 
common Denominator; Firſt, multiply croG-wife, viz. the 
Numerator abby the Denominator a, and the Product is 


ab bq | aab for a new Numerator inſtead of ab; likewiſe I multi- 
> a ply the Numerator bd by the Denominatorc, and the 
FD — — Product is bdc, for a new Numerator inſtead of bd, 
— ble Alsaſtly, the Denominators c and a multiplyed one by theo- 
= oo - INT for a Denominator to each of 1 new 
„ Numerators aab and bdc : 80 the Fractions £ 2. and | 
| _ 1 
bd are fouad out which have a common Denominator ac, and are equal in value to 38 
ac Ei 
the Fractions firſt given, oh 2 is ; equal to , and _ 18 equal o 4 „ as was 
| 1 5 i C a | 
jequired. To | 
In like manner = and = (which have unlike Denominators) will be redu- 
| 8 Aa 
ced into Je and bbc h ich have a common Denominator. 
fa o 35 bed 
Alſo, 8 22 and 9 wil be reduced 1 into theſe ©* 9 and ba 
4 85 11 5a a 
Again, to reduce * +2 4 and. . to a common Denominator, I multiply 


croſs-wiſe (as before,) viz. aa+2bb by ff, and 3cc —dd 1 c; ſo the 
Products are aaff & 2bbff, and 3c — cdd+ 3ccd — ddd for New umerators; ; then 
multiplying the Denominators c+dand ff one into the other, the Product is HA 


for a common Denominator, and the Fractions ſought are 15 ＋ 2 and 
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XII. When three or more Fractions having unlike Daa are to be od 
ced into as many other Fractions that may be of the ſame value, and have a common 
Denominator z multiply the Numerator of each Fraction into All the Denominators 

except its own, ſo the Products made by that continual Multiplication ſhall be new 
Numerators; multiply alſo all the Denominators one into another, and the Frodut 

. ſhall bea Denominator to every one of the ne Numerators. 

As, for Example, To reduce theſe three Fractions 2 I and 27 hne three # 

— 4 8 IF 
others. that mo be of the Game value and haves common Denominator ; ; I mul- 

-- . tiply the Numerator a into the Denomi- - 


. * — ” 2 ER -  nators”d-and g, ſo the Product adg is a 
TE Mg et mo nme Nutfierator inſtead ofa, again, I mul- 
= SET d 1183 4 25110 tiply the Numerator e into the Denomina- 

5 — tors 5 and 3, and the Product chg is a 

adg - cbg , 2bdef ON Numerator inſtead of c; likewiſe, multi- 


bag dg - plying-the. Numerator 2ef into the Denomi- 

| nators h and d, the Product 2bdef is a 
Numerator inſtead of 20; laſtly, the Denominators 5, 4 and g multiplied one into 
another produce hdg for a common Denominator to thoſe ** new Numerators, and 


: the three Fractions 1 ae 1 5 2 5 = „ 
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In like manner theſe three Fractions EP 
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44844 4 »*+ 4&4 4 + 4 4 A 


to theſe three, to wit, 


ue for a common Denominaror 7aahb— 56bb. 
XIII. But if the Denominators of the given Fractions can be reduced to lower 
Lens, then thoſe Fractions may oftentimes be reduced more compendiouſly than by 

e Rules in the two laſt preceding Sections, into others in the ſmalleſt Terms that 
Rave a common Denominator, in this manner; v2z. Seek (by the Rules inSe& 8. and 

10. of this Chap.) the ſmalleſt quantity that can be divided by every one of the De. 
nominators without a Remainder, which quantity reſerve for a common Denominator; 
then for the Numerators divide the common Denominator by the Degominator o 
the firſt Fraction, and multiply the Quotient by the Numerator of the firſt Fraction, 
ſo ſhall the Product be a new Numerator inſtead of that firſt Numerator ; work in 
Uke manner to find out the other Numerators, and ſet every one of them over the 
common Denominator before found out. . 
As, for Example, to reduce theſe Fractions a . 4 and _ to a common Deno- 
minator ; I ſeek firſt of all the {ſmalleſt quantity that can be divided by the Denomina- 
tors aac ànd cd, and I find that quantity to be aacd, which ſhall be the common 
Denominator; then I divide the ſaid aucd by each of the given Denominators aac and 
ed, and multiply the Quotients d and aa by the given Numerators hd and aaa, ſo the 
Products bbhdd and aaaaa ſhall be the new Numerators, which being ſeverally ſet over 


the common Denominator aacd, there will ariſe dd and a for the P ractions 
ns aacd aacd . 
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Likewiſe, to reduce . ed; and — r toa common Denominator, having 
3 adac — aad 0 dd „ „ 

firſt found the common Denotninator aacd— aadd, to wit, the leaſt quantity that can 
be divided by the given Denominators aac — aad and cd.— dd, I divide the ſaid com- 
mon Denominator by the ſaid given Denominators feyerally, and the Quotients d and ag 
{ multiply by the Ni merators hb and aaa 6bb, and then ſetting the Products 
kyerally over. the common Denominator, the Fractions ſought will be. =, bbbd 
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Nor will the Operation be otherwiſe to reduce theſe four Fractions to wit... 
a3—a%þ a5 —55 arab: 1 FE ag ; N 5 
—— | — a RE Sr PG ee, ah Pay | 7 — . 
PH atop aÞb inte theſe four following Fraftions having a 
common Denominator  — 
a5 — a*b4 
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* : 115 | 2 « | a7 — 45 — a2b5S 4+þ7 1 9 . 
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For firſt by the help of the given Denominators, the ſmalleſt common Denomi- 
hator a —aahb+ is found out by the Operation in the laſt Example of the preceding 
Seck. 10. (of this Chap.) then the ſaid common Denominator being divided ſeverally 
by the given Denominators a+ — b4, aa ＋ ab, a++aabb, and a+b, the Quotients are 
aa, 44 — a aabb — abs, aa — bb, and a5 — a#b+a3bb — aah3, which multiplied 
reſpectively by the given Numerators a5, as — gab, a5 —bs, and aa Tab bb, will 
produce thoſe new Numerators which are before ſet over the common Denomi 
nator a — aab4, 5 +: = 
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Addition of Algebraical Fraftioms,,, 
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_ * given to be added. 
As, fot Example, to add = to „ 


So alſo 2ab ded to 3% mak 225.3 . 
ee eee == OY a c+d_ — : 
Likewiſe the Sumof IZZY and 2—3* will be found = T 43 (For the given 


Numerators 30 — 3b . Jt 
And if thes be added, tow, pI, Fe T and Fr 
re he e Cor by Divi, 
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XV. But if the Fractions propos d to be added together have unlike Denomina- 
tors, firſt reduce them to a comnion Denominator, and then add them as before; as 
to add ab to 1 firſt I reduce them to _ and bdc which have the ſame Denomi- 
EEE TC LT ET On 

tting the Sum of the Numerators aab and bdc over the common 


C "A 
nator ac; then ſe 
TN. eme aa dc x. | „ 
nominator ac, there will be — bor the Sum required. r 
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Likewiſe, to 4 2 tte Fracht 


I reduce them to three others of the ſame value under a common Denominator, (as 
jn the third Example of the preceding 13. Seck.) and then ſetting the Sum of the 
three new Numerators over the common Denominator, I find the Sum of the given 


41 a—b 
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aaaa + aa —abbb — b 


Fractions a aaaa+ aaah — aabh — % 


XVI. When mixed mie are to be added gether, colleti the Fractions into 
one Sum, and the Integers into another, then thiol two Sums aged together give 


: the Sumdeſired; as for Example: 
To add theſe mixed quantities 


The Sum of the Fractions, after 
they are reduced to a common 
Denominator, is. 3 

To which Sum adding the Ind: 

gers in the mix d quantities po- 

poſed, the Sum deſir d will be 
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* when mixed quantities are to added together, you "a Wine them to im- 


| prope Fractions, (by Sed. 5. of this Chap.) and then add theſe e as in the 
preceding Examples; as, 


To add thoſe mixed quantities my a 44 „ 

— tte laſt Example, to wit, 5 2 — d d 
: Firſt reduce them to theſe * aa—ba and 44 T d 
| Oren 5 _—_— A CG g 3 5 
hich reduced to a common 3 ö LS 

5 | 5 ptoduce theſe. To — * 4 and W 70 © 
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; required, to wit, 64 06 © © 0 #76 * be 11 
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found, to wit... % , e 3 
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XVII. If the two Fraftions given have the Lame Denominator. ſubtrack t the * me. 
tator of the Fraction preſcribed to be ſubtracted, from the other 


ſet the Remainder as a. new Numerator over the common Denominator, ſo ſhall this 
new Frattion be the remainder Wust. 


As, for Example, If from © 


FR the Rema inder aa — 53 * E. Numerator over the common Denominator c3 ſo 


take bh. Som aa, and 
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Rimaltider wür be Bund 222. — 19524. (pur am 125—18 123 * 
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bd there remains 24 27. + 45 
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- XVIII. But if the two Fractions given have dikerent ä — fl & reducs 


0 th to a common Denominator, and then ſubtraet as before; fo dd 


0 
. def red to brat , 1 reduce them to dab and a which have the fame De- 


ch 
— 1 remains 2 „ 4db "v4 — 


ch <> 1 | = 
the Remainder ſought. | | . | 3 


After the ſame manner, If from Fes, you ple take wy UN there will re- 
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For 07 ” * 4 


from which fab. 


nominator 4 then from 2 4 fubtracting © which is 


tain © 45 + gas 
bb—bc* 


| Likemiſe from * 225 0% to rake away WA Ws firſt reduce theſe given Fraft- | nt 
py jor dd. aac aa 24% ö a 
ions to a common Denominator, (as in the ſecond Example of Seck. 13. of this = 


Ch 3. and aaaaa 4 aabbb.  bbbbd „ N 
Chap.). and ſo I find © 44d and - pron pagers 5 which la ter Fraction ſubtract. 


ed from the former there remains aha aabbb — bbbb 4 ws 18 


aacd — aadd y 
Again If from a it be defied to ſubtract ==, 1 reduce 2 into the eum of 
3 a 
2 Fraftion whoſe Denominator ftall be a+, and fo inſtead of a, I find Tere 
| ; HS k 1 | Wo a 
from which bert — 2 there remains = „ 
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XI. When 1 two 1 Fractions are given to be multiplied one b the o- 
ther, multiply their Numerators one into the other, and take the Product for a ner 0 
Numerator; 5 likewiſe multiply ing the Denominators one into the other, this Product 


ſhall be a new Dengninator, and the 77 Fraction is the Product fought. 


As, for Example, to multiply = = by 1 multiply (as in vulgar Fractions) the 


. 5 
KNumetaior2d by the Naser b, $79 the Product 2ab is a new Numerator ; like- 


wile I multiply the Denominators, 3 2 and 4 one into the other, and rhe Product 
7 ſhall be a new Denominator; 4 2 is the kroduct ſought. „ 


de — 220 1027 
42.— bh d bab — 24005 
Uke m manner, _ mühe by -= Ae Tes ST the rade e 


XX. When either or both the given Terms are mixed | Quantities, reduce the 
mixt Quantity to the form of a Fraction (by the. Bip in Seck. 6. EN this 4 and 
then mii as before S0 to multiply e+- by Tx. _ 
i thoſe 


| thoſe mitt Quantities to theſe FraQtions, -— 7 and — then multiplying the 


ariſe, to wit, 5 


3 2 — 


2 L * 4 oo . n 1 
, +. 14 
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— „ 3 


ad. bb 
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.AC 


Numerator cd bh by the Numerator ac, the Product is accd-+ acbb for a new Nu: 
merator; alſo multiplying the Denominators dand c—d one by the other, the Pro- 
duct is dc— dd for a new Denominator, and the ProduQ fought is accd . acbb 


XXI. When an Integer is to be Multiplied b 


2 Fraction, expreſs the Integet 


Fradtion-wiſe by giving it unity, (to wit, 1) for a Denominator, (according to Seck. 


4. of this Chap.) and then multiply as in * preceding Examples. : 
As, to multiply a by Z, that is, = by * the Product will be Likewiſe to 


5 then multiplying the 


Multiply as bb by af uce aa 


Numeratot aa+bb by the Numerator aa— bb, the Product aatz — ll ſhath 


be a New Numerator ; Likewiſe the Denominator cd g multiplied by the 


Denominator 1 gives cd. for a New Denominator, and the New Fraction 


yy 5505 is the Product ſought. 1 ; 
ca 3 So | TS - 4 | 

XXI 4 But oftentimes thete may be this uſeful Contraction in the Multiplication 
of Fractions, viz. When the Numerator of the one and the Denominator of the o- 


ther may be ſeverally divided by ſome common Diviſor without a Remainder, take 


the Quotients inſtead of the ſaid Numerator and Denominator, and then multiply 
as in the preceding Examples. OS „ 8 
A ene 
As, for Example, to multiply — — 4 by os 


1 


» 
* . 


Foraſmuch as the Numerator of the firſt Fraction and the Denomina tor of * 


latter may be divided ſeverally by a+6b without a Remainder, I ſet the Quotients 


ah and 1 in the places of aa+2ab-+bb and a-+b, and by that exchange theſe 
Fractions will ariſe, to wit; EE enero ihe 
a2 at 

„ 


in like manner, becauſe cd dd the Denominator of the firſt of the two FraRtions 


* 


laſt above- written, and dd the Numerator of the latter Fraction, may be ſeverally 
divided by d without a Remainder, I ſet the Quotients c— d and d in the Places of 
cd - dd, and dd, and ſo theſe new Fractions ariſe, to wit; 5 
. . 
an 
c—d 1 


Then 1 multiply (as before) the Numerators a+6 and a, one by the other, and 
the Product da db is a New Numerator: Alſo multiplying the Denominator c— 4 


by the Denominator 1, the Product c d is a new Denominator, and the new 
Fraftion Tc is the Product fought z being equal to that which would be made 


- Can. - | 6 
by the mutual Multiplication — — % and -, che Fron fut propoſed 
P. ĩͤ é 
So as alſo, If it be deſired to Multiply a+ 2 5 by 2 — 254 2 that is, 
e 1 2 that is 


aa—ab+bh by aa 22 K Foraſmuch as the Numeratot aa— 2ab· x bh of the 


a—b i; 5/4 237 he ng 1 1 bn 
latter Fraction, and the Denominator a—b' of the former, being ſeverally divided 
by their common Diviſor a—b will give the Quotients a —b and 1; therefore 
I fer theſe in the places of aa—2ab-bb and a — b, whence theſe Fractions will 


a ab l and a—b 
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aaa — 2aah * 2405 — wh 
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Which being multiplied one by the other: will give — 


22a 2¹— — . the rroduet ſought. 


aac — aad — bbc + Bla aaa abb 3 
| PPE 2ah _ multiplied by =” will 


pics * For the Numerator of the firſt Fraction and 


the Denominator of the latter being Brel divided by their common Diviſor — 
the Quotients will be aa — bb and d; Alſo, the Denominator of the firſt Fraction and 
the Numerator of the ſecond being ſeverally divided by their common Diviſor a+þ, 
the Quotients will be a-+b and as — ab; then ſetting the two former Quotients in 
the places of the two firſt Dividends, and the two latter Quotients in the places of 
the two latter Dividends, theſe two Fractions will ariſe, to wit; 


42 — bb and aa — ab 


a+b_ 5 
Lally. multiplying the Numerators aa — bb and aa— ab one into the aher; as alſo 
the Denominators ar and a, (as in former Examples,) you will find the Product 
fought, to * 


Or 
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Aga in, this Pasten 


aa — — aaab _ aabb+ abbb 
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XXII. When a Fraftion i is to he multiplied by ſome Integer FRE lupe tt 
be the fame with the Dehominator of the Fraction, take the Numerator for the Pro- 


duct required. As, for Example, to multiply 23 06 by a d; I vrrite aa+ab 
** for the ang wa of their multiplication. 
Likewiſe, x be to be multiplied by the Denominator c; I write the Numera- 


tor b for the Frag: The reaſon * this Contraftion | is Evident for if — - be mul- 


* iplied by c, 8 in he ordinary way, the Produft will ſtand thus, © 2 . by 


caſting away the common Factor cout of the Numerator and Denominator, gives , 


for the Product; to wit, the Numerator of the given Fraction 2, : 


Hence alſo, if an Algebraical Fraction be to be multiplied by hw letter or letters 
that are found among others in every Member of the Denominator, that multiplication 


needs no other work but the caſting away ſuch letter or letters out of the Denominator: 


As to multiply 3 by c, the Product i 18 75 where obſerve, that becauſe 1275 multi- 


plier c is found in the siven, Denominater cd, Ike! it quite out. 


Likewiſe, to multiply — b by d, [ write— ” for the Product And to multiply 
3 5 eee by zaa, 1 5 300 i in the Denominai and write th Bp e 
| = 


afaa— 3g 
FroduQ e Hy | 

he taking of 2 E 3 the quantity « 45 | imports th 8 thing with the 
multiplying of a by 2 25 and the Product may be expreſt either thus, = ; or thus, 2a, 


For the 


Note. 


_ Likewiſe 2 2 of bc, of the Produ& of bc multiplied by 3 55 may be expreſt ei- 


— thus 22 26 EEE, or thus, . And ſo of others, 
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Quotient ſought. As, to divide — by 


Alſo, c multiplied by 1 gives c for a new Denominator, and the new Fraction — is 


. Diviſion in Algebraical Fraflions. eren Ja |? 
| XXIV. When the two given Fractions, to wit, the Dividend and Diviſor, have 


à common Denominator, caſt away the Denominator, and divide the Numerator of 


of the Diviſor; ſo that which ariſes ſhall be the 


aab 1, #0 I caſt away the common Denominator 
c, and divide aab by bb, ſo the Quotient ſought is " that is, 5 
In like manner, * divided by - giv Lend that is, ab for the Quotient. 
aaa — abb 101 a ee will: % aaa - abb 
Again, If — be divided by — — 1 there will 1 bp 
which abbreviated (by dividing the ng and Denominator ſeverally by their 
aa — ap ES | 


the Dividend by the Numerator 


common Diviſor a-+b) gives ——— the Quotient ſought. 


a-+b | Feel | 
XXV. If the given Fractions have not a common Denominator, then (as in Di- 
viſion of vulgar Fractions) multiply the Numerator of the Dividend by the Deno- 
minator of the Diviſor, and the Product ſhall be a new Numerator; alſo, multipl 
the Denominator of the Dividend by the Numerator of the Diviſor, and the Produ 
ſhall be a new Denominator ; ſo the new Frattion is the Quotient ſought, - . 
As, for Example, to divide ud by w I multiply ab by a, and the Product 
. | C a | 
| is aab for a new Numerator; alſo, multiplying e 


= ab 400 by add, the Product is dde for a new Denominator; 
a) c \dds po the Quotient ſought is 77 15 ** 
3 aa — hb 3 5 Ss — PE 2 | - aaaa — bbhb 
TE divided b „ uotient Re OE eee 
Likewiſe, If IT be divided by r e Quotien be 2 — 45 


Fot aa—bb the Numerator of the Dividend being multiplied by aa- bb the De- 
nominator of the Diviſor, the Product aaaa—bbbb is the new Numerator: and c d 
the Denominator of the Dividend being multiplied by c—d the Numerator of the 
Diviſor produces cc - dd for a new Denominator; whence the Quotient ſought is 
aaaa — bb ES, ey 1 1 be | 
ce dd 3 55 — 7. oe he, - 
XXVI. But oftentimes there may be this uſeful Contraction in the Diviſion of 
Fractions, vix, when either the two Numerators, or the two Denominators may be 
divided by ſome common Divifor without a Remainder, ſet the Quotients ariſing out of 
ſuch Diviſion (or imagine them to be ſer) in the places of the ſaid Numerators or 
Denominators that were divided, and then divide as in the former Examples. | 
As, to divide 2 5 by = , Poraſmuch as the Numerators aa— ab and 
a- may be reduced to more fimple Terms, to wit, a and 1, (for aa — ab and 


1 being ſeverally divided by their common Meaſure a— give a and 1. And, 


becauſe the Denominators cc and cd may likewiſe be reduced to more ſimple Terms 


c and d, (by dividing the ſaid cc and cd by their common Diviſor c,) therefore in the 


places of the two given Numeratots aa —ah and a—b I ſet the two former Quotients 
a and 1, and in the places of the two given Denominators cc and cd I ſet the two 


1 ( la Hatter Quotients c and d; ſo there will be 
79 * — von 


| | c 

ET and 5 for a new. Dividend and. Diviſor; then (as 

before) I multiply a by d, and the Product is ad or da fora new Numerator ; 
K da 


C 
the 


"IE 


CHAP: 6.  MgebraicabiFraffiond: 1 hk ai 
— —ͤ— ; | — 
the Quotient ſought; which is equal to that which would ariſe by dividing aa—ab 
by m_ „to wit, the Fractions firſt propoſed. ; 
7 


J Tr At gibi ae - ι i, ag db P. ee e 
Again, If it be deſired to divide r by = Foraſinurh as the 


Numerators azaa—bbbb and aa Tab ee to aaa - aab -. abb —böb and a 


by their common Diviſor a; and the Denominators aa—2ab-þ bb and a—b may 
be reduced to a—b and 1, by the common Diviſor a—b , therefore inſtead of mul- 
tiplying aaaa—bbbb by a—b, I multiply the faid aaa—aababb—bb} by 1, and the 
Product is aaa - aab abb. þ r d OT | 

Ga—2ab+bb by aa ab, I multiply a—b by a; ſo the Product aa—ab ſhall be a 
new Denominator, whence the Quotient ſought is aag—aaby 2 5 Ex 
In like manner, If — be divided by 1 the Quotient will be 
| | aaa loa rz; a5 N 

aaa — aa 254—125 
254—125, and à by the common Diviſor a+5 ; Alſo, aa—10a+25 and a—g 
may be reduced to a—5 and 1 by the common Divifor a5 and 1; whence inſtead 
of the Fractions given we may divide b ; 


bb for a new Numerator ; and inſtead of multiplying 


— 


For 44625 and aaf 5a may be reduced to aaa—5 aa 


Jaa 250125, 4 
aaa—5 ＋254—125 by = 
17 8 
and the Quotient ſought will be —.—. — . 
- — : 2443 2 
Again, to divide aaa—2aab-+abb by 5”, 1 ſet 1 for a Denomina tor under 


the Dividend aag—2abb+ abh, and it ftands thus —— = z then foraſinuch 


as the Numerators aza—2aab-+abb and aa—ab may be reduced to a—þ and 1, (iby 
the common Diviſor aa—ab ) therefore inſtead of the given Dividend and Divi ſor 
we may take . and 7, whence the Quotient ſought will be found aa—yH, 

80 ald Kun eg be to be divided by a6, that is, te zabh 5 
Le the Quotient will be found EE: And = uy 7 divided by xx-+ 5x, gives 


2 


the Quotient : Laſtly, Lr divided by a++5 gives the Quotient “ 


„ 5 * 


* 


: ” : ? TP * 
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Tue Rule of Three in Quantities repreſented by Letters. 


I. As in Vulgar Arithmetic ſo here in Algebraical, if three Quantities be given to 
H find.out 4 fourth in a direct Proportion, that is, when the Nature of the 
Queſtion is ſuch; that as the firſt Term is in proportion to the ſecond, fo is the 
third to the fourth ſought ; then (reſpect being had to the preceding Rules of Alge- 
braical Multiplication and Diviſion ) multiply the ſecond and third Terms one into 
another, and divide the Product by the firſt Term; fo the Quotient ſhall be the fourth 
JI Wagnt--. 585; „ RT 
As for Example, If the Quantity a give h, what ſhall c give, in a direct Propor- 
© ++.,4,. tion? Or, to the ſame Effect, find out a Quantity which ſhall have 
5220.1 the ſame proportion to c, as b has to 3; here I multiply 5 
15 Product bc by a, the Quotient, 


T 8 is the fourth Proportional ſought; as will appear by the 


5 * 


he 8 999 100 e 
abe „, Proof of the Rule of Three direct: For if the fourth Term 


be he multiplied by the firſt Term a, the Product will be 
a | Nr 


* 
* 
K+ 
% 


a 


356232344 0 


die, hich (by Seck. 5. Chap, 5.) is equal to bc, to wit, the Produtt of the ſecond 


In like manner, If a-+b give d, what ſhall cd give, in a Direct proportion? 
Anſwer, 21 5 I | 
Again, If 4 gives 3, what ſhall 86a give? Anſu. 84 8 that is, Gas, 
Moreover, If aaa—aaþ+abb--bbb give ua+bb, what ſhall az—bþ give? 
Anſw. age For the ſecond and third Term being multiplied one by the other will 
, , which divided by the firſt Term aaa—aab+ abb—bbb (according 


produce aada—bbbb dividec ag— 
to the general Method of Diviſion in Sec. 9. Chap. 5.) gives a the fourth Propor- 


tional ſought. eo Ad 2 J on gee: 
IT. When any one of the three given Quantities is an Algebraic Fraction, ſet the 


other two if they be Integets, in the farm of Fractions, by placing 1 as a Denomi- 


nator under each Integer. ; CC 
» Alſo,: when any one of the three given Quantities is compos'd of an Integer and a 


Faction, let it be reduced into the Form of a Fraction, (by Saf. 5. Chap. 6.) then 

if the Proportion be Direct, multiply and divide as before. „ 
As for Example, If a+ bo give cd, what ſhall 7 give in a direct proportion? 
Anſſw. abced : For firſt, a+ being reduced to the Form of a Fraction 
_ will fand-thus £32, allo od ſet Fraftion-wiſe is © , then multiplying the 


2 


third Term © by the ſecond Term < the Product is 8 which divided by 


— beed dlenal en 
e gives cc, for the fourth Proportional ſought. - 


| the firſt Term T 
Keke Wo cf Ff «+ | 
j cb cdbb 


: | ab 7 | bb ill 8 cdbb. 2 
In like manner, If — Slve d, then 7 — ' abd that = PY ( abd 


| beingabbreviated according to Sec. 5. Chap. 5. gives = 


1 


Alſo, 


8 
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8. Concerning the Extrdtion of Roots. 

* 1 I - _ . — — * * __ * — 2 4 — 2 — a . a 
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III. If after the three given Quantities are ordered or ſet in the Rule according to 
the uſual manner in Vulgar Arithmetic; the Proportion flows backwards, viz. if the 
Nature of the Queſtion be ſuch, that as the third Term is in proportion to the ſe- 
cond, ſo is the firſt to the fourth Term fought; then (as in the Inverſe or backward 
Rule of Three in Vulgar Arithmetic). multiply the firſt and ſecond Terms one by ths 
other, and divide the Product by the third, ſo the Quotient ſhall be the fourth. Pro- 
portional ſought. But J ſhall not need to give Examples of this Rule, nor. to make 
application of Algebraical Arithmetic to the Double Rule of Three, Rules of Fellow- 
Wi and Alligation ; ſince he that underſtands the manner of working thoſe Rules in 
Vulgar Arithmetic, as alſo the Rules of Algebraical Arithmetic before delivered, 


. 


cannot mils of performing the like work Algebraically when there is occaſion. 


— — — 


2 - 5 * 4 0 * 4 > 
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An Introduction to the Extraction of ROOTS out of ” 


— 


t 


Algebraicat Quant ities. 


— 


I. IT is not my deſign in this Chapter to treat of the Extraction of Roots in general, 
1 (that Doctrine being hereafter handled in the third and fourth Chapter of the ſe- 
cond Book) but chiefly to ſhew how to extract the Roots or ſides of Simple Powers 
expreſs'd by Letters, as alſo of Squares formed from Rational Binomial Roots, in or- 
der to the Explication of divers Equations in the following Chapters - For I would 
not willingly affright the Learner with tedious and intricate Operations until he has 
2 conſiderable Taſte of the practice of Algebra in the ſolving of Arithmetical 
ueſtions. 80 3 I 

WM . As in Vulgar Arithmetic, the Extraction of the Squate root of a given Num- 

ber imports nothing elfe but the finding out ſuch a Number that being multiplied by 
it ſelf will produce the given Number; fo the ExtraCting of the Square root of the 
Quantity aa implies only the finding out ſuch Aa Quantity, which it it be multiplied 
by it ſelf will produce aa; and fince a multiplied by a produces aa, therefore a is 


4 


the Root or fide of the Square aa. 


Likewiſe the ſquare Root of 4% is 2b ; for 2b multiplied by 2b produces 4b : 
And for the ſame Reaſon, the ſquare Root of aa (or 5 is 2a; (or 20 Alſo, 
the ſquare Root of bbaa is ba; and the ſquare Root of aaaa is a2. 

Moreover, Foraſmuch as aa, or the Square of the Root a, being multiplied by the 
Root a produces aaa, or the Cube of a, therefore the Cubic Root of aaa being ex- 
tracted there will come forth again the Root a, In like manner, the Cubic Root of 
8aaa is 24; for 2a multiplied cubically, (that is, firft by it {elf and then again by 
the Product) produces 8a9a, „ | ones EE 
III. The like is to be underſtood in the Extraction of the Root of a compound 
Power; For, as the Binomial Root ab, which may repreſent the Sum of the two 
parts into which fome Number or Right-line is © 2 
divided, being ſquared or multiplied by it ſelf, ab. The Root. 

roduces the Square aa-+ 2ab+bb 54 So the a+b 

Iquare Root of aa 2ab+bb being extracted, =——— 

there will ariſe the Root a+b. Here the aa+ab 
Learner may obſerve, That if a Number or +ab-+bb 

- Right-line be divided into any two parts, (a —— — : 
and b) the Square (aa-+ 24b4bb) which is = aa-+ 24bbb, The Square. 
made of a+b-the Sum of the Parts, is com- wee 
poſed of (aa and bb) the Squares of the Parts, and of (aab) the Double Product 
made by the Multiplication of the Parts (a and 6 * into the other. | * 
| > 
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So the Square of 8, or of 5+3, is equal to 25 30% that is, &4s_ ... 
Again, As the Binomial, or (as ſome call it) the Refidual Root a—b, or b—a_ 
being multiplied by it ſelf produces the Square aa 2ab bb ; SO the ſquare Root of 
I = oe hy 4... aa—2ab+bb being extracted, there will 


SS He ERR 3 come forth the Root a—b, or b—2a ; (for 
„ The Root. either of theſe Roots will produce the ſame 
ONO Ll: PE are) Here alſo the Learner may obſerve. 

F That if a Number or Right · line 85 wiky' 
© - Into any two parts, (a and b) the Square (aa 
ang /no —2a6+#6) which.is made by, che Multiplt 
an aab-F bb. The Square. tte Parts into it ſelf, is equal to (aa+bb) the 
en eie, HINT SGWaum of the Squares of the Parts, leſs by 
- (2ab) the double Product of the Multiplication of the Parts one into the other: So 
the Square of 5—3, that is, of 2, is equal to 25+9—30, that IS, 4. 


„ 


_— 
” 


IV. From what has been ſaid in the laſt Section, this Theorem may be inferr'd, 
viz. If a compound Quantity conſiſts of three ſuch Members or fimple Quantities, 
that two of them are Squares, each of them having the ſign -+ prefix d to it, and the 
third is the double Product made by the mutual Multiplication of the Roots of thoſe 
ſimple Squares, the ſaid double Product alſo having the ſign + prefix'd to wit; that 
compound Quantity ſhall be'z Square wlisſe Root is the Sum of the two Roots of 
the {aid two ſimple Squares: But if the ſaid double Product has the Sign — prehx'd 
to it, then the difference of the ſaid Roots ſhall be the Root of the ſaid compound Square. 
Hence aa+6a-+9 will be found a Square, whoſe Root is a+3 ; for it is evident 

that aa and 9 are Squares, whoſe Roots are a and 3 ; and 6a is the double Product 
of the Multiplication of thoſe Roots a and 3 one by the other. BY 5 
Likewiſe, 9b ＋ Ehe cc is 2 Square, whoſe Root is 3b+c ; for gbb and cc are 
Squares whoſe Roots are 36 and c, and 66c is the double Product of the Multiplicati- 
on of the Roots 3b and c one into the other. Alſo, aaaa-+baa-þ5bb will be found 
a Square, whoſe Root is aa 5. „„ 0 8 
Moreover, ( agreeable to the latter Caſe in the Theorem) This compound Quan- 
tity aa—1oa+ 25 will be diſcovered to be a Square whoſe Root is a—5, or 5—a. 
And bbaa—2bca-þcc is a quare whoſe Root is ba—c, or -c—ba; For from either of 
theſe Roots the ſame Square bbaa—2bca-+cc will be produced by Algebraical Mul- 
tiplication. 3333 5 3 | 
if the Learner be well vers d in this Theorem, he may oftentimes diſcern at firſt 
fight whether a compound Quantity that confiſts of three Members or fingle Quanti- 


- 


ties be a Square or not; and if a Square, what its Root is. 


V. Bs (ny out of which a Root is to be extracted be ſuch, that the Root can- 
not any manner of way be exactly extracted; that Root is uſually deſign d or repreſented 
by prefixing the radical ſign before the Quantity 70 Cory So to extract the ſquare 
Root of the Quantity a, (whether it repreſents a plane Number or a Superficies) | write 
va, or / (2)s, which ſignifies that the ſquare Root of 2 is extracted or to be extracted. 
So alfo, /: aa rbb or, / (2): aa b: denotes the ſquare Root of the Sum of 
the Squares aa and . „„ | ET 
- Likewiſe, to extract the Cubic Re of b, I write / (3)b; as alſo V(3) aab, to 
ſignifie the Cubic Root of aab; which'kind of Roots are called Surd or Irrational 
Quantities. ( As hereafter in Chap. 9. of the II. Book will be more fully declared.) 


required 
rator and the Root ol the Denominator ſhall give a new Fraction which is the Root 


ſought. As for Example, If the ſquare Roor of 35 be deſired; foraſmuch as the 


— „ e 5 = 

| @ + 4 & 7 SR +4 . in rl a « 

ſquare Root of aa is a, and the ſquare Root of 0 is 5; I wiite F for the Root 
Gnght ofjood 541 ling adi noun ads $0 omg 1 
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CHAP. 9. The compleating of Squares formed, &c. 

| In like manner, the ſquare Root of —_ 

is ab, and the Root of dd is ES 
Again, the ſquare Root of 1 22, For (by the foregoing Sed. 4.) 

the ſquare Root of the Numerator aa-+62-+9 is a++3 ; and the ſquare Root of the 


is 7 (for the ſquare Root of aath 


© 


b 


Denominator bb is ö. Alſo, the ſquare Root of gbb+ ONES 18 * ; and the 
Cubic Root of 27dad ; 3 or 4d. 5 | 


VII. But if the Root ſought cannot be extracted out of the Numerator and Denomi- 
nator as before, the Radical ſign is to be ſer before the given Fraction; as to extratt 


the ſquare Root o 5 [ write * 7 or becauſe the {ſquare Root of the Numerator 


is a, the ſquare Root of 55 may be expreſs d thus 755 likewiſe the ſquare Root of 
aa ＋ b 1 1 % Jaa : aa+bb; = 
— may be written either thus, 9 ; or thus, — 


Which teaches how by any two of the three Members of a Square 
formed from a Binomial Root, to find out the third Member. 


I. [Rom Seck. 3. of the precedent 8. Chap. it is evident that every Square formed 
from a Binomial Root, that is, a Root of two Names or Parts, conſiſts of three 
Members or diſtin&t Quantities, to wit, two Affirmative Squares, and the double of 
the Product made by the mutual Multiplication of the two Roots of thoſe ſhuates ; 
which double Product is ſometimes Affirmative, and ſometimes Negative: So each 
of theſe compound Squares gaa-+12a+4, and gaa—12a+4, whoſe Roots are 34 
+2, and 3a—2, (or 2—3a) conſiſts of two Squares, to wit, aa and 4, together 
with 12a, the double Product of za multiplied by 2; which 3a and 2 are the Roots 
of the ſaid Squares 9aa and 4: Now if any two of the three Members of a Square 
formed from a Binomial root be given, we may find out the third Member by one 
of theſe two following Rules. FEE i JT Oy. e 
II. When two Affirmative Squares are given as two of the three Members or Parts 
of 2 compound Square formed from a Binomial root to find out the third or mean 
Member; extract the Square root out of each of thoſe given Squares, then the double 
of the Product made by the Multiplication of thoſe Roots one into the other ſhall 
be the mean or middle Member ſought, which if it be annexed to the two given Squares 
either by + or —, will make a compleat compound Square having a Binomial Root. 
As for Example, If the Squares gaa and 4 be given, firſt I extract their Roots 
which are 3aand 2, then multiplying theſe Roots one by the other the Product is 6a, 
which doubled makes 124, the middle Member ſought; this joined by + to the Sum 
of the given Squares gaz and 4 makes the compound Square 9gaa-+4+12a, or 
| 9aa+12a+4, whole Root is 3a+2 : But if the ſaid double Product 124 be joined 
to the Sum of. the Squares by —, there will ariſe the compound ſquare gaa-+ q— 
124, or gaa— 1244; whoſe Root is 34—2, or, 23a. | 


In like manner, If 4aa and 6bþ be propos'd as two of the three Members of a 26% 


compound Square that has a Binomial Root, the third Member wilt be found 1 2b; 
and the Square ſought will be either 4aa-+12ab+ 9bb, whoſe Root is 2a+36 z or 
elſe 444—1 2ab-+ 9bb, whoſe Root is 24— 3b, or 30— 24. = 
1 Ul. When 
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1 When the doable Feodut and ihr of thee Acne Sqoars ge 


re given as two of the three Members of a compound Square having a Binomial Root, 
to find out the other Square or third Member; divide half the ſaid double Product by 
the Root of the given Square, and the Square of the Quotient ſhall be the third 
Member ſought, which added by -+ to the two given Members will compleat the 
compound Square. es — PETITE Ig AND oY 
As for Example, If 9aa+12a be propoſed ; the half of 12a is &a; this divided 
by 3a (the ſquare Root of aa) gives 2 whoſe Square is 4, which added by + to 
gaa+124 makes gaa+12a-+4, which is a compleat Compound Square, whoſe 

oot is 3a+2. * | „ „553 

In like manner, If 12a+4. be given; the half of 12a is 6a, which divided by 2, 
(the ſquare Root of 4) gives 3a, whoſe Square is 9aa, which added by ＋ to 122 
-+4, makes the compound Square 124+4-+gaa, that is, gaa+12a-+4; ' whole 


m_ 


Root is 344 2. OY 128 . 
Again, If aa—2ba be given; the half of 2ba is ba, which divided by a, (the 
ſquare Root of aa) gives the Quotient b, whoſe Square is bb; which added to aa 
| Os makes the Square aa—2ba+bb, whoſe Root, becauſe — is prefix d to 20a, {hall 
be a—b, or, b—a ; but if ++ had been prefix d to 20a, then the Root would have 
been at, or EA. JR 1 | 5 
Note: If the ſaid Affirmative Square given be expreſs'd by Letters, and has only 1 
(to wit, Unity) prefix d to it, then inſtead of the Rule above delivered in this Sect. 3. 
there may be this Compendium, viz. The Square of half that Quantity which in the 
double Product given is drawn into the Root of the given Square ſhall be the third 
Member ſought to compleat the compound Square: As in the laſt Example, where 
aa—2ba was given, becauſe 1 is prefix d (or muſt be imagined to be prefix d) to aa; 
I take the half of 2b to wit, b, which multiplied by it ſelf gives bb, which added by 
+ to aa—2ba, will make (as before) the compleat Compound Square aa—2ba T bb. 
So alſo to make aa da a compleat Square, I take the half of 6d which is 3d, whoſe 
Square qdd added by + to aa+6da makes the compound Square aa da gdd, 
whoſe Root is a 3d. This will be further illuſtrated in the next Section. 
IV. If a compound Quantity conſiſts of two ſuch Quantities that one of them is an 
Affirmative Square expreſs d 1 Letters, before which 1 is prefix d, (or ſu ppos d to be 
prefix d) and the other is the ProduQ made by the Multiplication of the Root of that 
dy K ſome Quantity, which is uſually called the Coefficient; that compound Quan- 
tity may be made a compleat Square thus, viz. Add by the Sign + the Square of 
half the Coefficient to the compound Quantity given, ſo ſhall the Sum be a © uare, 
whoſe Root, when -+ is prefix d to the ſaid Product, is the Sum of the Roots of the 
Square given and the Square added: But when — is prefix d to the ſaid Product, then 
the Root of the compound Square found ſhall be the difference of thoſe two Roots. 
As for Example, If the compound Quantity aa ca be propoſed, I take the half 
of the Coefficient c, to wit, 2c; then the Square of c is cc, which added to aa c 
makes aa-+ca+3cc ; which is a Square whoſe Root or Side is a+2c, to wit, the 
Sum of the Roots of the Squares aa and cc; But if the faid gcc be added to aa—ca, 
then there will ariſe the Square aa—ca -+ ec, whoſe Root is a—c, or :5—a, _ 
In like manner, To make aa-+ 5ba a compleat Square, and to diſcover its Root; 
I take the half of 55, to wit, , the Square whereof is hb, which added to the given 
compound Quantity aa-+ 5ba makes aa Ha Abb, which is a Square whoſe Root 
is 4 ＋ 20, as will eaſily appear by multiplying the ſaid Root into it ſelf, 5 
So alſo, To make aa—1 2a a perfect Square, I add 36 (the Square of half the Co- 
efficient 12) to aa—124, and it makes the compound Square aa—12a-+36, whoſe 
Root is a—6, or 6-24. TONE: 1 = 
Again, To find what Quantity muſt be added to azaa+aa, on aana-þ Iaa, to 


* 1 


make a compleat © ak I take 2, to wit, half the Coefficient 1 which is prefix d 
to aa, (the ſquare Root of aaaa) and then the Square of the faid + is ; this added 
to aaaa f Ia makes the Square aaa. Iaa-H A, or, aaa . , whoſe Root is 


aa-++, to wit, the Sum of the Roots of the Squares aaaa and + ry 
| After 
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After the ſame manner, to make 7 23 M T 
this Compound Quantity a compleat C aaf. . a ro 
TEE "24 
Then the Square of that 9 - - _ 
Which Square added, to the Com- 2 a 3 1 Ker, 
Square, whoſe Root is 28 - 


there will be aaaaaa+baaa-+ bb the Square deſired, whoſe Root is a f. . 


Square, 20:0 0.0.9 „ the © „„ „ OOTY 5 

ane take the half of the: Coefficient | 204 3c 32 

—— —, to wit „„ 6 0 eos OS | 1 = . 
. x 456 2b 

Get; Hi”. > Cd et NG 4s 4d 

ound Quantity propoſed, makes . . . . 3 Re add 

s Which laſt Compound Quantity oo 44 e h i en 

ikewiſe, If it be deſired to make this compound Quantity a-compleat Square, to 


CHAP. Xx 


A Collection of eaſie Queſtions to exerciſe the Rules 
Ee 7 wil 


a». 


* 


What is their Sum? What is their difference? What is the Product of their = 


"7 are two Quantities, whereof the greater is a (or 3,) the leſſer is e (or 2, 
Multiplication ?' What is the Quotient of the greater divided by the leſſer? What 1 
is the Quotient of the leſſer divided by the greater? What is the Sum of their Squares 
What is the difference of their Squares? What is the Sum of the Sum and differ- 
ence of the two Quantities firſt propoſed? What is the difference of their Sum and 
Difference? What is the Product mage by the Multiplication of the Sum by the Dif- 
ference? What is the Square of the Sum? What is the Square of the Difference 2 
What is the Sum of. The Squares of the Sum and Difference? What is the Differ- 
ence between the Square of the Sum, and the or of the Difference ? What is the 
Square of the Product of the Multiplication of the faid two Quantities? 
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1. The Sum of the two Quantities propoſed is. Xo. a me 


2. Their Difference, or the exceſs of the greater. 

e ß 0 Ped I i. 

3. The Product of their Multiplication is ae 4 he 

4. The Quotient of the greaterdivided by theleſs is J 2 
5. The Quotient of the leſſer divided by the greater is | | 


oy 


ol ? x * .* 4 


Wy 
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% * 
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7. The Difference of their Squares fis gate 1 3 - 
8. The Sum of the Sum and Difference of the two ] 2 6 

_ Quantities firſt propoſed is — . ͤ T nfPRE 
9. The difference of their Sum and Difference is. 2e 4 
10. The Product of the Multiplication of the Sum = ? 888 — We 
ß d F SINE. 6 ESR be, Br 
11. The Square of the Sum is. aa+200+8 25 

12. The Square of the Difference is. a4 aas f ce @ © 
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13. The 
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15 The Sum of the Squares of the Sum and” me 
D W .. nf a0 205 
14. The difference between the 5 Square f the Su m 


and the Square of the Difference is. © 480, 
15. The Square of the ProduQ of the we; 275 
tion of the two Quantities, ....c.c +” 


bd : 


In like manner, If the greater of two Quantities be c, < or 4,) pd the leffer be 


—; Yo which we may ſuppoſe to repreſent === — » that i is, 25 by putting b for 
Cc 4 
20, and d for 125 then . e bis 5 
1. The Sum of thoſe two Quantities will | be, 563411 | 2 I i 6 
2. The ir Difference N en | 2 
* 
3. The Produtt of their — „%% „ 
+4: The Quotient of the greater divided by the leſs is | — 2 — — 
5. The Quotient of the lefſer divided by the grcateris |  b—d q 
6. The Sum of wen Squares | B Ko 2042 PR + E 24d Ed 
7 The Difference e or their Squares 65 N 15 ded on, U—2b4+4d" itn 
8. The Sum of the Sum and Difference of the my" I o | 9 
Quantities iss. . q ꝶ 22 | 89 
( 9. The Difference | between the Sum and Difference is l on hs 
5s, The Product of the Sum multiplied by the Dif. þ | e 2] 1 12 
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fe wo o Quaiitities whoſe Sum 1 is 5 * or 20 5 1 tlie 3 of them 


und 


Nr 125) What is rhe Leſſer What is their Difference? What is the 


Arhe Sum of theit ene 2 What is the 


of er es ts 
2. If rom the Sum two Quantitics the greater It. 1 
be ſubtractẽd, the S e be the leſſer; | |] '8 
therefore the leſſer Quantity ſought is. V 
2. If from the greater Quantity a, the deſſer b—a be | 3 B 
ſubtrakted, the Remainder or Difference will be. F | 7 OS. 
3. The Product of the Multiplicatbn of the two . 
eee, ee br” 
4. The Sum of their Squares iss. 27 2aa+bl—2ha 208 
4. 9 
5. The 8 of their 91 is. | ba 80 
1. But if the Sum of t two Quantities b6repeſtnted i | 5 F 
* And for the leſſer of them there be put. „ 8 
3. The greater Quantity {hall be —ͤ ccnce — . | | 2 li 12 
4. Their Difference ſnall be. b b—2 4 
5. The Produck of their Multiplication 7) WW: tc 96. 
6. 7. The Dit of their Squares .. e- —2e 208 
IA —.— „eee e ee 
I 22 —— BL 7. FCC £5 (ü 14 m mer 
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What is the Leſſer? 


4. The Product of their Multiplication is 
ny : VV 3 . 8 5 


5. The Sum of their Squares is. an- =” T 325 
Greater as s (2,) tor (3; ) Then 
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III. There are two Quantities whoſe Difference! is d, (or 4 ) and if for the Greater 
Quantity! there be put a, (or 12 ; What is the Leſſer > What is their Sum? What 
Is the Product of their Multiplication'? What is the Sum of their Squates? What 
is the Difference of their Squares? edit p ts To elt 
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1. By ſubtracting the Difference from the Greater TT „„ 
uantity, the Leſſer will bee . Aj 2—4 es 
2. The Sum of the two Quantities is. 3 1 20 
3. The Product of their Multiplication is a = d Þ 96 
4. The Sum of their Squares is? 2aa+dd — 24a 208 
5. The Difference of their Squares is . . 2damidd 865 


> 


EE. 
—— — 4 — 


oo But if the Difference of two quantities be a9 | 5 155 4 = „ 4 - 
2. And for the Leſſer quantity you put yy : 1 35 
3. The Greater ſhall be the ſum of the aan | 


„ 


and the Leſſer, to wit, . , , : d+e e 7 


4. The Sum of the tO Quantities is = ns 5 | 8 d 26 N „ 
5. The Product of their Multiplication is. ' dey 96 


6. The Sum of their Squares ies dd 2de+ 228 | 208 
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IV. There are two Quantities, whereof the Greater has ſuch Proportion to the 
Leſſer as r (3) tos, ( 70 now if for the greater quantity there be put a, (15) 
What is their Sum? What is their Difference? What is the 
Product of their Multiplication? What is the Sum of their Squares? What is the 
Difference of their Square? | FF 


1. Firſt, ſay by the Rule of Three, If r give , 
. 1 3 | 
what will 2 give?-41ſw. = which is the > „% 
Leſſe il ntity fough | ht 1 e 255 cs 3 


7. The Difference of their Squares is 8 q ee + 
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2. Then the Sum of the twoquantities will be.. a+ ® 25 
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6. The Difference of their Squares is 42a —— we Tay * - 


LN 
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r f nmr 
But if the Leſſer of two Quantities be e (10, and has ſuch Proportion to the 
Cal . 255 | 2 I OT 2 INH 2 


1. The Greater Quantity will by the Rule of re 
1 ͤ 4 5-7 * | |. 
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And the Sum of the two Quant Wu he; ke „ 
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5. The Sum of their Squares is... — Tee 325 
1 n 8 F 
6. The Difference of their Squates is 
4 3 * „ 1 PS: 44 v MS. . 4 b 4 net 
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La cte iſe e FTE Arithmetic. 91 B DK 1 
V. There are two Quantities, the Product of who Makiplice ication ish.(20; 8 and 


if for the Greater uantity there be put @ (J,) What is the > What is their 
Sum ? ws ps is their Ditterence ? What js the en of (hel Squares > Vir a 30 


— of their Squares? 


8 


* The Product y divided by the dee 1 * b Fa 87 , 

a gives the Leſſer, to wit, Fx 1 
2. The Sum of the two Quantities is 7 2 | | fl 9. 
3. Their Difference is Ld CE fa» x | n [ I 
4. Then the Sum of heir Squares F 0 a+ | 41 

8 A 11,4. 5 100 | 
5. The Dinerence of their Squares i „ | 442 | : 9 


CONES 


But if r the Product t of the mukiplication of m_ vo Quantities be 6 ( 20,) and fr the 


Leſſer there be put e (4.) | - 
1. The Greater quantity will dre 3 b + * 
: The Sum of the wo quantities is 5 : a 1 5 +6 [ | 9 
3. The Difference is e . = ms I F 
4. The Sum of their Squares WT. «©; 0 1 _ _ + [ 47 
5. The difference of their Squares s AN La 465 9 
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VI. The extration of Roots may begxeciſed by theſe Glowing wo io 5 
ſpett being had to ef. 28. Chap. i. as alſo Chap. 8. 5 Queſtions, re 


1 What i is the Square Root of 1444a? Anſw. 12242. A tins ry 
2. What is the Square Root of r gaabb? Anſw. 1240. 2 1 
3. What is the Square Root of gag— bah+bh Xs Anſv. zar 1 A. 
q+ What is the Square Root of CS = > Auſv. WEE, 


> What i is the Cubic Root of 125aaabbb> Anſw. Fab. "IE. 
6. If h be put for 65, and c for. 8. what number is ſignified by VITA — 2 5 


Anſw. 5. 
be fame things being pot as int che laſt Queſtion, what number i is be a by 


YR 74 


B Ec c? Anſw. 13. 
8. If d be put for 8, and f for 465 what number is f ſignified. by: Yn 7 . 
Anſw. 2. 
9. But in ſame thingsþeing put 2 in the laſt Queſtion this quantity Fr oe 


ighifies v12, or, 3. 464, &c. that is 3, 42, Ge. 
10. If q be put for and 5 for q370ukatNumber | 18 Fgnficd by 0 3) er 8 — 8. - 


_ Anſw. 3. 
IT. But the ſame things being put 25 in the laſt Gucken, this ; Quantity 
v g benifes V(3) 31, or, 3. 140, 8% 


VI. The Rules of the ninth C hop may be exerciſed þy meg fllowing Quaſtions. | 


1. Quantity is if it be added to aa. 25, will make the $ 
« Hue Toy The Quantity to * added may be either + I 7 AE N 
2 and 
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CHAP. 11. Queſtions to exerciſe. Algebraical Arithmetic, © 
1 b 2 ” 


ELL. 
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the Square is aa — 10 0 25, whoſe Root is 4 — 5, or 5 :-... 

2. What Quantity is that which if it be added to +} aa 3b, will make the Sum 
a Square? Anſw. The Quantity to be added may be either Tab, or — ab; and the 
Square is either e abb, whoſe Root is aa 4: Or elſe the Squate isa 
abb, whoſe Root is 322—40; or 30 — 4a. Tale 


and the Square ſought is either aa-+10a-+25, whoſe Root or fide is a+5, or elſe 


3. What Quantity is that which if it be added to aa+ 24 Will make the Sum a 
Square? Anſw. The Quantity to be added is; ; and the Square is aaf 3a+2., whoſe 


Root is a. : e | 
What Quantity is that which together with aaaa — 2bbaa will make a perfect 


Sanare 2. Anſw. The Quantity to be added is bbvb ; and the Square is agaa — 2bbag 
'+bbbb, whoſe Root is aa — bb, or bb —aa. £5 F 
5. What Quantity is that which if it be added to aa bb, will make the 
Sum a Square? 4»ſ. The Quantity to be added is 4 and the Square is aa i 
+ 9.,+ 596 whoſe Root a+ — 
0 ACC 2C 


6. What Quantity is that which together with aaaaaa — ada will make a compleat 
Square? Anſw. The Quantity to be added is ?; and the Square fought is aaaaaa—aaa 
-+:, whoſe Root is aaa — 2, of . — aaa. | 


CHAP It 


Concerning an Equation, and the Reduction of Equations. 
oy 1 Equation in the Algebraical Art is a mutual Comparing of two Equal quan- 
A tics or things of different Denominations : as, 3 of three Fhil. 
lings be compared to thirty fix pence of Engliſb Money, that compariſon imports an 
Equation, which may be Symbolically expreſt thus, 3s = 364, that is, three Shil- 
lings areequal to thirty fix pence. Likewiſe, foraſmuch as nine Crowns are of equal 
value with the Sum of two Pounds and five Shillings of Engliſh Money; the compa- 
ring of theſe two Sums to one another is nothing elſe but an Equation which may be 
briefly ex preſt thus, 9c=21+55. In each of which Equations the Moneys compared 
_ are of different kinds; for Equations between equal things of one and the ſame 
name, as 25==23, or 5 5, and ſuch like, are fruitleſs. | 1 N 
Alfter the tame manner, this Equation a=b+c may ſignifie that ſome Number or 
line repreſented by a is equal to two other Numbers or Lines b and c taken together as 
one; or, if the number or Line @ be divided into two parts & and c, then alſo 
a=b+c; tor the whole is equal to all its parts. | 
II. Every Equation conſiſts of two Parts, which are uſually ſeparated one from 
another by this Character =; ſo in the firſt Equation in the preceding Se8. 3s is the 
firſt Parr, and 36d the latter; alſo in the ſecond Equation, gc is the firſt Part, and 
21 5s is the latter; likewiſe in the laſt Equation of the ſame Section, a is the firſt 
Part, and b-+c the latter. | == 
III. The fingle Quantities or things, whereof each part of an . age is compoſed, 
00 125 the Terms of an Equation; as in this Equation, a=b+c, the Terms are 
a, h and c. N _ N e 
IV. How Equations are found out, the Reſolution of Queſtions will hereafter ſhew; 
but when known quantities are intermingled with unknown in an Equation, the firſt 
Scope is to clear the Equation from all ſuperfluous quantities, and to ſeparate the 
known quantities from the unknown, that at length an Equation may remain in the 
= da | G 2 feweſt 
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1 Reduction o Equations,” \' BOOK J. 
Feweſt and fimpleſt Tertns, ſo diſpoſed, that the unknown quantity or Quantities 
may poſſeſs one part of the Equation, and the known the other, this work is called 
'ReduTion, and how 'tis petform'd the Examples in the following Sectiont will make 
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manifeſt. oo BY: 
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* . & F ; » 1 9 42 
; 0 4 121 ＋ o 
$I he aa 4 rr — H — i e — 4 + 8 
; » : : 7 7 — — 
; 6 92 0 0 
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2 a 7. — \ s " #5 8 N 15 | 
Reduction by Addition, W A en 2 


V. Reduction by Addition is grounded upon this Axiom, (or common Notion 7 

viz. If equal quantities, or one and the ſame quantity, be added to equal quantities, 

the wholes or totals ſhall be equal. As, for Examples 

If the letter a .repreſent fome number un- 7775 | | | = 
known, and it be granted or found out > ., . , a—3=12 - . 

Then by adding+3 to each part of that TL  __,_ CEA 
Equation, this ariſes, to wit, F e i 1213 

That is, (becauſe — 3 and ＋ 3 ag we FF 

% c „„ 135 


— A 2 4 
* 
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In like manner, to reduce this Equation. . . . . 3a — = bg 
Ladd + 4 to each part, and there ariſes . . 3a — 444 6—a+4 
| * Equation rr 1 34 10 - 4 
hen by adding ＋ a to each part of t "* > no 
„ al bn MAG OS 
That is, after each part is contraQted, . .'. . 44 10 


* 


By adding -+b to each part, this Equation 7 Rh Fe bib = d+b+5 


„ xs». 4: | 
Which laſt Equation, after due W 2 RVR 

Slves = 0 * 0 * . . - IP” o * | | | 
So alſo, If 5 . . . 4 = . 6; . " @ - o * a—b=o0o . 
By adding -+6 to each Part, there ariſes a 
JJJJ%%%J%%/%%ù „ nerds: EE 

y adding a to each part there ariſes ; . , ; . b=a 
— — ang —— — ä - * WI" 3 
5 VVV FE aa -b cc dd 
Then by adding bbc cc to each part o M EEC ns GW i 
0. Equation bones OL {+ es FEES; aa = dd bb hc 


by 1 iu Fo. 
in to ea t, this Equat 3 . 
„5 % T 
And by adding da to each part of they | „ 3 
laſt Equation, this ariſes, to wit, 7 „ aa d = cr 


From the premiſes it is evident, That if in any Equation any Quantit 5 which has. 

Ti the ſign — prefixed to it, betransfer'd to the other part of the Equation wien the fen 

9 +, that work effects the ſame thing as the adding of that Quantity to each part of 

1 the Equation, and is called Tranſpoſttiu nnn. 
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vin  Redatio by Sabtraftim. | 


$7 0E- from ant Quantities you take away equal Quantities, or one * * fame | 


Quanciy, the Quantities remaining will be equal; therefore, 


ft it be taken for granted that NY, £ G a3 =7 
Then by ſubtracting +3 _ 28 part, = 
there aliſes „ i * 
Tnfike f manher, xt -; 3 5 7 = ob - 1 
J Subtract +þ from each Part and <>} 5 N 45 
ariſes 1 ; RS Lond pw 
Again, IF. 5 "37 0h 5 T2 = n mw 


Firſt, I fu buact bb from each part, INS 


there femains N ay 1 | 


\ 


Then aa 'Subrrafted from each part of the $7... 5 
laſt Equation, leaves this, to wit . 1 4 = or bb 
— ä — —— anni mac ; at 
80 ib. HM 5 Eb 70 * EE . = FR "ag 
ubtracting + * rom ere part „ . 
there ariſes art} e e 2ca- d —8 


And by ſubtracting aca from each part of the 5 BJ 
Jalf Equarion this ariſes, to wit, . „ OI df —h—c 


Hence itis evident, That if in any Far uation any. oats which has the ſign - 


prefixed to it be transferr d to the other part of the Equation with the ſign —, that 
work Effects the ſame thing as the we" 1g of that Quantity from each Par: of 
the SP and is alſo called Wa - 2 


3  Reduflion b paticatin. 


VII. If aa Quintitics be multiplied by equal Quantities, or hs one 11 ha 
Tame Quantity, the ProduQts ſhall be equal: Hence Equations expreſt by Algebraical 
Fractions are reduced to other 3 * of I ntegers. 
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As, for Exp, K- e 3 8 wil ** 6 
Then by mutriplying each putt by 5, 5 this} — 12 = 
Equation'is' produced "> V MY 
— — 8 8 — —— — 
Again, to reduce this Equation to another ? 1 
in. Integers, vix. . 0 " * * 1 85 | LD | a — 
J multiply each part by a—b and there 3 | 
COMES forth * . 693 ama 5 1 0 1 7 55 f ? aa—ab res d4 
— c — ———p — — — — 
Likewiſe, to reduce this Equation to ano) 3 44 | 
ther in ML in, n NO i 


Firſt, I multiply each part by the Denomi 3 zaab 
nator b, and there will be produced . 
Then Multiplying each part af the laſt ) © b i, oc; 
Equation by the Denominator c, I * — 3aab = cdd 
AD e 


Hence it is manifeſt; That an Equation os each part 183 a Enten, may be 


N e to another Equation! in Integers, by multiply ing croſs-· wiſe, as in the Reduction 
. of 
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of Fractions to a common Denominator, and then omitting the common Denomina- 
tor, a new Equation may be inſtituted between the new Numerators only. 


o ; j , - 
a 1 * wy * "es * py TA 2 * * Fr — 2 oy * 1 
2 44 — .——_ yall Touy l n A —_— 
a * . . % TE 
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When either part of an Equation is compos'd of Integers and Fractions, firſt re. 
duce that part into a Fraction, (after the manner of the latter Example in Seck. 16. 


- o 


Chap. 6.) and then multiply as in the preceding Examples: as, | 


3 
0 


Ik this Equation be propoſed, . d.. 7 c+d = bc = NN 
Firſt, J reduce that Equation to this. — 7 = . 1 3 8 
Which laſt Equation reduced by Multipli- ., . „, „„ „„ 

cation as in the preceding Examples, gives Fara * * gy as N ag Ih 


'$ | But here is t be noted, that in reducing Equations which conſiſt of Fractions into 
other Equations in Integers, the Operation may oftentimes be facilitated by the ſame 
compendium that has before been ſhewn in the Divifion of Fractions (in Seck. 26. 
Chap. 6.) viz, When either the Numerators or Denominators can be reduced to more 
ſimple Terms by ſome common Diviſor, ſet the Quorients in the Places of thoſe Nu- 
merators or Denominators ; and then reduce theſe new Fractions into an Equation in 
Integers, by multiply ing croſs-wiſe as before: As for Example. 


To reduce this Equation to another in daa ba 56 
Integers, 5 3 5 6 4 0 8 1 : ada bb | a+b 

Firſt, aftet the Denominatots aa — bb andy © 
"= a+b are reduced tb 4—b and 1, b“ aaa ba- 


en, 5: 
Whence by multiplying croſs-wiſe, (as in 

"the preceding Examples) this Equation 

in Integers is produce. 


Ms „ 2» SED : 38 * *** 
the common Diviſor ab, this New FC 


2 ** 


aaa = baa—2bba Nb 


: CITY 


a. — 


Again, to reduce this Equation to another 5 bba — cca _ bbb —bce 
J) TO 8 FF 
Firſt, the Numerators reduced to a and e 
bby the common Diviſor, 5% -c will», - 2 _b . 
HW. » a+b 5 


Whence by Multiplying croſs- wiſe, this 5 ³Ü0O.0 
Equation is produced . . « . 9 aa = ba-+hb 


_ — 


In like manner, to reduce this Equation, . . . = = £44. bb— bc 
| Wy won 2 5 5 
Firſt, I reduce the Numerators to aa and l) “ 
by the common Diviſor 6 -c; allo |. 1 
the Denominators to a —a and I, by the . 42 5 
= common Diviſor c; which new 'Nume-j * e- ET 
= _- Tators and Denominators conſtitute this | : 
Wi Equation, 53 ». + + + +5 > | 
Whence by multiplying croſs-wiſe, this 7 3 — ) 
/ ²ĩ - on iondnd ta —ba 
a 8 ä - I 3 


So alſo to reduce this Equatio . . . 


Firſt, I ſet 1 for a Denominator under the 
Integer 66 cc, ſo the Equation propo- 


5, 4, " 


YT 6 "HA 7. iT J 1.5 Reduftion 75 Equations. 
Then, after the „eee Nee and F 
be cc are reduced toa3 and c) by the 2 „ 


common Diviſor * c, this Equation (“ 44 — hats 1 


. 


wile, Hoes this in Integers, 3 * 5 aa = caa—cha+-chb 
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When one part of an e ISA f uantity, (that is, ſuch which hace 7 Radical 
fign prefixt to ir, as, V/, orV(3), Nc.) and the other rtis a rational Quantity ; that 
Equation may be reduced to another which ſhall be free from any Surd quantity, by 
caſting away the Radicalſign, and multiplying the rational part of thegiven Equation 
either quadraticaly or cubicaly, Cc. N to the import of the Radical len 3 as, 


Foraſmuch as the Squares of equal Roots) 5 
or Sides are alſo equal, therefore by 
ſquating each part of that Equation, this 
is produced, to wit, „ IE bh es 
3 3 5 ie . va = be 
y multiplying eac part into it ſe this Eo 10 
iphying Each par F b e 46 36s bbec 


ALE. CG : . . Va = V5 
By 8 each part, there comes forth \ 55 HN 
IF Go 5 Va = _ I; 


ſquarin each part, which is don by 3 5 gp 8 
caſting I. V, there will ariſe . ps 2 = Fs | 6 
„ ca = þb — 4 


I alſo if this Equation be propoſe . 6 
OD ca = B bd 


By multiplying each. part into it 1 
Nr Is 9 . 


y multipl ying 'eac part into ir ſel F cu „% | 
cally, thete atiſes V»̈Ü; * 5 4 
Alſo, If = 4 V(3)a = = (3): Ter 
By caſting - away %G) from each” ME 3 «== bub 
— it gone” 6 +» „ . hs oy . 
15 fo J 22 5 Divifon. 


mn. If — Quanti nie be divided by equal Quantities, of r by one and the ſame 
Quantity, there will come forth equal Quotients. Hence * are reduced to 


7 others of lower Degrees : As, for —_ 
If it be granted or found out that „ as = 1 
Then by diyiding each part by a, you will End a'= | 
Again, 3 „ aaa- ba = = La . 
By ae by 4 this Equation}. 74 a +be = bh. 17 5 
Allo, 3 W a „ EP . 2 3 a 45 oa = = 15 
By 3 each pare by 5, there ariſes | i Cv ame 
Len 3 3 A ba = bc 
y 9 each, rt by ö, this mw] 3 
ariſes, i 2 — E — — EE 5 
| Again, if - 4 EY 59 6 : C 8 0 8 ha — ca = a 3 | | | | 
By riding ach n thre ariſes — in"? 
911 ; r VV 1 N | | 
Allo, 3 75 E = bily ad. 2th : 


By dividing « each part by 5 7 have ariſes 3 =d 
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By dividingeact Pare by * chere ais „„ 1.4 95 eee E 

Likewiſe, If .;, . re e — ke — t : 
| * OY each N by & there aiſes ER, Ky . 1 
wy _ 115 8005 © Redudtion by Bxtrattion f R 0 0 7 . 


* 


If there be propoſed „ „„ 1 
By extracting the Square Root of each part * 55. 
JJ TTT er RD 
In like manner, If. „ aa = bb 2b q 
By extraCting the - Root of each part, > „ op w be” 
there comes fort 3 e e 
Again, If .-. love an nie WS 2D! 
By extracting the ier Root Tae, part, þ 3. eg wes 
there will ariſe. _. .-. Eo et Ron . 
rang + If 7 © 3 ee 1 bee 22426: : aa = bh— al 
hen, by-extraCting the Square Root out o . 
each Parr, Abe us „ 85 . 155 dd. 
Again, If $.— . . 8 CE a = 27 
Then, the Cubic Root being aste our „„ 179715 5 
of each part there comes forth 5 „ or yer dt 
Alſo If cone me arg Nh ts 
By extracting the Cubic Root out of = e VG). e 
part, this Equation will ariſe Oh BY 3 
Likewiſe, 15 * . \ aca i daa = bbc 
Then, the ubic ot extra out o 5 - 
each-part; gives . ä TY . be | 1 a) Ho eadi 


Therefore by adding b'-to each part, it makes i + 3 fb 


Moreover, If . Ns In * ones 3a . 


39 
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equal en e and &e, alf 
0 between themſelves; therefore, | 


"ex. wh 


8 Ov | - KW A 5 F ; * 


7 \ w_—_ — 1 x * 
es As: % £ ond * a. * x 
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n. 
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help of ſome: of the | Fab einde ſhall how "nA (after the 
e van Scooten in his Principia Matheſ. Univerſal.) the certainty of the 
Rule before given concerning & and —inthe Algobraical Multiplication of Compound 
Quantities : viz. That + multiplied by — or — - by * makes — 3 allo, That RAE 
multi lied, by — makes hre. ur 
© Firſk, let «a —bbeto, be multiplied by 6 then the Produft acceading to Algebraical 
Multiplication is ac — bc : now it muſt be proved that —þ, ,mulriplied by c makes 
— bc; to which end, let F be put equal to a — b, and then if i it be proved that ac — 
oe =: = fe, it is evident that ac— be is the true Product ſought; and conſequently, — 5 
multiplied by 4-c makes — bc : But that ac * e * be proved thus, = 


* = 


Foraſmuch as by ſuppoſition, %%% hun at; 


And by multiplying each part of the a 3 


Equation by e, there will be produced. * 2 be 
Wherefore, by AubraRting bc from each} . & f 
part of the laſt Equation there remains. $.. -* SE; NN 4 
Which was to"be proved. « i 6 


After the ſame manner it may be ea that — 5 — 3 + For 
If a — b be to be multiplied by c— d, and there be put (as before) f, it may 
be ſhewn that ag he — ad+bd is equal toa—bxc —d the 2 ons fought ; an 
therefore —b- mlltiplied by— d- Produces bd. F oh, J % 
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| By ſuppghtion / 50 33 G's; ed = 4 ___ 
Therefore, by multiplying each part into c-]. 15 
%%%. van oe Job = I 10-Y 
But it has been proved in the former my _ IE, 1 
„ OH Es et acrmito = {+ 
herefore inſtead of c*in the one __ 3 o 
tion of this fatter Example, taking ac—bc : uh 7 = AS 07 
(equal to fc) there ariſes NN bend 4 NA 
Again, If each part of the firſt Equation be 7 e 1 
multiplied by d, this will be produced, 4 = adhd 
Wherefore, If from ac—bo in - the: fefth n oe oe 
f milead ef 1 * 5 e 
will remain 3 to the Rule of a] Ic adi bd = g -= XK d 
Algebraical Subtraction .. . 3 #0: 
Which was to be proved. - 
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Which ſhews in what Order the Reduflions in the foregoing 
5 Chap. 11. are 10 be uſed to reſolue Equations, or at leaſt to 
N epare them for Reſolution, Se ore nn 


25 Y the help of the precedent ReduCtions, either the value of the unknown Root 
or Quantity ſought in an Equation will be found equal to ſome known Quan- 
tity or Quantities, and conſequently the Quantity ſought is then known alſo ; or elſe 
a new Equation will be diſcovered, from whence the ſame Quantity ſought may be 
made known by ſome other Rule or Rules hereafter delivered : But in the uſe of 
thoſe Reductions, the work may oftentimes be facilitated by an orderly proceſs, which 
is the Scope of the five following Sedtious; where I afſume the Vowel a to ſtand for 
the unknown Root or Quantity ſought, and Conſonants for known Quantities. * .. 8 
IL. If in any Equation the Quantity ſought, or any Power or Degree of it be found < 4+: [8 
in a Fraction, reduce that Equation, to another that may be expreſsd altogether by⸗ —— 
Integers, (by Sect. 7. Chap. 11.) As for Example; 5 ee | 
If this Equation be propoled, . . og = d+f—q 
By mulriplying each part thereof by the e 
Denominator c, this Equation” arifes in- b—a = cd c= 
f ntegers, %%% i Ts _ . V | mT 


n * : / . 
— __ | SG ALE — ͤů — —— — _< 1—— amy ů —— | . 
— — — — — was —— „ 
= ————ů 


After the ſame manner, this Equation 129 2 1 
VVV 
Will be reduced into aa ＋ 24 = 60. 


— — 8 a — eons — 2 — 
aa 730 | 


Likewiſe this Eduatieen . +bÞ6 = ame 


e 
— — — . —-ꝛ— — ER — — 
8 X 


Will be reduced to « » aa+bb+db+& = dads. 


. 9 


III. When Quantities given or known be intermingled with thoſe that are ſought 
in an Equation, let Quantities be transfer'd from one part of the Equation to the other 
under a contrary Sign, (according to Sec. 5. and 5 of Chap, II.) until at ag the 
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_ BOOKL 
unknown Quantity may make one part of an Equation, and all the known Quantities 
- tha other 2 Av. for Examples , . 7 TY e $946 ry 

It there be propofed „%%%ͤ 83 s : | 24-26 — 8 


By tranſpoſition of —26 to the other part 


3 of the Equation, under the contrary ſign 2. 24 = 8426234. 
= * 3 there will ariſe 8 . 6 © 3 » 60 yi 60 . ; 
In like'manner, It 1 . 1 : 5 2 * FA = S „„ ' aa 24 — 60 


ry ſign — it gives 2 9 5 „ 5 1 | 
That iss. 44 = 36 


— — —— — — on 
J7JJ%%%%%d!i! 8 Gag, = 20—34 
r — 4, this „ 

aries, 777. on Be. ns. *** ” 4 | 
Then by tranſpoſition of—a, I find . . . . . ba, = 20444 
Which laſt Equation being contratted by 93 6 

on SE o ( on gd add as i 
Likewike, if _ = Wi en „ 5 
After due Tranſpoſition, this Equation will 
| ariſe, „ SS: 8 e „ v*:'$ 8 - | | 
Or, 6: #6. 9 „„ @-3 68 1 * 0 —— 0.6 +46 6 6 3 a = b+cf—cd 25 
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IV. When me Pomer or Degree of the Quantity ſought happens to be multiplied 
into every Term or Member of an Equation, divide every Term by that Degree, ſo 
will that Degree or Power quite vaniſh, and conſequently the Equation will be de- 
preſſed, that is, reduced to lower Degrees or more ſimple Terms: As for Example, 


Foraſmuch as à is drawn into every Term} ww 1 
of that Equation, I divide every Term by » . a+3 = 20 

a; and. there ariſes ; . «os 3 5 
Wbence by equal ſubtrattion of 3 Iind . . , 5 22 17 


* 
n n 4 
FO — . 
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In like manner, VF STA aaa 3a 
By caſting away aa, that is, by dividing * 8 VVV 
. each part by aa, there will ariſe . , .,F * * * 4 = 3 
Again, If „„ 75 C * . T* . ; aaa bans = daa 
ing aa erm | 
— tn an}, oa 
. » V. When ſome known Quantity is multiplied into the higheſt Power or Degree of 


the Quantity unknown or ſought in an Equation ; divide each part of the Equation 
by that known Quantity, to the end the faid higheſt unknown Power may have no 
Co-efficient or Fellow-multiplier but 1, (or Unity; As for Example, 


g If there be P 


FE. P1111. ¼ as 71 
Becauſe the unknown Quantity a is multipli- HD 


ed by 5, I divide each part of the Equa->.; 3 42 = 12 

tion by 5, and there ariſes , , . -\ | 

| f © CCC •tL1t . ²˙ ED CATE EMEIIOY — 3 6 — 
r sT 
-Becauſe c is drawn into a the Root ſought, _ 
I divide every Term of the Equation . . gc = c 4.4 

Wea the. as... 7nd ney | e M 
———— | — — — — — — — — 
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a. th. — 2 * 


** 2 
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Lien lr. VVA a 


E 2036 is drawn into the un A 
known Root a, I divide each part by Þ ec, d ⏑,ꝑ 
2b+3c, and there ariſes Ty 08 
So alſo, if. TY ro oY 


Ty 
bh into aa, there Ex Ra and 


GE. CEE iu + i Mr 
Becauſe 3 is drawn into aa which is the 1 5 
* unknown Power in the Equa- 


tion, I divide every 1 by 3, 5 3 
cher ares o 3 
Likewiſe, VVV ꝛccaa Add = Fbher e 
Becauſe 2c K drayn a" aa which i „ 1 : 
the higheſt iinknown Power in the“ MC i EE £5, 
Equation, I divide every Term by 2664 £4 _ = =. f 99 5 . 
and there ariſs 4 „„ 
Again, Wi «5 ; 5 aha 3 ds = cls : —_ 
Beeauſe 355 is 1 into aa the 
higheſt unknown Degree in the Equa-, PETS dd . oY 
tion, I divide each part by 1 3d, Had. DD g ed | 
and there ariſes. 1 . 
— ern — — — — — — — 1 obs — — 8 3 
Alſo, If e . Zaaa- f. 2446 = 1200 
| Becauſe 3 is BME, into aaa the bigkelt 
unknown Power in the Equation. I di- - ana. 8aa—2a 400 
vide each part by 3, and there ariſes 5 Vä 585 
5 


VI. If there be a ſurd Quantity in an Tana © Tat 15 F 2 Radical ff for 48 7. 
or / (3) be prefixed before ſome Quantity; firſt by Tranſpofi tion (according to 
Seck. F. or 6. of Chap. 11.) make the ſurd Quantity ſole poſſeſſor of one part of an 
Equation, then caſt away the Radical ſign, and exalt the other part of the Equation 
to the ſame Degiee or Power which is denoted by the Radical fon n, by multiplying 
Quadratically or Cubically, c. ſo at length an Equation will be found expreſs d al- 
together by rational Quantities: As for Example; | 

If this Equation be propoſed . . „  - Og 
By tquaring each 1 there m be produced. „ 


* 
8 * * * 
r — A F 
, Eh _— . 
7 7 Taos. 
- . 


In like manner, =. | 15 

By multiplying each ** 1 it elf; 
quadraticaly, there comes forth... $, 

Then dividing each part of the laſt} 
Equation * b, there aries 3 


yo, 1 | : 5 + , he Me 

Firſt by tranſpoſition of b there ariſes ; +». Vhe=-0b 

Then by ſquaring each part of the laſt: T „ 

© Equation, there will be produced . ..F_ * * 64 = ec acbb. 

Whence, by dividing each 26 by b. . 
chere ais eee ee ee eee * e 


"> 
R 


3 e 


Likewiſe cs 
Firſt by. canſpolkior of 


SHES. > 


roduced . . 
Laſtly, by- dividing each part of the laſt 
— Equation by . the there ariſes . 


, 
4 
: 
- 


Again, * 
By multiplying each part Cubically, 5 


will be produced 


5 = =P = 3 
2 this Equation As 7 ba+ da = Kl 


Then by ſquaring each part, there will be + | ba {da _ 1-4-2604 48 


And, by dividing each part of the laſt _— 
tion by 9 there ariſes 


— 


Eikewiſe, If . . 
Firſt, by tranſpoſition of 4c this Equation 


ariſes , i 


. 
„„ rod 7, 
„ 84 
V(3):ba—ca:+c = b 


ba—ca=bbb—; bbc+ zbec cc: 


ld abe cr 


o 


77 ba —ca: = . 


Then multiplying each part of the laſt Equation cubically, this Equarion will hs pro- 
duced, to wit, 


Whence, by di viding each part by he, the value of a will be diſcovered, dix. 


* 


_ 


vil When hs the uſing of all, or any of i the + pg Rules of this N an 


of a will be diſcovered, 


ro wit, . 


If this Equation be 3 to wit, | 


Firſt by ſubtracting 8 from each part, wi 5 FE 
Equation ariſes, 1 


Then each part of the laſt Equation being v 
multiplied by 5, gives 


5 $46 = 128 
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And by dividing each part of the | laſt Equa- 15 7 . . 
tion by; 6, this ariſes, . .. „„ 1 1 8 0 
_ Laſtly, the quare Root of each part of the” . 
laſt Equation being extracted, the value : a = 16 


p 
4 
& 


Equation atiſes between a perfect Square, Cube or other higher Power of the Quan- 
tity ſought, and ſome known Quantity; then extract ſuch'a Root out of each part 
of the ſaid Equation as the Index of the ſaid unknown Power denotes, ſo will the 
value of the unknown Root ot Quantity N N made Known: As, for Example; 


3 2 


— a wr argc 


— — 


1 5 


vided by 3 gives 


Then by traf ſpoſiti on of 
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Laſtly, by extracting the Cubic Root out 
of each part of the laſt Equation, the va- 
lue of a will be diſcovered, to wit, 


CUES BP 


And by multiplying each 
Equation by 4, this will 
And by dividing each part of the laſt Equa- 
tion by a this ariſes, to wit. 
Likewiſe each part of "the laſt Equation di 
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be 
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ba there ariſes 


art of the laſt 
produced, 
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CH AF. 13. The Converſion of Aualogies into Equations, &c. 
tha „ nn 
The ſquare Root extracted out of each part, } a ; 

D : LTH | 7 . =c 

Ves 2 o 89 20 - Fr * „ 5 89 0 Cf. 0 | ; | 
And then by tranſpoſition of 6, the value 1 

of a is diſcovered, to wit, . . . . 7 we 6 = (—b 

CHAP. XIII. 
Which ſhews how to convert Analogies into Equations, © 


and Equations into Analogies. 


* F four right: lines or numbers be Proportionals, the Product made by the Multipli- 
A cation of the two Extreams is equal to the Product of the two means. And if 
three right-lines or numbers be Proportionals, the Product of the Extreams is equal 
to the Square of the mean, (by Prop.16. and 17. of 6. Elem. and by 19. and 20. of 
7. Elem, Euclid.) Hence Analogies may be converted into Equations, as in the follow- 
9 where for the greater evidence let a repreſe nt 2; 5, 6; c, 123 and d,3; 
oe. 5 — 
1. Let there be four Proportionals, b. e 
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, 
Then by the Theorem above expreſs d, this? 3 
Equation will ROME; i © > * F baba 
Now to find the value of a in that Equation, 7 3 
firſt by tranſpolition of —ba this Equa - - 4 ＋ba = bd 
„ > av >» 8s +» | þ 
Then each part divided by d+b gives . , , . PI 215 
2. If there be three continual proportio- NT 
nals, ſuppoſe theſe. + i Re “ß—ᷣ¹•iü 8 
That IS, It „% — 5-400 0508 . . „ RVR 5 ga 
Then, by the latter part of the ſaid Theo- 7 3 
rem, this Equation will follow, . . . . 1 34% c 
Now to find the value of à in that Equation, „ 
extract the ſquare Root out of each part, 6 64 | 
and there MR; oe new *s:5 e nd 
Laſtly, each part of the laſt Equation divi- ) 4 gp up 
% A LINN 1 1 ä 


II. If the Product of the multiplication of two Quantities be found equal to the 
Product of two other Quantities, that Equation may be reſolved into Proportionals; for | 
as either of the Factors in either of the two equal Products is to a Factor of the ſame 
kind in the other Product, ſo is the remaining Factor in this latter Product to the other 
Factor in the former. Hence Equations may —— — be reſolved into Proportionals;as, 


If there be propoſed . . .. 2 1 | 


From that Equation this Analogy may C 
Boo OI Er wr ar tas. bed PEN HT REED oY 


. ß)? 
That Equation may be refolved into — 5 
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J . e 
an Integer, and the Numerator of the Fraction can be reſolved into two ſuch Quantities 
that being mutually multiplied will produce the ſaid Numerator, then that Equation 
may be reſolved into Proportionals in this manner, viz. Let the Denominator of the 
Fraction, and the Integer to which the Fraction is equal, be made the extream Terms 
of an Analogy ;. and let the two Quantities which being mutually multiplied wil 

. conſtitute the Numerator be made the mean Terms; but with this caution in Geo. 
metrical Queſtions, that the firſt and ſecond Terms be of one and the ſame kind, that 
is, either both Lines, or both Planes, or both Solids. As for Example; * 


If this Equation be propoſddl )).. - 5 
5] 


It may be reſolved into theſe Proportionals, 3b . :: d. 2 
But that they are Proportionals, I prove thus; | 
Firſt, It is evident that theſe are Proportio- g 
nals, ( becauſe the Product of the ex- 3 
treams is equal to the Product of the * 
or ß 


And by the Equation propoſedſſ z . 4 "x 
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Therefore JJ 8 „ 350 
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That Equation may be reſolved into theſe 3 et 
Proportional. + . 1 Ke 1. 4 


. — —— 3 9 — 
Likewiſe this Equation „ 0 % % % „„ „ „% % „ 00 „% „ „ 0 —.. — 
PE | Tal 
may be reſolved into this Analogy, . . 5b+2c » c+b :: c-. 4 
1 chi f . | 2bc+cc ; 3 
And this Equation © © 6-0 4 © © 600000 EE PSY — 1 — 
may be converted into theſe Proportionals, 54d . b+c :: b+c. a 
Al, this Fanation m ard et ho nenmm 1 = 0s 
may be reſolved into theſe Proportionals, . .. 364 i: C. aa 
UN 200 TREE, . ooo ͥ”—ð1ß2ſ&h/⁊ ᷣͤ JOE = 
| But this Equation . .. F 1 5 
cannot be reſolved into Proportional C/ 73, 
a E "14S 4 6. h . . 
any otherwiſe than thus 4 Wem. e Fi 
Nor can this Equation . 0500 5$00000050000 ed — (7 
be converted into Proportionals, unleſs thus, g. V- Hd: :: vV:bb+ cd: . a 
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CHAP. Mv. 


Various Arithmetical Oxeſtions Alpebraically reſolved : whereby 
moſt of the Rules hitherto delivered are exercis d, in the In- 
2ention and Reſolution of pure or ſimple Equations. 


L F Quations may be nn two kinds, vix. + Dn . 
II. A pure or fimple Equation is of two kinds, viz. Firſt, when the Quantity 
ſought is e&preſs d by a fimple Root only, as a; as in this Equation, 64a=12 : Se- 
condly, when the Quantity ſought is expreſs'd by a ſimple Power only, as aa, or aaa, 
&c. as in this Equation, zaaa = 24; likewiſe in this, 2aaaa=32, and ſuch like. 
III. An adfefted or compounded Equation is that, wherein there are two or more 
different Degrecs or Powers of the Quantity ſought ; as in this Equation, aa 6a 
=27, where aa and a expreſs two different Degrees or Powers of the Quantity ſought, 
the one fignifying a Square, and the other its Root or Side: alſo in this ibu, 
aaa f G 2a = 28, there are three unlike Powers or Degrees of the Quantity ſought, 
to wit, aaa, aa, and a. PGP. en So ang 1 
IV. The Invention and Reſolution of pure of ſimple Equations is eopiouſly illu- 
ſtrared by Arithmetical Queſtiohs in this Chapter, as alſo in the keond and third 
Books of my Algebraical Elements; and the Reſolution of Adfected or Compound 
Equations in Numbers is handled in the 15, 16, and 17. Chapters of this Book, as 
alſo in the 10, and 11. Chapters of the Second Book. But how Algebraical Operati- 
ons are applicable to the ſolving of Geometrical Problems, I ſhall ſhew in my fourth 
Book of Algebraical Elements. CO SN 
V. When an Arithmetical Queſtion is propoſed, the number ſought muſt firſt of 
all be aſſumed or ſuppoſed to be known; and y may repreſent it by the Letter a, 
or any other Vowel : You may likewiſe repreſent the given Numbers by Conſonants, 
as, 6, c, d, &c. Renates des Cartes puts for givenQuantities the former Letters of the 
Alphabet, as, a, ö, c, d, &c. but for Quantities ſought the latter Letters, =, y, x; &c. 
Then with the Letters repreſenting the Numbers given and ſought, an orderly proceſs 
muſt be made, by adding, ſubtracting, multiply ing or dividing, Oc. accord ing to 
the Import of the Queſtion, until at length an Equation be found out between the 
Number ſought or ſome Power or Powers of it, and fome Number or Numbers given: 
Laſtly, when the Equation fo found out is a pure or fimple Equation; the Number 
ſought may be diſcovered by ſome of the ReduQtions in the foregoing 12, and 13. 
Chapters; but when the Equation is Adfected or Compounded, the Reſolution 
thereof belongs either to the 15. Chapter of this firſt Book, or the 10, and 11. Chap- 
ters of the fecond Book | | N Tu 
VL In the Reſolution of every Queſtion, I proceed from the Beginning to the End 
by ſteps numbred in the Margin, by 1, 2,3, 4,5, &c, And becauſe Numeral Algebra 
is more &ifie tor Learners than the Literal, (though not ſo uſeful for the Reaſons be- 
fore given in Sect. 8. Chap. I.) I have in many Queſtions expreſs'd the Operation be- 
longing to every ſtep in both kinds e&-Algebra, that the one may explain the other: 
So in the ſecond ſtep of the Reſolution of the following firſt Queſtion, the leſſer Num- 
ber ſought is expreſsd by Ninneral Algebra thus, 26—a; but by Literal Algebra thus, 
b—a. Alſo, in the fourth ſtep, the Equation by numeral Algebra is 29—26=8; bur 
by literal Algebra it is 24—b=c. _ toe, ; | 
VII. When an Equation is found out in any of the following Queſtions, I take it 
for granted that the Reader knows how to reduce it, if need be, according to the 
Rules in the foregoing 11, 12, and 13. Chapters, that J may avoid tedious repetiti- 
ons of what has been already explain'd. Theſe things premiſed, I proceed to the 
Queſtions themſelves. 5 . TIE 
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There are two Numbers whoſe Sum is 26, (or þ,) and their difference, (to wit, 
the exceſs of the greater above the leſſer) is 8, (of c;) What are the Numbers? 


RESOLUTION: MNanend, . Lind. 


1. For the greater Number pur. 
2. Then ſubtracting that Number a from the | 
given Sum, the Remainder will be the leſſer 26—42 
Number, to wie 5 


the greater, the Remainder will be their 
difference, to wit, REPS, 


3. And by ſubtracting the leſſer number from | = 

4. Which difference found out in the laſt ſtep / „ 
muſt be equal to the given difference 8, (orc) > 24—26=8 7 a. Ne 
vrhence this Equation ariſes. . SRC ini, 

F. From which Equation, after it is duly re- „„ 

duced according to Sed. 3. and 5. of Chap. a=17 | a=, - 
12. che greater number ſought will be diſco- EE 

— wit, « « « li ED 


6. And conſequently from the fifth and ſecond VV 
ſteps the leſſer Number is alſo diſcovered, > 9, that is, 42. 
Care #4 ©. | Wy | | N 


* 


So the Numbers ſought are found 1 7 and 9, whoſe Sum is 26, and their differ- 
efice is 8, as was preſcribed. ._ . e Wt: 97 Te: 
Moreover, If the two laſt ſteps of the literal Reſolution be expreſs'd by words, 


they will give this . 
WF THEORE AL 


Half the difference of any two Numbers added to half their Sum, gives the grea 
ter Number: But half the difference of any tro Numbers ſubtracted from half their 
Sum, leaves the leſſer Number. __ 3 | 1 . 
Therefore the Sum and difference of any two Numbers being given ſeverally, the 
Numbers themſelves are alſo given by the ſaid Theorem; but it preſuppoſes that the 
Number given for the Difference mult be leſs than the Number given for the Sum. _ 
Note here once for all, That the Numbers given in a Queſtion cannot always be 
choſen at pleaſure, but ſometimes, they muſt be ſubject to one or more Determinati= 
ons, which for the moſt part (though not always) are diſcoverable by the Theorem 
or Canon that reſults from the Refolugion. But how Limits or Determinations are 
diſcovered, I ſhall have occaſion to ſhew hereafter in my ſecond, third, and fourth 
Books of Algebraical Elements. | PLE Ts ae, 
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There are two Numbers whoſe Sum is 40, (or I,) and the greater Number has 
ſach proportion to the leſſer as 3 to 2, or, as r to $3) What are the Numbers ? 


— y_ 


1. For the greater Number ſought put a | a 
2. Then to find the leſſer Number, ſay by the} * ＋. 
Rule of Three, n —— — BG 
e , Rs v 5 
2 * 2 3 8 24 1 134 
— | 


-- whence. the leſſer Number is + ., 


, 
, 
l OY des” . 1 9 * * * 
4 4 och ta N * P 3 Sad. * * ö — . \ 
c 4 , * © £30 1 1 * 


rH alice ſinple Equations. 
3. Therefore the Sum of the two rage? 5a | E 
5 ſought is F . „ '2- | aA + — N. + 
4. Which Sum found out in the laſt ſtep ? e N 
muſt be equal to the given Sum 40, (or 54 40 | 2 
5, whence this Equation . . .\ 5 * 


F. Which Equation, after due Reduction ac- y | | 
cording . to Sed. 2. and 5. of Chap. 1 2. & T 
gives the greater Number 3388 

6. And from the fifth, firſt, and ſecond ſteps, : e * 
the leſſer Number is alſo diſcovered, to Do & 16, of 4 "> "0 4 

So the Numbers ſought are found 24 and 16, which will ſatisfie the Conditions 

in the Queſtion ; for their Sum is 320, and the greater has ſuch proportion to the 

leſs as 3 to 2, as was preſcribed. -— 
Moreover, If the two laſt Reps of the literal Reſolution be teſolved into Proporti- 

onals, according to Sec. 3. Chap. 13. there will ariſe this e 
. EE | THEOREM. . E | | 

As the Sum of both the Terms, which exprefthe Reaſon (or Pronottio! VO 

Numbers, is to the Sun of the ſame two Numbers; ſo is eh dela. ** ho 

Pn 1 and ſo is ” _ * to the leſſer Number. 

herefore the Sym of two Numbers being given, as alſo their Reaſc : _ 
tion ; the Numbers ſhall alſo be given 8 ks ſaid Theorem. on, or Propor. 


T Therearetwo Numbetswhoſedifference is 8, (or d.) and the greater Number tac 
* ſuch proportion to the leſſer as 3 to 2, (or asr tos ) what 2 Numbers? * 


4 
18 


3. For the greater Number put Fn ace os — 
2. Then trofand the leſſer Number fay by the? i 3 
Rule of Three, 1 
IF 3 . 2 :: 4 ho _ | HEE | 
Orifr,r:r0; - 15 | 9 OM -| 7 
whence the leſſer Numbet is e | 
3. Therefore by ſubtrafting the leſſer Num- 4 | CN 
ber from the greater, the Remainder ſhall | 3 4 Sy 
bs their difference, ta wit. A 
4. Which difference muſt be equal tothe 21 7 =8 5 
difference 8 (or d.) hence this Equationariſes 3 1 
5. Which Equation, after due Reduction, dif: }. Fon : 4 3 2 
COVEIS- the Sreater Number ſought, to wit, a | 7 | . r 
6. And from the fifth, firſt, and ſecond ſteps the * 1 3 
leſſer number will be alſo madeknown,towit, $ * ** © 5 


Therefore the Difference and Reaſon of two Numbers being ſeverally given. the 
Numbers themfelves ſhall be alſo given by the ſaid Theore ITT given, the. 
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* There are two Numbers whoſe Sum is 7, (or h,) and the difference of their Squares 
. is 21, (or d ʒ) what are the Numbers? „„ e Tra»; 


£ 
U 

i 

4 


| 1 1. 1 4 | | e 9 
„ A. For the greater Number ſought put. „ 
| 2. Then ſubtracting the greater Number from 1 2 
the given Sum, the Remainder is the leſſer > J—a . 
, i TN” TD Fa 
3. Therefore from the firſt ſep the Square of | 
the om 1 OT ID, ; 75 8 
And from the ſecond ſtep the Square of V 
f the leſſer Number BE £ : ; a * 4a — 14a ＋ 49 aa — 2b - 
5. Therefore the difference of the Squares of) 6: 4 
the two numbers ſought ſhall be © + TP | 2ba—bb 
6. Which difference muſt be equal to the i ROD 
given difference 21 (or d,) whence this > 144a—49=21  abambb= 
„ WIR + » » ++. D Ders., t& 22 
7: Which Equation, after due Reduction ac- } e 
cording to Seck. 3, and 5. of Chap. 12. dif- a=s | an 2976 
covers the greater number ſought, to wit, Y_ FVV 
8. And from the ſeventh and ſecond ſteps, : 1 


the leſſer number will be alſo made known, g- S2: _ 2 
7 8 e 


So the Numbers ſought are found 5 and 2, which will ſolve the Queſfion; for their 
Sum is 7, and the difference of their Squares is 21, (to wit, 25—4;) as was preſcribed, 
Moreover, If the two laſt ſteps of the literal Reſolution be expreſs d by words, 


they will give this 1 4 
If to the Square of the Sum of any two numbers the difference of their Fires 
be added, and the Sum of that addition be divided by the double Sum of e two 
Numbers, the Quotient will be the greater Number: But if from the Square of the 
Sum of two Numbers the difference of their Squares be ſubtracted, and the Remainder 
2 divided by the double Sum of the two Numbers, the Quotient will give the leſſer 
umber. . 5 5 55 
Therefore the Sum of two numbers being given, as alſo the difference of their 
br my the numbers themſelves ſhall be given ſeverally; but it preſuppoſes the ſquare | 
i | "My 


the given Sum to exceed the given difference. 


2b 
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N UE S. 5. = 
There are two numbers whoſe difference is 3, (or c,) and the difference of their 
Squares is 21, (or d;) what are the Numbers? 1 7 


1. For the leſſer number ſought pute „„ a 
2. To which adding the given difference 3, Mn 

(or c,) the Sum will make the greater > a+3 a e 
_ =» % , OL TRI. „ 
3. Therefore the ſquare of the greater number is aa-þ 6a-þ 9 aa ⁊2ca ce 
4. And the ſquare of the leſſer number is. aa 1 N 
5. Therefore the difference of thoſe Squares is aH 2 2ca-cc 


6. Which difference muſt be equal to the | 
given difference of the ſquares ; whence — 6a-+9=21 
— —-tis-Yquation-ariſes, to wit, ..:.- Nt 
7. Which Equation, after due Reduction (ac-} _ 
cording to S$e#. 3, and 5. of Chap. 12.) a=2 


ꝛca cc d 


diſcovers the leſſer number, to wit, . . . 
8. And from the ſeventh and ſecond Equati- 
ons, the greater number will be found. 
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— — 85 ; 2 8 ) 141 — einne rener 5 
So the Numbers ſought are 5 and 2,which will folye the Queſtion; for their differ - 
ence is 3, and the difference of their Squares is 215 as vas preſctibed. 1 
Moreover, the two laſt ſteps of the literal Reſolution afford this 
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If to the difference of the Squares of any two Numbers the Square of their differ 
ence be added, and the Sum of that Addition be divided by the Gable ot the — 
ence of thoſe two Numbers, the Quotlent will give the greater Number. But if 
from the difference of the Squares of two Numbers the Square of their difference be 
ſubtracted, and the Remainder be divided by the double of the difference of thoſd cw 
Numbers.” the Quotient ſhall be the leſſer Numbern. 

' Therefore the difference of any two, Numbers being glven, as alſd the difference — 
theit Squares, the Numbers themſelves, ſhall alſo be given ſeverally by this Theorem; 
but it preſuppoſes the given difference of the Squares of the two Numbers to exceed 
the Square of the given difference of the ſame two. Numbers. 
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A certain Perſon being asked what was the Age of every one of his four Sons an. . 
„ ien el being 1% what F ele Age of cyety ons of his four Sons, an: 
/. Tiered Kthe eldeſt was four Years (or b) elder than the fecond, the ſecond was four 


Years elder than the third, the third was four Years elder than the fourth or * : 
2_ eft; andfhe-double of the youngeſt Sons Age was equal to the Age of the eldeſt 6 
what was the Age of each Son ? oY 


+ 4 SAS + 1 


- LS 


7 
- _— * . 


1. For the Age of the eldeſt Son put. FSW» He * 101 7 779 . 01 | 2 22 1 


tracting 4 (or h) the Remainder will be - rin 
the third Son's Age, to wit, . . . . . . Sake 
4. Again, from the third Son's Age ſubtra- ) 


, Then from the Age of the eldeſt Sonſtb- ) 
tracting .4 (or 5) there will remain. the & a= 1 =S ö 
{.- Jacond. Sons. e CBE i 
3. Likewiſe from the ſecont Son's Age b. / 

fs... port: .- flaw20; 


TCiing 4 (or ) there will remain the folirth - —12 


- 


or youngeſt Son's Age, to wit... ..:. 
F. But according to the Queſtion, the aoüßle 6 
of the Age in the fourth ſtep muſt be equal 1 ig Ss my 1 
to the Age in the firſt ſtep, whence this c 8 
( „00 n bot nb . 
6. Which Equation duly reduced diſtovers 


** 


the Age of the eldeſt Son, to wit, .;. . © mn 
=] | 5 N | 5 | : 1 5 1 
Wherefore the Ages of the four Sons were 24, 20, 16, and 12 for the 


689 
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* C #3 
II. 1C# 


the ſecond by 4, which is alſo the exceſs of the ſecond above the third, the third 
above the fourth, and the double of the fourth is &uaPFto the RHP! as was preſtribed 
1n the Queſtion. 3 „ == E 5 5 Deck 2449 a e AIHIG A 
Moreover the laſt ſtep of the literal Refofutioft tles, tftit If iuftead of 4, any 
other Number be given for the common difference of the four Sons Ages, den _ 5 : 
times that common difference will give the eldeſt Sons Age, "Which fffalf be e al to 

the double of the Age of the youngeſt. VVV 
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erchant began to Trade with a certain N N. of, Pounds 3 By his firff. Voy- 
* ; [ Ps. : E 1445 . "Y r * 


age he doubled that Stock; by his ſecond he loſt 1200 Pounds (or b) by his third 


3 b ounds, and then 
The Queſtion is, to find how many Pounds de Merchant began 


5 I 2 „ 
* 3 
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28 212 


on I. For the number of Pounds which they , © _ 
Merchant began to trade with put Th 8 5 en = Wir gy 
2. Then the double of that number gives the? 10s % 
number of Pounds he had at the end of his- 222 175 mech 
firſt Voyage, to wit... . 1 EO Reg 
3. From which laſt number ſubtracting 1200 J + | e d 
Cor b,) the Remainder ſhews the number of . 
Pounds that remained to the Merchant at C 771299 13,1 
the end of his ſecond Voyage, to wit, ; Enn 9309 
4. Which remaining number being doubled) | TS 5 5509 - 
gives the number of Pounds which the 
0 Herchant had at the end of his third Voy- 
age, to Witt... Wl 
5. Erom which laſt number ſubtracting again es : 
---2200 (or b) Pounds loſt by the fourth Voy- & uz G | 
age, the Remainder muſt be equal to no- IDE arid ooba 
thing; hence this Equation, . . . . « . JJ T owes 2 - 
6. Which Equation, after due Reduction, gives ar a=." 
Whence it is found that the Merchant began to trade with 900 Pounds; which 
number will ſatisfie the Conditions in the Queſtion. | | 
Moreover the laſt ſtep of the literal Reſolution ſhews, that if inſtead of 1200 
ay other number were given, the Merchants ſtock at firſt would be three Quarters 
of that given number. 2 „ 8 5 ee 
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A Gentleman hired a Servant for a Year, for 120 Shillings (or c,) together with 
a livery Cloak valued at a certain number of Shillings : But when +7. (or d) parts of 
the Year were expired, the Miſter falling at variance with his Servant puts him away, 
and _ him the Cloak with 50 Shillings, (or f ;,) and fo the Servant received full 
fatisfaCtion for the time of his ſervice, The Queſtion is, to find how many Shillings 
the Cloak was valued at? 5 . 


1. For the number of Shillings which 1 N 1 EO ot. 
Cloak was valued at put . .'..- . . . $; 2 BY | 
2. Then to find what part of the value of the? | | 
Cloak was due to the Servant when +7 (or Ss 
d) parts of the Year were expired, ſay by * 
the Rule of Three, RWVFÿ˙ßfß  gD 


„ T = || „ 
8 - | | | 12 \ . . s .J 


ES; | 12 
Or, ift . a :: d. (da „ 
whence the deſired part of the value of 
, ͤ ⁰⁰ + + eff 
3. Find likewiſe what part of the 120 (ory; | 
c) Shillings was due to the Servant when] 
(or d) parts of the Year were expired, 7 
rt 20: . 6 
TT. 6 3: & -» (6 
whence the part deſired is found 2 
4. Now foraſmuch as the Cloak i with the 50 Shillings the Servant rece! 
- Ought to be equal to the part of the Cloak, together with the part of the + 
Shillings that was due to him at the time he left his ſervice ; therefore from the 
premiſes there ariſes this Equation: | * _ 


7 5 4 EAN; 14/1 Or, | a- fd cd. | 
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5. Which Equation after due Reduction according to Se@. 2, 3, and 5. of Chap. 12 

will give the deſired value of the Cloak, to wit, e os 
Whence it is evident that the Cloak was valued at 48 Shillings; and the laſt Equa- 
tion diſcovers this WY 3 2 . 
„ IS Co TN CALIAUT.. N : 
2 Multiply the Money which the Servant was to receive beſides the Cloak for a Years 

Wages, by the time he ſerved ; then divide the difference between that Product and 
the Money he received when. he left his ſervice by the difference between 1 (or unity) 
and the ſame time he ſerved ; ſo the Quotient gives the value of the Cloak. 

By which Canon the value of the Cloak will be found to be 48 6. as above. 


243᷑8 + 50 = 98. 
eZ of 48, + +7 of 120 = 98. 


2 aw. dd... St. hy 


A certain Man finding divers poor Perſons at his Door, gave every one of them 
three pence (or b,) and had fix pence (or c) left; but if he would have given them 
four pence (or f) a piece, he ſhould have wanted two pence (or g.) How many 
poor Perſons were there?: „ rien 1; Y 


x. For the number of poor Perfoas Ft „ 8 
2. Then foraſmuch as that number multiplied by 3 (or h) and the Product increaſed 
with 6 (or c) makes the whole number of pence that the giver had : And, becauſe 
if the ſame number of poor Perſons be multiplyed by 4 (or f,) the Product leſs by 
2 (org) muſt alſo make the ſame number of pence: hence this Equation ; 
5 | 234 ＋ 6 44 — 2: e 
e Or, e "REDS 
3. Which Equation after due Reduction according to Sect. 3, and 5. of Chap. 12. 


fem Ga- C +5 
A * 


aA = ＋ 2 
7 — 1 CO 
o 5 . 4. 
a -þ 2 : es: 25 # 8 IN 


One being asked what a Clock it was, anſwerd, That the time then paſt from 
Noon was equal to 42 (or, ö) parts of the time remaining until midnight: What 


was the preſent Hour? ſuppoſing the time between Noon and Midnight to be divid- 


ed into 12 (orc) equal Hours. 


I. For the Hour ſought after noon put a a 
2. Which ſubtracted from 12 (or c) leaves | 
the time remaining uncll midnight, to = ——_— 
3. Ihen . (orb) parts of the ſai in- 0 Pe 
” og ine mille ne eh 2pfmdhs | | honda 
4. Therefore from the firſt and third ſtes | © 
(according to the Queſtion) this Equation S a === — 424 | a=bc=ba 
e dhe . fe 
5. Which Equation after due Reduction ac- 75 3 
cording to Sec. 2, 3, and 5. of Chap. 12. a=; . 
gives the Hour ſought, to wit, . .. .. . ::. + a 
So the time ſought was 534 Hours after noon, and conquer the remaining 
time until 73 — — was 452 Hours, whereof +3 is equal to the ſaid 5; as was 
preſcribed in the Queſtion, —\ 7 7 eg 
„„ SY OUEST, 
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. General of: an Army having ſet his Soldiers! in a fn Battel, there 1 


L 


to be 500 (or 5) Soldiers to ſpare; but to increafe” the Square ſo as that its fide 


"% 
, 
46 


might conſiſt of 1 (or c) Soldier more than the fide of the former Squate,” there 


would be 29 (or q ) Soldiers Wanting. T he n is, to = =_ 0 wann 


e Efeu! had ja his Am. 31 03 26 | „ 


2. Then 


1. For the number of Crowns which 4 had, put ON 


7 


* 'F or the Number of 8019 lem that made the} 
{ide of the Lhe Square, pur 
de multiplied by i it elf 17.0 
the Number of Soldiers in the firſt N 
J TY 1 
3 Therefore the number of Soldiers in the}. | 
whole Army wass 
1 Then to the end the fide of another Square 
may exceed the fide of the 2 "7 4 I 
(or 7,) let it be " 6) 
5 Which latter lide multiplied by it RE" 2 
gives the Number of "Soldiers I in the latter aaf 2a+ 1 Jaa. 24. ce 
quatre Battel, to Wit. 
15 But the n mber of Soldiers in the laſt fins dae mide of Soldiers in the 
* Generals oe by 29 (or d;) therefore ſubtracting 29 (or a) from the number 
in the laſt ſtep, the Remainder muſt be equal to the wunder! in the chird . 
hence this 0 er ariſes, to wit, : 
bee ry tn i Beg ada 24 ＋1—29 = — 8 500, 
E N * ar Bene = aa+h, TP 
Which Equation after due Reduction ( e e to Se 3; and 5. of 05 12 
4 2 
: makes known the fide. of the firſt Square, viz. hap. . 
ard __ | 
* 264 = === 1 IL | 
B. Laſtly, If che fide or number found aut! in the laſt ſtep be il — 171 it MY and 
the Product be increaſed with 500 (or b,g there will come forth the number of 
Soldiers that were in the Generals Army, to wit, 


70196 = ob _ = gcc. —1d. . 

2 8 3 
Whence it is manifeſt that the General had 79196 Soldiers in his 7 omg Alſo, the 
fide of the firſt 1 oy Battel conſiſted of 264 Soldiers; and the fide of the latter 
265 this multiplied by it ſelf produces 70225, which exceedsthe ſaid 70196 by 29: 
rien "op Oo 70 Toy Exceeds the N of 2 64, * 500, as the e a 


4 ＋ 500 
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Two 6 Aand E, diſcourſe of their ir Maney in this manner, vix. 4 faith, if 
B would give him a Crown (or c,) then 4 ſhould have as many Crowns as B had left; 
but B faith, if 4 would give him à Crown, then B ſhould haye twice as any | 
Crowns as 4 had left, How many Croins had each FEAR © f 


2. Then, according to the l . * that DR be re wit 


1 al to B afte 
mooi be th e er of 7 which 


T ? 5 717 6 
* \ * * Mk +} 
2 


1 
ts F 


RR 


„ „ ä — ry 1 n 4 | nth 4 . 6 . | 
CHAP. 14. which produce ſimple Equations. 


, Again, according to the Queſtion, if 1 Crown (or c) be added 2 
2 Ce ſaid a+ ln the laſt ſtep, and ſubtracted from a in the ( 4 3 3 
firſt ſtep, the dum muſt be equal to the double of the Remain- a ＋ 302 24 — 2c 15 
der; hence this Equation, n. : 
5. Which Equation, after due Reduction, diſcovers the number of?) __. 
/ ᷣ c 8 =5c 
6. And from the fifth and third ſteps, the number of Crowns which Y | 4 


B had ar firſt will alſo be made known, to wit, . . . 


1 ; 8 "== 
1 The B ; „„ 

4 : ; bs E 700 * 4 #53 2 / 0 . * EY 
* £ = 2 1 993 : | 4 
2. + * * _— = bs, ——— — 65 
f 1 © . 5 + 1 = 7 OE 1 — 
„„ §öͤö˙ i= =8 5 
„ 7+1=4+4= 5 
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A Vintner having two ſorts of French Wines, to wit, one ſort worth 10d. (orb) the 
Quart, and the other 6d (or c) per Quart, would have a mixed Quantity of both ſorts 
to conſiſt of oo Quarts (or n that might be worth 7 d. (or f) per Quart. TheQueſti- 
on is, to find what Quantity of each fort of Wine muſt be taken to make that mixture? 


I. For the number of Quarts that muſt be „ 
taken of the better ſort of Wine to mae e 4 - 
the mixture, put Lo a ed: 1 
2. Which number ſubtracted from 100 
(or m) leaves the number of Quarts of the 100-2 1 —4 
worſer ſort of wine in the mixture, to wit, 
3. Then find the worth of the better fort of = 
Wine in the mixture at 10 d. (orb) per | 5 
Quart, and ſay by the Rule of Three, 
ͥ̃ 0 #4 , nm £4 
% EET 0, 1 | 
So the Quantity of the better ſort of Vine 
in the mixture is found worth , . , .} . 
4. Find likewiſe the worth of the worſer ſort! e 
of Wine in the mixture at 6 d. (or c) perl 
Quart, and ſay, 5 . F 
If 1. 6 :: I00—8 , ( boo—6a, * 3 
Or, 1. c:: m—a . ( om—ca. | „ 5 
So the Quantity of the worſer ſort of 
Wine in the mixture is found worth. . .}_ . . | 
F. Therefore the Sum of the values of both 14. p DT: 
- Quantities mentioned in the two laſt ſteps is F 44-x 600 bat cm—ca 
6. Which Sum muſt be equal to the Product made by the Multiplication of 100 
bor m) the total mixed Quantity, by 7 (or f) the preſcribed mean price; hence 
this Equation ariſes, to wit, | e 3 


« 


ba 


T9? 
© 
RW. 


3 44-600 = 700, 
Eg yg ET ᷣðͤ K dk rm 
7. Which Equation, after due Reduction, diſcovers the value of a, to wit, the num- 
ber of Quarts that muſt be taken of the better ſort of Wine to make the mixture, viz. 
m- ! — | Pres 
| . bc FEES 
8. And from the ſeventh and ſecond ſteps the number of Quarts that ought to be ta- 
ken of the worſer ſort of Wine to make 0 mixture will alſo be made known, viz. 


bc 


4 25 


- 
*# 


75 Quarts of the wor 


1.9. From the two . is evident, That 25 Quarts of the better ſort of Wine, and 


ſort, mult be taken to make the preſcribed mixture; for thoſe 
. 1 Quantities 


$6 ir ls found that £ had 3 Crowns, and Þ 7 Crowns, as will be evident by 
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at their refpe@ive prices will be worth in the whole 7oa pence, which. 
is alſo the Juſt worth of 100 quarts at 9 pence per quart, 
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Moreover, If the latter pa into Propottionals, 
(according to Sat. 3. Chap. 13.) and be expreſs d by words, they will give this following 


As the difference between the given prices of two ſorts: of Wines or other things 
whereof a mixture is deſired, is to the total Quantity required to be in the mixture; 
So. is the exceſs by which ſome mean price preſcribed for the total Quantity mixed 
exceeds the leſſer of the two given prices, to the Quantity to be taken of the better 
ſort of Wine: And fo is the exceſs of. the greater of the two given prices above the 
mean price, to the Quantity that is to be taken of the worſer fort of Wine, 
1 — This Theorem contains the ſubſtance of the Rule of Alligation- alternate in Vulgar 
Alrithmetic. But how Queſtions of this nature, when three or more things are to 
1 be mixed, may be ſolved more generally than by that Rule, I thall hereafter ſhe in 
Chap. 13. of my ſecond Book of Algebraical Elements. 0. 


Y * 22 » 0 = A 
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A Ciftern in a certain Conduit is ſupplied with Water by two Pipes, of fuch capa- 
cities, that by both their Cocks A and B ſet open at once the Ciſtern will be filled in 


12 (or b) Hours; but by the Cock A alone in 20 (or c) Hours: The Queſtion is, 
to find in what time the Ciſtern will be filled by the | k B alone? . * 


the aid: art is a „ 


1. Suppoſe the time ſought to VCCCCPPPRRIi!l a 

2. Then find what part of the Ciftern will be! : | > 
filled by: the Cock B alone in 12 (or v) SE 
Hours, and ſay by the Rule of Three, . = 

"= Ws 3 xn — Es \ pun | þ 
Or, if a ” 1 22 IT (2, 5 55 Y 5 f 
whence the ſaid part is found ; . . . ae EA 3 

3. Find likewiſe what part of the Ciſtern will f ＋ß5ůß Os 
be filled by the Cock 4 alone in 12 (or 5) | Y | 
Hours, and ſay, TO , 
If 20 Th g 15 6 . | —_ 5 
V (ry 1 5 


w 
4. But thoſe parts found out in the ſecond and 5 0 
tt⸗zird ſteps muſt be equal to the whole Ci- > 12411 $$ 
ſtern, to wit, 1; hence this Equation ariſes, Ts MESS 5 
5. Which Equation, after due Reduction ac- . 8 
4 cording to Set. 2, 3, and 5. of Chap. 12. 7 . 
1 diſcovers the value of a, to wit, the time ar 230 | a= 
= ſought, dix. 55 ieee 5 cb 


Whence it appears, that by the Cock B ſet open alone the Ciſtern would be filled 
in 30 Hours: And, if the laſt Equation of the literal Reſolution be reſolved into Pro- 
portionals according to Seck. 3. Chap. 13. there will ariſe this following | 

As the difference of the two numbers or ſpaces of Time given in the Queſtion is td 

either of them, ſo is the other to the Time fought, vix. r 

As 8 (20-12) , 12 : 20 + 30, 
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Ihe Proof may be made by ſolving this Queſtion, viz. „ 

If a Ciſtern will be filled with Water by a Cock Ain 20 hours, and by another 
Cock B in 20 hours; in what time will the Ciſtern be filled by both Cocks fer open 
at once? Anſw. 12 hours. F | 5 


Firſt find what part or parts of the Ciſtern will be filled by each Cock in one and 
the ſame time; then it ſhall be, As the Sum of thoſe parts is to that common time, 
Jo is the whole Ciſtern (to wit, 1,) to the time wherein the whole Ciſtern will be 
filled by both Cocks ſet open at once; viz. ; WE, 8 

9 80 add 1 Ci 


. F 
So it is found that 14 Ciſtern will be filled in 20 hours by both Cocks A and B ſer 
open at once; then ſay again by the Rule of Three, F 7 aaaret. 106 
„ „ Cift. fn | 
| „„ -e- 0 - 1 #6 (12 hours., 
If the Operation of this latter Queſtion be formed Algebraically by Letters, it will 


afford this 
RA CANON. 


As the Sum of the two given numbers expreſſing paces of time in the latter Que» 
tion, is to either of them; So is the other to the time ſought. 35 


U 


— AN 


A Shepherd in the time of War drivinga Flock of Sheep, fell into the hands of three 
Companies of plundering Soldiers, who compell'd him to delivet the half of his flock 
with half a Sheep over and above tothe firſt Company; alſo half of his remaining flock 
with half a Sheep to the ſecond Company; likewiſe the half of the reft of the flock 
with half a Sheep to the third Company: All which Diviſions the Shepherd exactly 
perform d without killing a Sheep, and then there remained only 20 (or 5) Sheep for 
himſelf. The queſtion is, to find How many Sheep the Shepherd had in his flock at firſt? 


1. Let the Number of Sheep which the Shepherd had in his Flock | 
= SY MEE ²⁰ ũ³ù») d © x 22. 
2. Then the half of that number is 2, to which adding 2, (that is.) 
half a Sheep) the ſum will be the Number of Sheep delivered > %a+= 
to the firſt Company of Soldiers, to wit. . Y 
3 And by ſubtracting the ſaid ra- from a, the remainder will 
be the number of Sheep that were left to the Shepherd after he 
had ſatisfied the firſt Company of Soldiers, to wit. . \ | 
4. Then the half of that remaining Flock is 4a — 2, to which ad- : 265 
Eq-+ Si 


6 


3 


— — 


ding +, (that is, 4 Sheep, ) the ſum will be the Number of Sheep 

delivered to the ſecond Company of Soldiers, to wit, . . . 

5. Which za being ſubtracted from 2a — 4 in the third ſtep 

the remainder will be the number of way oat were left to the 
mpany of Soldiers, 


Shepherd after he had ſatisfied the ſecond 


CCC VVV 
6. Then the half of the remaining flock in the laſt ſtep is $a— 4, J 
to which adding 5, (to wit, + Sheep) the Sum will be the num- - 2 TT 
ber of Sheep delivered to the third Company, to wit ; 
7. Which u being. ſubtracted from 5a — 4 in the fifth ſtep, 7 | 
the remainder will be the number of Sheep that were left to the > a-? 
Shepherd after he had ſatisfied all the three Companies, to wit, e 
8. But the remainder in the laſt ſtep muſt be equal to 20 (or b) the 2 B20. 
number given in the Queſtion; hence his Feen 3 = pag RT 
9. Which Equation, after due Reduction, di A =8þ 471 he 
< : _ 315 e 773 575 +. 28 | 
Sheep in his Flock at firſt. 


covers 
%% OK. > W 0 
So it appears that the Shepherd had 1 67 
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— of Arithritica! 


r 0 0 
is 84, 1 5 was the 


umb re remain 


| 5 od et ank 90.5 
2. Again. of 83 is 41, which inc with 7 makes 42, the number 
032. Again, the half of 83 is 417, Which increaſed with 7 makes 42, the nun 
A Sheep delivered to the ſecond Company; and then there remained 41 Sheep to 


1 # 


” * 


e ler, eee een ee eee 
3. Laſtly, the half of g 1 is 40%, which 1 an a Babes 21, which was 
Company; and fo 


45 167 that anſwered the Queſtion: So if there hag been but one Sheep left for the 
Shep erd, then his Flock a firſt was 15 Sheep; if 2 had been left, his Flock ar firſt 
was 23 ; if 3 Sheep had been left, then he had 31 when he firſt met with the Sol- 
es and on; a continual addition 2 al 7 — ” he e-. 

viſion the Queſtion requires may be orderly found Put. But ta have nothing left af- 
ker ſüch Dion is 2 7 the Number firſt to be divided is 7. 5 n 1 
It is alſo Evident, that by continuing the Reſolution an odd Number may be found 
out, that ſhall be capable of being divided according to the import of the Queſtion, 
as many times as ſhall be deſired. e erte 8³¹⁰ 070 9057 F 5 e e 
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NSC 
Two Merchants, 4 and B, were Co- partners in Traffic: the ſum of their Stocks 


ich they 
divided equally The Queſtion is, to find what each Merchants Stock was at firſt > 
Wo : V 1 rata ot 


. For the Stock of 4 whey heentred Partner- 
4 Fe 


* 


continued in COmpany 
4. And the other ſtock mu 


e og ip 9a= 3399 — 1j ts: 
. Or, 2 33 008 0p — daa B80 3 N 
6. Which Equation, after que Reduktion, according to Se? 3, and 5. of Chap. 12. 


will diſcover the Stock which 4 pur in, zi. 
ht 4 — 165 0 


n 
V J ĩ ST, 
7. And from the 6, and 2. ſteps the ſtock A B put in will alfo be made known, to wit, 
So it is found that the ſtock of 4 was 165 L. and that of B, 135 J. For, 165 x9 . 
__ 135 K 11. e 1 5 COAT — 0 - oo — — f iii | 
Moreover, If the latter parts of the two Equations in the fixth and ſeventh ſtepsbe 
reſolved into-Proportionals, a 6 5 17 13. there will ariſe this 
As the ſur of both ſpaces of time given in the Queſtion, -is to the given ſam of 
thetwo particular ſtocks ſought ; ſo is the greater time to the particular ſtock belonging 
do the leſſer time: and fp. is the lelles time to the ſtock belonging to the 5 War: 


. 


2 oh 


r n I 8 = 


'# 
A, 
%, * 4 


* 


* 
Py 4 
" " F * 


1 
, N a "oY 0 . FEN © w_ 3 * 


_ =_ - 8 — — 
=_ : _ Ly —— 8 VL. 3 5 
_ * — „ : COD + 
* 7 - 4 pat * — — — — hn — . + - 
C K 65656 A * = \ - 
© * <<" * 2 = 
” rr - 22 — r WT 8 — 2 " 2 5 ” On w — — r 
- . = 2 8. 
by 8 * 8 8 * —— 
” ** * — * "_ . M 
's £ 2 2 2 , , 8 Y Lad > 2 <4 P 0 
ns an r * * 7 = ö 
9 8 . 7 A 
1 
* * * oY T 3; >, 
LY + © 
2 * Se? * 3 A 
"4 — Þ 
” _ * C 
{ 
. 
* — 
— » 
. 


55 which produce ſimple Equations. 5 75 
EE VCC . 
A certain Nan being asked how many Years old he was, anſwered, If 3 (or h) part 


ſame number, the Product would give his Age. What was his is * eee ber 


* 24 


\ 1 * . — 2 * * 1 te C * 

. ne ä 
. * x F 
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1 « © I þ 
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2 m a 


1. For the Number of the Years ſought put 4 nal 

2. Thenaccording to theQueſtion,multiplying } „ 1 99 
Dua by a (or baby ca) the Product will be $ 7 Bcaa 

3. Which Product muſt be equal to the num 5 = 

""ber of Tears ought, viz; : 5 Fra A | braa = @ 
4. Then, by reducing that Equation according 25 

to Seck. 4, and 5. of Chap. 12. the number & a = 32 EW, 

of years ſought will be diſcovered, viz. . 7 | be 


Whence it is manifeſt that the Reſpondent was 32 Years of Age; for i t 
is, = of 32, be multiplied by 20, that is, 4 of 32; the Product wil Re 125 _ 
the Number of Years ſought. It is alſo evident by the laſt Equation in the literal 
| Reſolution, that if 1(to wit Unity)be divided by the Product made by the multiplication 
of the two numbers given in the Queſtion, the Quotient will be the number ſought. 


. 3 
1 


£ Ly 


L UE SI. 18. 


There are two Numbers, the greater of which has ſuch pro ortion to the le 1. 
3 to 2, (or as v tos ) and the ſum of the ſaid numbers * ſuch proportion - * 
Jum of their Squares, as 1 to 13, (or as ô to c.) What are the Numbers? 


1. For the greater Number ſought put 5 4 | 
2, Then, (according to Queck. 2. in Seck. 4. 7 — 
* Chap. 10.) the ſum of the two Numbers J 4 
,, 2 e 7 
3. And (according to Queſt. 5. in the ſaid . | 
Sed, 4. Chap. 10) the ſum of the Squares 13a hay $540 


of the two Numbers ſought will be. . 9 - * 
4. Again, by the help of the latter Proportion , 5 | 
- given in the Queſtion, and of the fum | 5 
found in the ſecond ſtep, ſearch out the ſum a 
of the Squares of the two numbers ſought z 


Dix. ſay by the Rule of Three, © es 
e 3 | mp 


GG . ca Hua — 
fb. craps, TT | 
- whence the ſum of the ſaid Squares is found) = 55 
But the ſum of the Squares found out in the third ſtep muſt be equal to the ſum 
im the fourth ; hence this J . 


* 


1344 65a 
1 
Or, : 2 0 4 . 


| . : : 5 8 : r | | ge | 
6. Which Equation, aftet due Reduction, will diſcover the greater of the two Num- 
bers ſought, vi. 8 : 
| 7 | 
= t= 14 m7 Loi. | 
Whence, by the help of th Pa. dcn ir oh on, this leſf 
7. Whence, by the help of the firſt. proportion giren in the Queftion, the leſſer 
Number ſought will alſo. be made known, vx. 3 
= en. | 80 
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ſought, viz. 


2. (Then according to — I. in Sec. 4. 


So the Numbers ſought are 15 and 10; for they are in the given Reaſon of 3 to 2; 

and their Sum 25 is to 325 the Sum of their Squares, as 1 to 13 ; as was preſcribed. 
Moreover, the Letters in the latter parts of the two laſt Equations give a Canon 

to find out the Numbers required. . „ . 


1 


3 DUEST. 19. | 
There are two Numbers, the Greater of which has fuch proportion to the Leſſer, 


as 3 to 2, (or asr to 5;) and the Sum of the ſaid Numbers has ſuch proportion to 
the Product of their Multiplication, as 1 to 6, (or as b to c.) What are the numbers? 


4 * 5 4 f . 4 8 


7. For the greater number ſought put OM | a 
2. Then (according to Queſt. 2. in Seck. 4. A 1 3 
Chap. 10.) the Sum of the two numbers - a+ — 
1 0 2 7 3 85 = 8 3 | | 7 
3. And (by Queſt. 4. in Sed. 4. Chap. 10.) 2Z aqa | gaa 
the Product of their Multiplication is . , F 7 IP 
4. Again, by the help of the latter 1 
gon in the Queſtion, and of the Sum | 
ound in the ſecond ſtep, ſearch out the Pro- — 
duct of the multiplication of the two num- | oY 
bers ſought; viz. lay by the Rule of Three, | _ 4 ä 
fr 6:55 = + 268 | 1 br 
| cra ! 1 


5 ET 
GO cn —= »- = ; | 
7a 7 be oY | 


' whence the Product is found „ 1 wt 
5. But the Products found out in the two laſt ſteps muſt be equal to one another , 


hence this Equation, viz. 


2 5 
GFT 

| | . | 7 1 hy : - | 
6. Which Equation, after due Reduction, diſcovers the greater of the two Numbers 


7. Whence, by the help of the firſt Proportion given in the Queſtion, the leſſer 


number ſought will alſo be made known, vix. 


16% TI 
IO => . 


- 


So the numbers ſought are found 15 and 10; but that they will ſolve the Queſtion 

the Proof will make manifeſt : For the greater is to the leſſer as 3 to 2; and their 

Sum 25, is to 150 the Product of their Multiplication, as 1 to6 ; as was preſcribed, 
Moreover, the two laſt Equations give a Canon to find out the Number ſought, 


— 


QUEST. 20. FE, 3 


There are two Numbers, the greatet of which has ſuch Proportion to the leſſer as 
3 to 1 (or as 1 to ,) and the ſum of the Squares of the faid Numbers is 125 (or 
5 ;) What are the Numbers? Le 2 fs 


7. For the greater number ſought put . _ 


Chap. 10.) the leſſer Num er will be found 5, 
3. Therefore the Sum of their Squares ſhall be 


4 N 4 . , W UE I EA WIN 
a 9 . 1 * * wennn 4 c tat , 
a " * "I 4 * N A > © * [ N 12 C 00 (Ne 6, wh * 5 4 * * 
* Serne * N EY 723 . : 1 E 222 * . ö * A 
: * - 4 3 2 „ * p , * . Re * 0 * * * 
. * 8 kk ” - ” : * * "on N 50% k A 
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* 2 f x . a o — 
. 7; * d C 


2 „ 

3 „ man 
. 1 
„ % 
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f CH AP. 1 4 which produce ſimple Equations, 
4. Which Sum muſt be equal to 125 (or 07 „ 1 0 
the given ſum of the Squares; hence this > N 125 a4 f 
Equation, "2 SY WOE HO Pp TO TD Re Yo. 5 | - rr 
5. Which Equation, after due Reduction (ac-7 5 
tording to Sect. 2, 5, and 7, of Chap. 12.) - a= 10 1 
will diſcover the greater number ſought, viz. Þþ 44.5 11+ ss 
6. But if a had been put for the leſſer number, } — __ „„ 
it would by the like proceſs have been Wund 5 Fer 


From the two laſt ſteps the numbers ſouglit are found 10 and 5, which will ſolve 


the Queſtion: For the greater is to the leſſer as 2 to 1, and the ſum of their Squares 
is 125 3 as was preſcribed. 5 
Moreover, to find out the Numbers ſought, the two laſt ſteps of the literal Reſo- 


lution give this 
CANON. 


Multiply ſeverally the Squares of the Terms of the given Reaſon, by the given 
Sum of the Squares of the number ſought; then divide the Products ſeverally by the 
Sum of the Squares of the {aid Terms; laſtly, extract the ſquare Root out of each 
Quotient, ſo ſhall theſe ſquare Roots be the Numbers ſought. 


3 


=D % 7 n 8 


— JD 
— 


QUEST. . 
There are two Numbers, the greater of which has ſuch proportion to the leſier 


are the Numbers? ; N | 1 


1. For the greater Number ſought put. 


Y 4 
2. Then (according to Queſf. 1. in Se. 4.) 9 ies 
Chap. 10.) the leſſer number will be. * 8 a 
3. Thetefore the difference of their Squares is 34g . kg — 354@ 
. 2 | 4 ry 
4. Which Difference muſt be equal to the given & 3aa 11 
Difference 75 (or dz) hence thisEquation, viz. I » 70 | om 
5. Which Equation, after due eee 1 3 +d 
diſcovers the greater Number, viz. . . „ 3 
6. But if a had been put for the leſſer Number W's 1 7 wd 
it would have been found by the like proceſs 9 8 | 2 * 5 


So the Numbers ſought᷑ are 10 and 5, which will ſolve the Queſtion : For the greater 


is to the leſſer as 2 to 1, and the difference of their Squares is 75; as was ei 
1 


Moreover, to find out the numbers ſought, the two laſt ſteps of the literal Re- 


ſolution give this | - 
CANON. 


Multiply ſeverally the Squares of the Terms of the given Reaſon by the given 
Difference of the Squares, then divide the Products ſeverally by the Difference of the 
Squares of the ſaid Terms; laſtly extract the ſquare Root of each Quotient, ſo 
ſhall theſe ſquare Roots be the Numbers ſought. = 
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SUEST 22. SIP 


There are two numbers, the ſum of whoſe Squares is 125 (or b) and the Diffe- 


rence of their Squares is 55 (or d;) what are the Numbers? 


1. For the greater number pult a | a 
2. Then irs Square will b ; .:< » . 4 aa 
3. Which ſubtracted from 125 (or 5) the 
iven Sum, leaves the Square of the leſſer - 125 — as 658243 
N umber. to wit, ESSE 4&4: 04 | | | 3 
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So the two numbers ſought are found 14 and 12, which will ſolve the Queſtion , 


168, which is equal to + of the greater Square 196. 


Le Yard ; and if the number of pence paid for all the Cloth be multiplied by the number 
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4. And from the ſecond and third ſteps by? © . 
ſubtracting the leſſer Square from the “ 2a — 125 24a —- 35 


greater, their Difference is TS - | 
5. Which Difference muſt be equal to the pO } | 5 
e Difference 75 (or d,) whence this & 244 — 125 = 75 za — 52A 
Equation ariſes s © 3 | 
6 From which * _ due NN | N 1 
according to dect. 3, 5, and 7. of Chap. 12, . Ir 
the greater Number ſought will be made c e . 8 re 
| known, vix. | 8 | 3 | 
7. But if a had been put forthe leſter Num- / "1 _ 
ber ſought, it would by the like proceſs 1 SET 
, os — 2 


So the Numbers ſought are found 10 and 5, which will ſolve the Queſtion; for the 
ſum of their Squares is 125, and the difference of their Squares is 75, as was preſcribed. 
Moreover, to find out the Numbers fought, the two laſt ſteps of the literal Re- 


ſolution give this 4 


The fquate Root of half the Sum of the given ſum and difference of the Squares 


of the two Numbers ſought, is equal to the greater Number, and the ſquare Root of 


1 


„9 — 


alf the difference of the ſaid given Sum and Difference gives the leſſer Number. 
| MORT. wn." Ts 
There ate two Numbers, the ſum of whoſe Squares is 340 (or h;) and the Produ& 


made by the multiplication of the two Numbers is equal to / (or c) parts of the 
Square of the greater Number; what are the Numbers? 7 > ER 


n 


1 


1. For the greater Number uulltrt a * a © 
2. Then its quare 8 „„ 5"; "oi | aa 
3. And 5 (or c) parts of that Savare is... = 15 | 3 
4. Therefore alſo (according to the condition? 623 8 
| in the Queſtion) the Product of the multi- > . — 3 
plication of the two numbers ſought,ſhall be Y 7 | 
5. Which Product divided by the greater num- ? 5a 
ber à will give the leſſer number, to wit, $ — | ca 
6. Therefore from the laſt ſtep the Square) T_T 
of the leſſer number is + 49 N ca 
7. And by adding together the Squares in te? Spa 5 
ſecond and ſixth ſteps, their ſum will be 1 „ | Ccadtan 
8. Which ſum muſt be equal to the givenſum 2 87 aa Be og 
2340 (or h) whence this Equation ariſes , 49 %. en = þ 
9. From which Equation, after it is duly re-y | 2 
duced according to Se@ 2, 5, and 7. of 3 Font 
Chap. 12. the greater number fought will C Tx 1 eT 


ws _be made known, * U%, OO WON | | 1 : 
to. And from the ninth and fifth ſteps * „„ 
leſſer number will alſo be diſcovered, . .j 5 1 
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SE EST 24 
A Merchant bought a certain Number of Yards of linnen Cloth at 12 pence or h) 
of 


/ 


4 my. 


. A Eon 37 3 


K > 4 
FRY Y 
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C 
of Yards baught, the Pronct will be 30909, bor e) The Quetion 7c g — 
number of Yards bought, es > - _ } be Queſtion 185 Wale 
1. For the number of Yards bought ut ;- * ” . 
2. Then the number of pence Paid for the) 8 a. 
-. Whole Cloth-will be... 5 5 
3. Which Number multiplied by a (the num-) 
ber of Yards bought, produces . 
4. Which Product muſt, according to the Que- )]) 
ſtion, be equal to 30000 (or c;) therefore F: 1224 = 30000 | ba =, 
5. From which Equation, after due ReduQtion, 7 ne 
the number of Yards {ought will be diſco- > i=. ay. 
vered, VIZ, . 8 3 . I Wo Me Mo ns. Faw 23> b 
So it is found that the Merchant bought 50 Yards of Cloth. which 7 127 
Yard makes 600 d this 600 multiplied by 50 (the Number of Y 12 4. per 
duces 30000 as was preſcribed in the Queſtion? 9 — bought Pro- 
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Two Merchants, A and B, were Co- partners in Traffic; A brought r 
number of pounds, which continued. in | Company 4. (or 00 Monihe” B ems 
700 (f) paunds, which continued in Company fuch a time, that if it be multi- 
plied by the Stock of 4 it makes 50 (or d.) At the end of their Partnerſhip the 
had gained 60 Pounds, whereof 4 had. 40 (or r) Pounds for his ſhare, and B thereſs, 

do wit, 20 (or ) Pounds: What was the Stock which & put in ar firſt, aud hefe 
many Months did the Stock of B continue in Company > * and bow 


M7 » * „4 # 
2 1 ; 
{7 "© 8 m 


1. For the Stock of I uf, „„ „„ 


continued in Company, to wit, by 4 {ot c,) -- 4. 


„/ er tp eo Crete fs 
3. Then divide 50 (or d) che Product given ing 
the Queſtion.by a the (Rack of A,) and the 350 
Quotient will give the dime that the ſtock C 2 
ef B continued in Company, to wit... | 
4. The ſtock of B, to wit, Ioo l. (or b) multi- 3 

plied by its time 8 (or —) ——_—__ ²ͤ0üꝛa EE - =; 
5. Then according to the Nature of the Rule of Fellowſhip with Time, this Analo 
will ariſe, viz. As the Product made by the mutual multiplication of the Stock 
and Time of 4, is to the Product of the Stock and Time of B; ſo is the gain of 
A tothe gain of B: viz. LL ot 0 
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5 Or, if + ox $5. . 1 
6. Which Analogy (accordingto Seb. 1. Chap. 13. may be converted into this Equition, 
Es oth ⁵¶ ß 


a =MEE 


3 i, in en 
7. From which Equation, (after due Reduction according to 
Chop. 12.) the Stock of A will be diſcovered, vin. 


— a * 3502 yd EY" HR Cad ALD 


5 1 5 . 
. 0 2, 5, and 7. of 


© e HDL gs # 
# þ 4% L : 5 : 


& 8 
1 
Rent 
walk 0 
1 "IRE 


. N ** ok A Gr; { 
8 5 ＋ * — — — \ 2 SL — * — - — » S- — — 
n 1 hy FIT 2 _ 8 To * — . . "4 py > 3 o - 
* a EW ge ee ene — 
8 r ra. bo p 9 N * . 
*** „„ „„ f BOY 4 3 N 8 pn 
1 * _ * o nome Por oy — 


4 3 — 2. — I — - 
* 2 5 . 5 . 
Pam wh 8 —— by 2 bz 2 — 4 t98 
£ oF ang > * 1 
n 3 Na 8 r dh * TE 
WES: X 2 IC wa. g Com 2 2 NN 5 x: 
nou - _e re Ae 8 „ 9 — eh h 
» By aaa 1H A : JARED. = ng & * 
— „„ 3 N EEE Ia LITE 3 
s e = wks «EY \ JT. p Oat Bones 


» 4 —— — nn 


LY * 2 3 
* 1 
. * gd ** 
— - 4 Of 
— 
* * 
x 


80 ' Reſolution of Arithmetical Queſtions BOOK I. 
5 8. And from the ſeventh and third ſteps, the Time that the Stock of B continued in 
Company will alſo be made known, vix. Sos x. was 


9. So it is found that the Stock which Aput in at firſt was 50 J. and the time during 
which the Stock of B continued in Company was one Month; as will appear by 
= 1 o Y 4 = 200 
100XI = 100 


1 A's oe - 0 0 2 „ | * 60 2 6 1 k 4 
Then if 2 8 TT 


n — a ai. 
4 
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- QUEST, 26. 5 

Certain Noble-men made a Progreſs for their Pleaſure; every noble Man carried 
along with him the ſame Sum of Pounds; the Number of the Noble · men was equal 
to the number of Servants which attended upon each Noble-man; the number of 

Pounds that each Noble- man had was the double of the number of all their Servantsz 


and the ſum of all their Mony was 3456 Pounds: the Queſtion is,tofind out the Num- 
ber of Noble-men ; alſo, how many Foundsand Servants each Noble man had > * 


1. For the number of Noble-men — En ce cel 
2. Then (according to the Queſtion) the number of Servants that 5 
attended upon each Noble Man was alſſo . . .F * © 


3. Therefore the Number of all the Servants wass aa 
4. Which laſt Number doubled gives the number of Pounds — LEE T1 

each Nobleman had; to Wii. $i 6 > 
5. And if the ſaid Number of Pounds be multiplied by the number? Pons 


of Noble-men, it produges the Sum of all their Money, to wit, 2008 ,; -; 
6. Which ſum muſt be equal to the given ſum 3456, therefore . aaaa = 3456 
7. Therefore by taking the half of that Equation, there ariſes . a4 = 1728 
8. Laſtly, by extraCting the Cubic Root of each part of the laſt: 

Equation, the Number of Noble-men is diſcovered, to wit, . F 312 

So it. is found that there were 12 Noble. Men; alſo every one of them had 12 Ser- 


vants and 288 Pounds, as will appear by 


> e d hen? ks 
144 * 2 = 288 7 0 35.0068 N. 


an % 


288 X 12 = 3456. 


ai. 3 


QUEST. 27. 


A Merchant bought as many Pounds of Pepper for one Crown as was half the 
number of Crowns he laid out, then in ſelling the Pepper he received for every 25 
b of Pepper as many Crowns as he paid for all the Pepper; and in concluſion he 
had 20 Crowns, The Queſtion is, to find how many Crowns he laid out. * 


I. For the Number of Crowns which the Merchant laid out, let } . 

dei 
2. Then the Number of Pounds of Pepper which he bought > 2 e113 ho 

PPP 
3. Whence the whole quantity of Pepper bought will be found =, 


. 
* FI —_- 
Y - 


3 5 | I a | 
for, If 1 0 > 22 & , 7 „ „% o 4 w by 2 „ 


— e ame 77 


"wheat pre Map ap . ons. 


— eo, 
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4. Then find how many 7 the Merchant received for the total 
quantity of Pepper fold; ſaying by the Rule of Three, 


E 1 1 (=; ED aaa 
whence the number of Crouns for which all the Pepper was ſold ſ:. 15 


is found . | 

5. Which number of Crowns found out in the laſt ſtep, muſt "TY 
equal to 20 the number of Crowns given in the Queſtion ; = 1.2 20 
this Equation %%% 3\ 4005 1 EC 50 

6. From which Equation, : after it is reduced according to Seck. 2, * 

and 7. of Chap. 12. there will come forth the firſt _ of ther ;..4.= 10 


Pepper, to wit. 


So the number of Crowns which the Merchant laid out was Io, as will appear by 


the Proof; for firſt, the half of 10, to wit, 5, will be the number of Pounds of Pep- 


15 which he bought for 1 Crown; then fay, 
If 1 5 :: 10 , 5o {|| Pounds of Pepper bought, 


IT .8y * 0 . „ Crowns received for FO ſold. 


K— 1 


—_— 
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Tre. 
There are two o Numbers, the greater of which has ſuch proportion to the leſſer as 


3 to 2, (or as v to s;) and the Sum of the Cubes of the two Numbers 1 is 4375, (or 


b;) what are the numbers? 


x. For the greater Number put. a 7 a 
2, Then (according to Queff. I. in Sed. 4 of Þ 24: ga 
Chap. 10) the leſſer number will be found 7 „ 
3. Therefore from the firſt ſtep, the Cube of * 3 
the greater number is 4 | = 
4 And from the ſecond ſtep the Cube of they. ge 11 
leſſer Number is Fo gn BP F 
5. Therefore from the third and fourth ſteps, 5 — 2 SV ctaaa — aa 
the Sum of the Cubes of both Numbers is 7 | 


6. Which Sum muſt be equal to the given n 4375, (or 53 J 3 this Equa- 
tion arikes, on 


. 8 N Op: 24 aaa =b, 


7. From which Equation, after due Reduction, 0 according to $2. 2, 5, and 7 of 
| ” 0 the greater number ſought will be made knovyn, v2z, 


2 5 of == 3) — mh 
55+ rrr 


And from the ſeventh and ſecond ſteps, the leſſer nu mber will alſo be diſcovered to wit, 


10 =v(3) h Ns 
sss frre 


So the numbers fought are found 15 and 10, which will ſolve the Queſtion; for 
they are in the given Reaſon of 3 to 2; and the Sum of the Cubes of the ſaid 15 
and 10, to wit, of 3375 and 1000 makes 4375; as was preſcribed. 
| Moreover, to find the Numbers ſought; the latter parts of the nen in the 
— 12 cighth ſteps give this | 


FDV 


4 the Cubes the Terms of the given Reaſon (or 
by the given Sum of the Cubes of the Numbers ſought ; divide the Products ſeverally 
by the Sum of the Cubes of the ſaid Terms; laſtly, extract the Cubic Root of each 
of the en ſo theſe Roots ſhall be the Numbers ſought. 
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Concerning the Reſolution of ſuch adſected or compounded Equations 
wherein their are two different Powers of the Quantity ſlught, 


F* 


and thoſe Powers ſuch, that the higher of them is a Square 


whoſe Side or Square Root is the lower Power. 


wu , 
” * F * 


-L 7T* E Equations treated of in this Chapter fall under three Heads or Forms here · 
_—” under ſpecified, which I ſhall firſt explain, and then ſbew how they may be 


Atichevetically toſolved. 4. 
Equations of the firſt. Form. 
aa ＋ 64 = 55. | aa +: ca = 6. 15 

 aaaa + $aa = 48. auaa + daa = . 

aaaaaa ＋ Aa = kn. aaaaaa ++ gaaa = h. 


=; Equations f the ſecond Form. 
n= om a 1, ac-b ak. 
aaa — G6aa = 27. [aaa — pas = d. 
aaaaaa — 2ana = 48. . © azaada' — Maga = g. 


244 aan 


It 11 


1. 


tions of. the third Form. 7 
24.5 Þþ + . 

4. 11 — muna = . 
| Haaa — aaaaaa = 8. aaa. ww = t. 
— — — — — — — — 


II. Every Equation which falls under any of the ſaĩd three Forms, conſiſts of three 


10a — aa = 
gan — aaaa 


diſtinct Terms or Members, whereof two are unknown, and the third is known; of 


the two unknown Terms, one is a Square, (by which in this place I mean a ſquare 
number) which is called the higheſt Term in the Equation ; and the other unknown 


Term is the Product made by the Multiplication of the ſquare Root of the ſaid ſquare 


number by ſome known number, which Product is called the middle Term; and the 
third or lowelt Term is a number purely known: So in this Equation aa-+ 6a= 55, 


the higheſt Term is aa, which may repreſent an unknown ſquare number whoſe Root 


is a; the middle term is 6a, which is the Product of the: Multiplication of the ſaid 


unknown Root a by the known number 6 ; and the loweft Term (or known part of 
the ſaid Equation) is the number 55, which for diſtinction ſake is uſually called the 


Abſolute number given. hs 


The like may be obſerved in this Equation aa-4ca=b, wherewe may ſuppoſe 3 and 


* 


c to repreſent two known numbers, and a ſome number unknown; then the higheſt 


« 


Term is the Squate az; the middle Term is ca, to wit, the Product made by the 
Multiplication of a the Root of the ſaid ſquare aa by the known number c; and the 


loweſt Term of the faid Equation. is the known Abſolute number 5 
Again, in this Equation F̃aa - aaaa q, the higheſt Term is the quare number aaaa; 


the middle term is 5aa, to wit, the Produ@ made by the Multiplication of aa tlie 


 TquareRoot of the ſaid ſquare Number aaaa into the known number 5 ; and the loweſt 
Term is the abſolute number 4. 4 3 25 


III. In every Equation which falls under any of the three before- mentioned Forms, 
there are two different Powers or Degrees of the number ſought, and thoſe ſuch, that the 
IndexorExponent of the higher Power is the double of the Index of the lower: As inthis 
Equation da-. 6a=5'5, the Index or Number of Dimenfions in aa is 2, which is the 
double of 1 the Index of a_ (in rhe middle Term 6a:)) fo alſo in this Equation 34a 


F 


aaa A, the Index of the higheſt Term agaa is 4, which is the double of 2 thelndex 
of aa in the middle Term. Likewlfe in this Equation "aaaaaa-+ 4aaa=837, the 


Index of the higheſt Term aaaaaa is 6, which is the double of 3 the Index of aaa in 
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the middle Term. But in this Equation aaa 6 29 the Index of the highett Term 
aaa is not the double of the Index of à in the middle Term, (for the Index of the 


former is 3, and of the latter 1 ;) and therefore the Equation laſt propoſed cannot 


be.ranked under any of the three Forms aforeſaid, and conſequently it is not reſolva- 
ble by a of this Chapter, but belongs to the 10 and 11 Chapters of 
my ſecond Book. ' 5 7 „„ GW 
Iv. Known Numbers which are drawn into, or multiplies by ſome Degree or 
Power of the Number {ought are by Vieta and others called Coefficients, viz. Fellow- 
factors or Copartners in Multiplication with unknown Powers: So in this Equati- 
on aa+6a=55 the Number 6 is called the Co- efficient, to wit, the Fellow-multiplier 
with the unknown Number à to make the Product 6a, Likewiſe in this Equation 
aa+ca=b, we may ſuppole the Letters band c to repreſent known Numbers, and the 

Letter a ſome unknown Number whoſe Co- efficient is ce. : 
But ſometimes the Co- efficient will happen to be expreſs'd by many Letters, as in this 


8 „ 1 Y 5 3 
Equation 4a 1 (or Og 7 where a only is ſuppoſed to be unknown, 
| | $6 » I - | F 3 
and the known Number Fe the Co- efficient, which ſignifies but one Number, to 


wit, the Quotient that ariſes, when the Product of the Number s multiplied by the 


number c is divided by the number er, viz if = 2; c=4, and r=1, then 


— is the ſame with 8a. 


. * _ . o 27 5 274 5 2 : | : 4 
Likewiſe in this Equation < 4 a (or — Tn) —a= , the Co. efficient is 


2 
—_—_ which is to be eſteemed but as one number; to wit, the Quotient that ariſes 


5 | TO i 
by dividing the Sum of 2r and s by s; ſo that if we ſuppoſe r=3 and s=2, then the 


Equarion laſt propoſed may be expreſs d thus, 4a—aa=3, 
Mete. When no known number appears to be drawn into the middle Term of the 


| Equation, then 1 (or Unity) muſt in that caſe be always taken for the Co- efficient; 


ſo in this Equation aa a = zo, the middle Term a implies Ia, to wit, the Product 
of a multiplied by 1, and therefore 1 is the Co- efficient. 1 N 


Note alſo. When the higheſt unknown Power or Degree is multiplied by any num- 


ber greater than 1, then every Term or Member of the Equation muſt be divided by 
that number, to the end the ſaid higheſt unknown Power may be clear'd from any 
Co- efficient unleſs it be 1; as before has been ſhewn in Sed. 5. Chap. 12. ” 
Theſe things being premiſed by way of Explication, I proceed to the Reſolution of 
Equations which fall under. any of the three Forms before ſpecified. | 


V, The Arithmetical Reſolution of Equations which Fall we the firſt of the 
T7 three Forms before ſpecified in Sect. I. of this Chapter. 
TE @ VEST. I. 
1 What is the number repreſented by a in this Equation? . . . aa+6a= 55 
2. Which Equation, if c be aſſumed to fignifie 6, and b 55, _ 4 a ns 
may be expreſsd thus 3 e 
. RESOLUTION. RT: 
3. To reſolve the ſaid Equation imports the ſame thing as to ſolve this Queſtion, 
vz. There is an unknown number (repreſented by a) which is ſuch, that if to its 


Square you add the Product made by the Multiplication of that unknown number 
by 6, (orc, the Sum will be 55, (or ;) what is that unknown number 22 


Anſw. 5; found out thus, 


4. Let the Square of half the Co. efficient 6 (or c) be added to each part of the 


Equation propoſed, to the end its firſt 2 may be made a compleat Square, 


(according to Seck. 4. Chap. 9) whence this Equation ariſes, 


OTC a aa+ 6a+ 9=64, or, aa ca Acc Acc. 


3 1 | 5. Then 
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- Then by extracting the ſquare Root of each part of the laſt Equation (accord in 

, to 54. and 5. 0 Chap. 8.) this Equation br. Saget x | eee 

3 i 

6. Wherefore by tranſpoſition (or equal ſubtraction) of 3, or 4c, the number a 

ſought will be made Known, viz. . es 
885 F ⏑ ‚‚‚‚‚‚ ic tt oh, 

ght is 5, which will ſolve the Queſtion propoſed, as will 


en 


oo 


8 


5 OE PT. 


3 — 
he 4 


1 fay the number a fou 
* * wy The Proof. 


IF Ro 89 S ; 0 . © © a = 5, 

Then conſequently . . . . aa = 25, 

And 0 0 > 8 . * 1 6a — 303 
JJ %% . ET 


Which was the Equation propoſed. | 
Note. Every Equation which falls under this firſt Form may be expounded by ei- 
ther of two Roots, whereof one is Affirmative or greater than nothing, and the other 


Negative or leſs than nothing. As in the Equation propoſed, to wit, az-+ 6a=55 , 


fooraſmuch as according to the Rules of Algebraical Multiplication, — multiplied by 


— produces +, and fo in this Senſe the ſquare Root of 64. may be — 8 as well as + 
8; therefore the ſquare Root of the Equation aa 6a+9=64, in the fourth ſtep 
i . +. + 3 

Whence, by tranſpolition of +3, a Negative — 3 3 | 
or vt of '< . ß 

I ſay the Root a in the Equation aa+6a=55 may be expounded by — 11. 
(befides + 5,) as will be maniteſt by + 0 PE ne 

f 1 The Proof. . 
I IE od ant oO ins 

. gebraical Multiplication and Ad- 


5 
Therefore, as before, aa Ga + 55. dition are to be reſpected. 
Negative Roots are oftentimes of 


n 
+4 


good uſe to find out Affirmative Roots, as "WEE, | 
after will appear in Chap. 11. of the ſecond Book. e | 


be 


U ESI. 2. 


1. What is the number repreſented by à in this Equation? :  agaa+8aa = 48, 
2. Which Equation, if d be put for 8, and F for 48, may be Laas 1 


e ooo od es ew =. 0 
| Þ RESOLUTION. e 
3. To reſolve the ſaid Equation imports the ſame thing as to ſolve this Queſtion, 
viz. There is an unknown number repreſented by a, which is ſuch, that if to its 
Biquadrate or ſquared Square you add the Product made by the Multiplication of 


the Square of that unknown number à by 8, (or d.) the Sum will be 48, (or f;) 
what is the unknown number a? Auf. 2. found out in the ſame manner as before 


in Que. 1. viz. © 7 2 

4. Let the Square of half the Co. efficient 8 (or d) be added to each part of the 
Equation propoſed, to the end its former part may be made a compleat Square, 
according to Sec. 4. Chap, 9. whence this Equation ariſes ; MD 
3 aaaa ＋ 8aa4 16 = 64, 

| SN Or, aaaa+daa+Zdd = f+:dd. 

5. Then by extraQting the ſquare Root of each part of the laſt Equation (according 

to Sect. 4, and 5. of Chap. 8.) this 2 "RP 5 
| | aa 4 = 8, 


= | MFR ee a; * or, aa T d = VA Ada. | 
6. Whence by equal ſubtraQtion or tranſpoſition of 4 (or zd) there will ariſe 
| aa = 2 


22. 4 
Or, Gn. 5 f Mdd—:4. 


hs pi 7. There- 


os * 6 H ＋ F. 15. — Relating of Rueda Equations. 


7. . Therefore by extracting the ſquare Root of each part 1 the la Equaio the 
number 4 n will be made en Viz 0 


- 


"0 = = ö 2. | 
1 ſay che number a bought is 2, , which will ſolve the . — as 1 
appear * „ 8 
The Proof. 
% 2 H. . , „ $444; 1:54 a = 2. 
: Then conbquenty + . „„ 4, : 
—_ 95S „ „ 


%%% ͤͤ1lUn % ͤ ͤ » é 1 
„ i .aaaa ＋ aa = 48. CEE 1h 
Which was the Equation propos to be reſolved, | We IM 


. 
. * 4 


9UEST. 3. 
1. What is the number by a in- 5 
""this Equarion ? . 1 ; Fe 1 5 aaaaaa f Aaaa 
2. Which Equation, if g be put or 4, and 5 | 
for 837, Ty be expreſsd thus Fo 55 aaaaaa ＋ gaaa . 


RESOLUTION 


3. To reſolve the faid Equation imports the ſame thing as to ſolve this Queſtion, VL, 
There is an unknown number repreſented by a, which is ſuch, that if to its cubed 
Cube or ſixth Power, you add the Product made by the Multiplication of the Cube 
of that unknown number by 4 0 org) the Sum will be 837, what is that unknown 
number a? Anſiv. 3. found out in the ſame manner as before, viz. 

4. By adding the ſquare of half the Co. efficient 4 (org) to each of ax of the Equa- 
tion propoſed, this Equation ariſes; | 

aaaaa⁴. L aaa- 4. = 841. 
| Or, aaaaaa-+gaaa-+igg = B igg, 
5. And by exrating the ſquare Root of each part of the laſt Equation this wiſts; 3 
aaa 2 = 29. 
mY Or, aaa -g = vih+:gg: 
6. Whence by tranſpoſition of 2 (or ag) this Equation arifes 
aaa 27. 


Or, aaa = V. [FR 19. 1 
7. Therefore by extracting the Cubic Root of each part of the laſt Equation the num- i 
ber a ſought will be made known, vix. s 


= 
L109 


” 
CO 
vo 
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/ 


453 VO). | 
I fay the number a ſought is S 33 which will ve the Queſtion propoted, as will 


appear by | The Bob 5 
| e Prog 
If ? « 13 a —= 3, | | 
Then conſequent. „„ M0» 2 
%%% Ow EE. 
319... ot... on = Jo 
DRE . «.» aaaana+gaaa = 837. 


Wich was the Equation propos d to be reſolved. 
VI. From the Reſolution of the three laſt Queſtions the following _ is deduced 
| for the reſolving of all Equations which fall under the firſt of the three Forms before 
ſpecified in Seck. 1. of this Chapter. 


CANON 


Add the ſquare of half the Co-efficient, or (which i is the ſame thing) a quarter 
of the ſquare of the whole Co-efficient, to the given abſolute number. 43858 


Extra the * Root of that Sum, 


From 


„* 


. * 

++ 4 ” 4 
117 * 
* 3 4 


3. To the given abſolute number 48 


Reſolution of Quadratic Equatio 


Gu Ave ? — 


- From the faid Square Root ſubtract half the Co efficient, 
Laſtly, when the unknown number which is multipli 
middle Term of the Equation is expreſs d by a ſingle Let 


ma inder before reſerved is the number ſought; but if the 
middle Term be a Square, as aa, then the Square Root 
the number ſought; if a Cube, as aaa, then the Cubic Root of the ſaid Remainder 
ſhall be the number ſought; if any higher Power, then the Root for the kind muſt be 


e 
* 
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and reſerve the Remainder. 


ed by the Co- efficient in the 
ter only, as a, then the Re- 
ſaid unknown number in the 


of the Remainder reſerved is 


An Example of the Canon. 


1. Let the preceding Quel. 1. be here re- 


peated, viz, What is the number repre- - 


ſented by a in this Equation? 9. 

2. Or, what is the value of a in this Equation, . . 
5 RESOLUTION. 

3. To the givenabſolute number . .. 55 
4. Add the Square of half the Co-efficient 6, x 

to wit, the Square of 3, which is . 7 
33õõͤéðxV(8 TNT 
6. The Square Root of that Sum is. 8 
7. From that Square Root ſubtract half *} 
t 3 
8. The Remainder is the number a ſought,to wir, 5 


4 


| 


e 


aa G y 
aa ca i} 


b. 


E 
: CC. | 


bac 
Vib + Acc: 


Vi + ICC, 


extracted out of the ſaid Remainder, which Root ſhall be the number ſought. 


Whence it is manifeſt that the Anſwer is the ſame as was before found to Dneſt, 1, 
A ſecond Example of the Canon. 


1. Let the preceding Qusſt. 2. be here re- 
peated, viz. What is the number repre- - 
ſented by a in this Equation? . ... 

2. Or what is the value of a in this Equation, . . 


RESOLUTION. 


4. Add the Square of half the Co-efficient 8, 1 _ . 
to wit, the Square of 4, which is .J © 
ED oO repo” 
6. The ſquare root of that Sum is. 
7. From which ſquare root ſubtraQ half the 
Cement KL 1D wik . . «in + 5 1 
8. The Remainder is the value of aa, to wit. 
9. Laitly, the ſquare Root of the ſaid Re- 5 55 
mainder gives the number 4... 
Whence it is evident that the Anſwer is the ſame as 


8 
4 
4 


1, Let the preceding Queſt. 3. be here re- 
peated, viz. What is the number repre- - 
ſented by à in this ban, 3 

2. Or what is the value of # in this Equation, . . 


RESOLUTION. 


. 


4. Add theSquare of half theCdefficientq,to wit, 4 
5. The Sum is 22 . 3 1 841 


5. The ſquare Root whereof is. 29 


7. From that ſquare Root ſubtract half the 5 2 


Co- efficient 4, to wit. 


. 


b 


| 


— 


aaanaa-E.daaa 837. 


z. To the abſolute Number 837 


azaa+daa=f - 


aaaa+8a1=48 


f 
add 


44. 


VF. 
2d. 
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e 


V(2) of + Add d: 
was before found to Quel. 2. 


A third Example of the Canon, 


aaaaaa · gau 5. 
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9. Therefore the Cubic Root of that Remain- | melt zo -- to ertony' . 
der ſhall be the number a ſought. 'F V(3)b4+ 1gg—ig: 
Whereby it is manifeſt that the Anſwer is the ſame as was before found to Que, 3, 


5 Ja Example ä Ye 
If . . aaf = b (or 35,) what is a =? 
* ORE <2 EET ES Jo LS... 
For the Co- efficient drawn into the middle Term a being 1, its half is ©, the Square 
whereof is 2, which added to the abſolute number 35 makes 35, whoſe —_—_ Root 
js $2372, &c. from which ſubtracting , (or ) to wit, hal the Co- efficient r, 


4 
—_ 
* 


* 


* 5 „ > 1 0 
„ n 


5 5 95 8 | 1 9 fe Re | 3 ED 1 8 
the Remainder 5-5 & c. is the number a ſou ht, which here happens to be irrational, 
that is, inexpreſſible by any true number, but by continuing the extraction of the ſaid 
Square Root of the ſaid 35, you may approach infinitely near the exact number a. 


22 N ns gta Exanple 5. 
„ee = het is a=? 
The Learner muſt remember to reduce a Fraction to its leaſt Terms, before he 

goes about to extract any Root out of it. N „ 


> Example 6: 
| If $: i, 5 e 2 


>) = 
WE 
ID 
* 


1 — - | | | : 5 5 5 | ; ) | 
"RE - , > + + «— &'M0 S 
Auſir. JJ - 0 2 = 12. 

. , RD 
If . , aaaa f= i, what is 2 ==? 
A 


VII. The Arithmetical Reſolution of Equations which fall under the ſecond ä 
of the three Forms before expreſſed in Sect. 1. of this Chapter. vl 

1. What is the numbe! repreſented by a in 
( TT + + »-+ « 
2. Which Equation, by aſſuming þtorepre-' + | 
ſent 10, and & to fignifie 24, may be ex- - . aa—ba = &. 


* 


IN 
is 1 f 


4 32 A. ; ſ * 
5 „ 4 loa = 289 ? 

˖ l -8- 

| 


preſsd chus. 


= RESOLUTION, _ PR 
3. Let the Square of half the Co- efficient 10 (or b) be added to each part of the 
. Equation propoſed, to the end its firſt part may he made a compleat 1 (ac- 
cording to Se8, 4. Chap. 9.) whence this Equation ariſss 

8 : ee e e r wh 

=_ Or, aa— ba +:bb = k +36þ. — | 5 
4. Then by extracting the Square Root of each part of the laſt Equation (according 


* * * » i 


to Sed. 4, and 5. of Chap. 8.) this Equation ariſes ; 


— — 


1 - „ Or, 5 | 


t of aa—Toe+ 25 in the third ftep may be 5—a 


Roos being mltpid by i dt ill produce 


2 3 bp * 


_— P 2 . . a 
, yy , 7 3 9 , * 8 * », r 3 9 x TY rr , . * , F , 
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of the latter, viz. V:k+2Þ6: is greater than 25, therefore :b—v.k+:3b: (that is a) | 


the ſame Square /aa—10a-E 25,) therefore let 5—a be ſet inſtead of a—5 in the 
foutth ſtep ; whence this Equation ariſes, viz. i eee 
on c 
s 50 ge 0.0004 92095 thy ame = Vie 
7. Therefore by tranſpoſition, another value of a ariſes, to wit, 
Es 8 nin bv Strids 
Which latter value of à is leſs than nothing, and ſuch it will always be, as may 
eafily be proved from the laſt Equation. For k4-:bb is manifeſtly greater than 246, 
and conſequently the Square Root of the former will be greater than the Square Root 


3114 


. . ö * 


will be leſs than nothing, for if à greater Quantity be ſubtracted from a leſs, the Re- 
mainder will be a negative Quantity, that is leſs than nothing, as before has been 
ſhewyn in Algebraical Subtraction. From the premiſes it is evident that the Equation 
propounded, to wit, aa—10a = 24 (and likewiſe every Equation which falls under 
the ſecond form of Equations before- mentioned) is explicable by two Roots, where- 
of one is real or affirmative, whoſe value is before expreſs'd in the fifth ſtep; and the 
other negative or leſs than nothing, the value whereof is expreſs in the ſeventh ſtep. 


I ay the real or true number a ſought in the Queſtion propoſed is 12, as will appear by 


The Proof. 
If 5 FEED 5 6 x 0 _ * . . a = I2, | 
Then conſequently  . . . . aa = 144, 
And 1 $$ 0 * 0 333 Toa = 120, 
Therefore .- bo . « 804 2—1 OA — 24. 


= Which was the Equation propoſed. . 

Moreover, according to the Rules of Agebraical Multiplication and Subtraction, the 
negative value of a, to wit —2 before found, wil conſtitute the Equation firſt propoſed; 
25 8 For if J). ad ot +0 a2 = -- 2, e 

Then conſequently . . 4 ＋ 4, 
„u! 5 4» >> , 
Therefore. aa—1oa = + 245 


* Rr — 


sr 2 
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1. What is the number repreſented by a "4 . « aaaa—baa = 27 


6. Wherefore by extracting the Square Root of each part of the laft Equation, the 


8 . o AE * 17 
2. Which Equation, if p be put for 6, an ae 1 
d for 27, may be expreſs d thus, 1 ff e 
V DEE 
3- Let the Square of half the Co- efficient 6 (or p) be added to each part of the 
Equation propoſed, to the end its firſt part may be made a compleat Square {accord- 
ing to Sect. 4. Chap. g.) whence this Equation ariſes ; 
„ * — a 15 
Or, aaaa—paa-＋ 5b = dp. = 5 5 
Peach part of the laft Equation (according 


ns 
. 


4. Then by extracting the Square Root of eac 
to Seck. 4.and 5. of Chap, 8.) this Equation ariſes, vzz, 
ITT 


CE OE . > 17 NOR 
5. Whence, by equal Addition of 3 (or 25) there will ariſe 


ag = 0, 


Or, a = VdÞapbip. | 


number a ſought will be made known, viz. _ 
T ᷣ ß 0s 
_ TI fay the number à ſought is 3, which will ſolve the Queſtion propoſed, as will 
appear by 0 1 The 


a * : * 07 7 uf * * 4 7 7 2 
N . 4 + Cath L * » Y # : 
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CHAP. 15. Reſolution of Quadratic Equations. 
by If 5 8 : : „ ; 2 = 3s © 
Then conſequently. .:,-. . . as = 9, 
ET IS TT. HD | 
Alſo OO NE . 5d aa = 54, 


Therefore . . daaa — baa = 27. 
Which was the Equation propoſed to be reſolved. 


— 
— — 


QUEST. 3. ION 


1. What is the number repreſented by a in 
Q], ß 
2. Which Equation, if n be put for 2, and 

3 for 48, may be expreſt thus 


RESOLUTION 
3. Let the Square of half the Co- efficient 2 (or n) be added to each part of the 


Equation propoſed, to the end its former part may be made a compleat Square 
(according to Sect. 4. Chap. 9.) whence this Equation ariſes; 1 
N aaaaaa — àaaa + I = 49, ; 
Or, aaaaaa — 3 = g-F mm. 
4. Then by extracting the Square Root of each part of the laſt Equation ( according 
to ect. 4, and 5 of Chap. 8.) this Equarion ariſes ; 1 


aaa — 1 = 7, 


5 H « aaannd — 2000 = 48 


: aaaaaa — maaa = g 


3 1 aaa — Im = Vg nn: 
5. Whence by equal Addition of 1 (or zn) there ariſes 
| | 1 aaa = 8, 


Or, man == 7 Tm: +2. | 
6. Wherefore by extracting the Cubic Root of each part of the laſt Equation, the 
number a ſought will be made known, vir. 
a = 2 = (3): Vg+ 3mm. + im: 3 | 
I fay the number a ſought is 2, which will ſolve the Queſtion propoſed ; as will 


_ be Proof 
8 : 50 07. 
III I ee | ex © 
Then conſequently 7. aaa = 8, 
Fg "Fu 
AD 44> £45. 2008 at 16, 
Therefore. . aaaaaa — 2aaa = 48. 


W hich was the Equation propoſed to be reſolved. 


VIII. From the Reſolution of the three laſt Queſtions the following Canon is de- 
duced, for the reſolving of all Equations which fall under the ſecond of the three 


Forms before ſpecified, in Seck. I. of this Chap. 
of CANON. 


Add the Square of half the Co-efficient, or, (which is the ſame thing) a quarter 
of the Square of the whole Co-efficient, to the given Abſolute Number. 

Extract the Square Root of that Sum. _ 8 

To the ſaid Square Root add half the Co- efficient, and reſerve this Sum. 


dle term of the Equation is expreſt by a ſingle Letter only, as a, then the Sum be- 
fore reſerved is the Number ſought; but if the ſaid unknown number in the middle 


ſought; if a Cube, as aaa, then the Cubic Root of the ſaid Sum ſhall be the num- 
ber ſought; if any higher Power, then the Root for the kind muſt be extracted out 
of the ſaid Sum, which Root ſhall be the 1 8 fought. 


<>: 


Laſtly, when the unknown number which is drawn into the Co-efficient in the mid- 


term be a Square, as aa, then the Square Root of the Sum reſerved is the number 


An 


1 
1 5 6 Ts % 
1 


"= " Reſolurion of Z Equations. WEE 775, K * 


An Example of the. ſaid Canon, TER] Ro | 
1. Let the preceding Queſt. 1. in Sect. 7. of this . 
Chap. be here repeated, viz. What is the -. . 4 — Toa = 24 
number repreſented by a in this Equation? 
2. Or, what is the value of a in this Equation? > . . 4a — ba 


RESOLUTION. 


3. To the given abſolute number . . . » 24 | & 
4. Add the Square of half the Co- efficient 8 , 33 
Voö»ofn ” wit the Square of 5, which is ©: 
5 „DVC ĩ ò #1 644 
6. The Square Root of that BW .+ 31] v: Eb: 
7. To which Square Root add half the _ 1 24. 


efficient 10, to Wit. : 7 
8. The Sum is the number a ſought; to wit, „„ 5%: ＋ a5. 


Whence it is manifeſt that the Anſiver is the ſame as was before found to Vet I, 
in Seck. 7. 


II 
> 


Ld 
7 


A Second Example of the Canon in dect. 8. 


1. Let the preceding Que. 2. in Seck. 7. 0 
this Chap. be here re 1 viz, What is the > . . aaaa — baa = 27 


number repreſented 2 in this Equation ? 
2. Or, What is the value 4 a in chis Equation? > . . aaaa — paa = d. 


RESOLUTION. 


4% To the given abſolute number. 3 
4. Add the Square of half the Co- efficient 6, — 
to wit, the Square of 3, which is "1 
5. Fe Sum is „% > 8 þ ern - 
6. The Square Root of that Sue „„ „ 6] V:6+ 07: 
7. To which Square Root add half the 05. „„ 
25 „ Wt <4 5 , 5 , _—_— 
8, The Sum is the value of aa, to wit, >» 9g | vV:d+2p p: tip. _ 
9. Therefore the Square Root of the ſaid Sum 2 (ö po: 


” {hal be the number ſought, to wit, . . 
Whence ir is maniteſt that the Anſwer is the ſame as was before found to Queſt. 2, 


in Seck. 7. 


A Third Example of the Canon in . 8. 


1. Let the Preceding Oueff. 3. in ect. 7. of this? 
Chap. be here repeated, viz. What is the > . . 


number repreſented by a in this Equation ? 
2. Or, What! is the value of a in this Equation? > , . aaaaaa — maaa = g. 


* -RESOLUTION. 1 


3. To the given abſolute number . » 48 | g. 

4. Add the Square of half the Co-efficient 2, 1 
to wit, the Square of 1, which i HRP + 5 
5. The Sum i 8 3 > 49 Sunn. e 

The Square Root of that Sum is > 7 vi Aan: 

To which Square Root add half the Co- — 
N 2, in wh 2 . 

8. The Sum is the value of aaa, to wit, . > 8 | vg+ mmm. 
9. Therefore the Cubic Root of the ſaid Sum En ny = 2 
" Ol be the number a ſought, to wit, , | v (3): Nn m: 


 Whereby it is manifeſt that the Anſwer is the ſame as was before found to Que, 3. 


aaaaaa — aaa = 48, 


F 


8 c H A P. 1 S. 3 — of *Quadratic Equations. 


| © Example 4. = 
MF. > 22 5 21 (or 1122,) what is 42 
Anſw. . . a = ig ++: 1247 = 34. 
Example 5 
„ n 7, What is a =? 
Aub. « @ = 207%. 


Rb 6. 

„ „ a — I, 

If P4 P - — " . * . 2 - 2 4 >» $ == 2, 

c= 4, 

And if 9 * „%. SS | 3 

What is . ; 82 :-# 7 8 4 * -s o OO =) 2 

| e 1 SC 
An We: „ * ®. © „ * ⏑ R Eo «» AQ — IT — 20 
IJ... 


IX. The nnn Reſolation of Aquations which fall ander the laſt El the 
three Forms before expreſt in Sect. I. of this Chapter, 


| „„ ST. I. . 

1. What is the Number repreſented by a in this Equation 3 da — aa = 24, 
2. Which Equation, if c be aſſumed to ignifie Io, and u = for "ws 5 
„ | j 


n VV | 
RESOLUTION 


3. Let the 1 25855 propoſed, by tranſpoſition of its Terms, be reduced to an Equa- 
tion of the ſecond of the three Forms before expreſt in Self I, VIZ, Firſt by tran- 
ſpoſition of — aa, this Equation ariſes; 
| Ioa = 24 Þ aa, 

Or. ca = n + aa. 

4. Likewiſe by canſpoſtion of 24 (or n) this Equation a ; 
Isa — 24 = aa, 

Or, ca — 1 = aa, 

5. And from the laſt Seaton by Tranſpofition of 108 (or ca ) tho will ariſe | 

| — 24 = aa — 10a, 

| — 1 = a4 — ca. 5 

6. Which laſt 3 by tenen each part of it to the contrary Coaſt, may 

be expreſt thus; e 

ag — 10a = 24, | 

| rs Rn aa — ca = . 

7. Now let the following proceſs be made as before i in the Reſolition of Equations of 
the ſecond Form (in Sec. 7.) viz. Let the Square of half the Co- efficient 10 (orc) 
be added to each part of the laſt Equation, to the end its former part may be made 
a compleat Square (according to Seck. 4. Chap. 9.) whence this Lovatica ariſes; ; 

_aa—1Joa+25 = 25 — 24 = 1, 

Or, aa — ca + vc Acc — M. 

8. Then by extracting the Square Root of each part of the laſt Equation (according 
to Seck. 4, and 5 of Chap. 8.) this Equation ariſes, vix. 


4 — 5 S1, 


Or, 3 a — 1 2 . Cn: 
2 Whence by = addition of 5 (or 5c) one value of a will be made known, vi. 
| S = Ichi —=m; 
10. But Salach as the Square Root of aa — Ioaꝗ 25 in the ſeventh ſtep may be 


5 —a as well as 8 95; (for either of thoſe Roots being multiplied into it felf, will 
„ produce 


——_— —_—_——— ﬀ 


by the latter way of reſolving the 16. Suff. of the ſame Chap.) 
I. Wbat is the Number repreſented by a in} 5 


- 
"Er. GX" 
7 & 


— . Pr 3g oo A ee 


produce aa— 10a 25, therefore let 5 a be ſt inſtead of a— 5 in the eighth 
ſtep, whence this Equation will ariſe, ix. | 
| h er = 004 ES 
5 "WH STEEL. 
11. Whence by due Tranſpoſition another value of a is diſcovered, to wit, 
„r = Gong = a3 
12, I ſay the Number a ſought may be either 6 or 4, for either of theſe numbers will 
conſtitute the Equation propoſed, 2s will appear by - _ 


* 


The Proof. 
!!!. . oe 
Then canſequently .,  , . aa = 36, 
” wa rn 7” 
Therefore . . « 104 — aa = 24. 


Which was the Equation propos d to be reſolved. 


3 : Again, | Sh 
Su A oy „ 

Then conſequently . . . aa =. 16, 

SM 4-4 #4440; £4 1088-46 GS 
Therefore , . 1oa—aa = 24; as before. 


13. But to the end that both the values of a before expreſt in the ninth and eleventh 
Equations may be real or Affirmative Numbers, (that is, each greater than nothing) 
the given Numbers in the Equation propoſed, and likewiſe in every Equation of 
the Third Form aforeſaid muſt be ſubject to this following 1 
LF , OF wap ged 4 | 
The Abſolute number given muſt not exceed the Square of half the Co-efficient. 
The Reaſon of this Determination is Evident by the ſaid ninth aud eleventh Equati- 
ons; for the latter part of each of them ſhews, that the given Abſolute Number — 
to be ſubtracted from the Square of half the Co- efficient, and therefore ĩt ought to be 
les, or equal to the ſaid Square: Therefore when. in any Equation of the third Form, 
the given Abſolute number exceeds the Square of half the Co- efficient that Equation 
is impoſſible, and likewiſe the Queſtion that produced it. f 
It is alſo evident by the ſaid ninth and eleventh Equations, That when it happens 
that » = Acc, then g ec 1 o, and conſequently each value of a is equal to 2c; 
viz. When the Abſolute number happens to be equal to the Square of half the 
Co efficient, then the two values of a will be equal to one another, each value in that 


caſe being equal to half the (o- efficient: But when it happens that the Abſolute num- 


ber is leſs than the Square of half the Co- efficient, then thoſe two Roots or values 
of a will be unequal. But here is to be noted, that although in this latter caſe the 
Egquation be always explicable by either of thoſe two unequal Roots or Numbers, 
yet the Queſtion that produced the Equation will ſometimes be anſivered only by 
one of thoſe Roots or Numbers, (as hereafter will appear in Queſf. 10. Chap. 16. and 


—_— — n 


WW -- 


|  QVEST. * 


this Equation? , . . Jaa — aadaa =4, 


2. Which Equation, if y be put for 5, and s 


for 4, may be expreſt thy e BR ie F. 3 : Tas — = 


3. Let the Equation propos'd, by Tranſpoſition of its Terms (afterthe fame manner 


as inthe third, fourth, fifth, and fixth ſteps of the preceding Queſt. 1. Sed. g.) 
| bereduced to an 1 of the ſecond of the three Forms before ex preſt in Se& 1. 
: Jo tuisEquation wilartk, vw. . 
793 aaa — ga = —4, 
Or, aaaa == rag = — 6. 


* . we 


4. Then 


0 1 A L 15. A uf — Saane 1 93 N 
4 Then as adding (as in che former 1 — 8 nare of if 
(or 7) to each partof the laſt Equation, there ats 8 he Coefficient F 
aaaa — Faa 5 J= 4 | | 
Or, aaaa — ra t = S, 
5. And by extrafling the Square Root of each part of the luſt Weide this ariſes; 
. | 3 | 
A — L 3 "ſk e ir == : 
- 6. Whence by equal Addi ition of £ Lor ,) this Equation ariſes, viz. 
a4 = r 4, | 
R w 2 e oa, | 
| 7. There ore by extracting the Square Root of each part of the laſt one 
. i value of « a will be made known, viz. | N Equao _ 
-: 6.8 2-8 v (2):ir+v -g: 
_ But foraſmuch as the Square Root of aaaa — 5aa*+ 24 in the fourth ſtep may be 
5.— aa, as well as az — £, (for either of thoſe Roots being multiplied by it {elf 
js aaaa — Jaa -;) therefore let. — as be ſet inſtead of aa — in the 
fifth ſtep, whence this Equation will ariſe ;. 
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£5 £ „ 
9. Whence by due Tranſpoſition this Equation ariſes ; 
F 
8 . 
o. Wherefore by extraQting the Square Root of each part of thelaſt Equation ano- 
" als value of a is diſcovered, to wit, 
a=1 = (2): rr. - : 
I ſay the Number a ſought may be either 2 or 1, for either of theſe numbers will 
conſtitute the Equation Propaſed, as will appear. 15 | 


. wall Gen 
If . 7 . 0 0 2 a = . | 7 
Then conſequently 1 - - . 4a = 4, | 
An .. „ „ 2: i 
Tw. ͤ oe en © ® 
Therefore Jag — aa = 4. 
Which was the Equatjon propos'd to to be reſolv'd. | 
Again, If. ö „ „ 
8 Oe: | Then 2 © "SB 0, $.:2# 4 aa Che Fx, 
J%Sê˙ô%·ĩ m 2-0-1, 
VVV 
Therefore. . Faa — aaaa = 43 as before. 
2¹ EST. 3. 
1 What is the number re: ſented by à in this E uation ? » — 8. 
. Which Equation, d be Put for 9, a uns "F zag t. 


_— beexpreſt thus 
| -— RESOLUTION | 
3. Let the Equation propes', , by 0 of its Terms after the fame manner as 
h 


in the third, fourt h and fixth ſteps of the re rms 1 us J. Sect. 9.) be re- 
duced to an Equation of the ſecond of i the three re exp in ol 1. ſo 


. this Equation will ariſe, Viz, 


—— 4aaaaa — gaaa = — 8, 
| Or, aaaaaa — dann = —t, 
4. Ther by adding the Square of half the Co-efficient 9 ( 4 to each . the laſt 
SPI. there ariſes. 
aaaaaa— gage oþ 4 EL, 3 ny 


Or. | aaaaaa — daag + 2 2 24d * | | n 
; 3 And 


* 


F * 
„ 
f 
— a 
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=_ * 

* \ 
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5 > - 6-4 >a 


er 5 | 8 
-x 1 3 "0; rx * = b 
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fore ſpecified in Sect. I. of this Chap. 


f - way 2 . Ce TS 2 


ot „ . 
6 3 
ne 5 5 
* : 1 — * 6 


4 5 Reſolution of Quadratic Equations. BOOK I. 
5. And by extraQting the Square Root of each part of the laſt Equation this ariſes, . f 


aaa — _— 


, . 


Or, aaa - d == Add — t: 


6. Whence by equal addition of 2 ( or +) this Equation ariſes; „„ 


1 8 aaa = 2d: ddl - t: | | 
Therefore by exeraing the Cbic Roor of each part er th Equation one yl 
of a will be made known, v:z. Fe GEE LIE any 

a = 2 = (3): 5d+v:5dd — : 


7. 


g. But foraſmuch as the Square Root of aaaaaa — gaaa + ow in the fourth ſtep may 


be - aaa as well as aaa— 2, (for either of theſe Roots being multiplied by it ſelf, 


will produce the ſame Square aaaaaa— gaaa+%;,) therefore let 7 — aaa be ſer 


Inſtead of aaa — 4 in the fifth ſtep, whence this Equation will be made, viz. 
5 e EE YO oa ie ay 


Or, Ed — aaa = V 2d] — t: 


9. Whence by due tranſpoſition this Equation ariſes, viz, 


aaa = 5 = 1, 


Or, aaa = 2d — V/: dd —- :: 5 
10. Wherefore by extracting the Cubic Root of each part of the laſt Equation, ano- 
ther value of a is made known, viz. _ 1 e 
a =1=v (3):;4—vVqdd —t: 


I fay the Number a ſought is either 2 or 1, for either of theſe numbers will con- 


ſtituté the Equation propoſed ; as will appear by 


| ii 2, he 
mr TR ⁊ I WES 
Thin coakquently i 48 = KK: - 
And. 7 38:4 EY YH aaaaaa = 64, 


RI» + - «6 oc, « JW = 9H 
Therefore . . gaaa— aaaaaa = 8, 
Which was the Equation propoſed to be reſolved. © 


If 0 5 PE Eh 4 | . 3 9 = © I 
Then conſequently . . . . aaa = 1 
FOO rage = TY. 
oO So yi © ek 3 
Therefore . . gaaa — aaaaaa = 8B, as before. 


© From the Reſolution of the three laſt Queſtions the following Canon is dedu- 


ced for the reſolving all Equations which fall under the laſt of the three Forms be- 


CANON. 


From the Square of half the Co- efficient, or (which is the ſame thing)from a quarter 


Extract the 1 Root of that Remainder. 
Add the ſaid 


of the Square of the whole Co- efficient, ſubtract the Abſolute number given. 


quare Root to half the Co- efficient, an alſo ſubtra& it from half 
the Co- efficient, reſerving the Sum and Remainder. | 

Laſtly, when the unknown number which is multiplied by the Co-efficient in the 
middle term of the Equation is expreſt by a fingleletter only, as a, then the Sum and 


Remainder before reſerved are the two Numbers ſought, each of which will conſti- 
tute the Equation propoſed ; but if the ſaid unknown number in the middle term be 
2 Square, as aa, then the Square Root ſeverally extracted out of the Sum and Remain- 


der reſerved ſhall be the two Numbers fought; if a Cube, as aaa, then the Cubic 
Root ſeverally extracted out of the ſaid Sum and Remainder ſhall be the two Numbers 
ſought ; if any higher Power, then the Root for the kind muſt be extracted ſeverally 
out of the ſaid Sum and Remainder, which Roots ſhall be the two Numbers ſought. 
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An A of i the fart Canon, 


1. Let the preceding Queſt. 1. in Seck. 9. of this Chap. be here e 
viz, What is the number repreſented by a in this Equation ; 1 


2. Or, What! is the value of a in this Equation 1 


RESOLUTION 


E From the 80 dare of half the Co. efficient 10, 
do wit, the Square of 5, which is 
4. Subtract the given abſolute number . . . 
5, he remainder 1s . > | 
6. The Squ are Root of that remainder is 
7. To which Square Root add half the Co- 

efficient 10, to wit, jp 
8. The Sum-is the greater value of a ; ought, 

ER wit, . 7 
9. But ſubtracting the ſaid Square Root from? 

half the Co-efficient, the remainder is the 


lefler value of a, to wit 


} = 


: 
* « * 


4 


Either of which Numbers 6 and 4 found out in the two laſt ſteps will conſtitute 
poſed, as before has been + alba in the Anſwer to Dnef, I. in 


the Equation pro 
Seck. 9. of this Chap. 


Lo 


1. Let the preceding Quelt. 2. in Se@. 9 


this Equation ? , 
2, Or, What is the value of a in this Equation ? 


22 


3. From the Square of half the Co- efficient 5, 7 
2 wit, the Square of , which is 
4. Subtract the given abſolute number. » 
F. The remainder is > 


6. The Square Root of that remainder is. > | 
4 To which Square Root add half the Co- 
Lefficient 5, to wit, * 
8. The Sum is the greater value of aa, to wit, > 
: But d t the ſaid Square Root from 
half the Co- efficient, the remainder i is the 
lefler value of aa, to wit, 
10. Therefore the Square Root of the . in 
the 8th ſtep is the greater value of a, to wit, 
11. And the ſquare root of the remainderin the | 
ninth ſtep is the leſſer value of a, to wit, 


Y 
* - 


* — 
* 1 Ll * * - * 0 . 


oO > ®Q © 0 0 


5 


Either of which numbers 2 and 1 found out in * two laſt ſteps will conſtitute the 
uation propoſed, as before has been ptoved i in the Anſwer to Queſt. 2. in Seck. 9 


1 Im the preceding 


here repeated, vix 
5. 6 a in this Equation ? 
r, 


What is the value of a in this Equation EX: 
RESOLUTI 0 
3. From the Square of half the Co- efficient 9, 
to wit, the Square of 2, which is, . . 


this Chap, 


A Third Exanple of the Canon in Sect. 1 O. 


Je. 3. in Seck. 9. of this Chap. be 


1 


— 


7-4 


4. Subtratt the given abſolute number +> 


© > 


A Second Example of the Canon in Sect. 1 o. 
. of this Chap. be here 
repeated, viz. What is the — n by a in! 


SOLUTION, 


5 Iod —-44 24, 


ca- aa = 7 


2 ne nd - — o — 
n 
d 2 i 
. gy, — 99 = 
. . 5 D 2 GE - 
* 5 „ e „ * & ——— 


- Sox + OI 
— * mg 4 . — CESS 
* NS wa 
— * 2 2 
Bon 
EY — 6 2 
2. hb. a, o * 
Ye 6 "F 
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36 + Viacc — 1: 


e ec — 1: 2 


| 


ll 


Jaa — aaaa 


> rYaa — aaaa 


I 


1 
iT. 


VA -s: 


2 arr 5: 


Va): Ver. 
v(2):- rr. 


gada — aaaaaa = 8 


i daaa — aaaaaa = t 


N. 
0 
2 


5. The 


. q 
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Reſolution of Arithmetical Queſtions. 
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Mt 4 ee . „ „ 
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3. Therefore from the two laſt ſteps the Pro- 7 oY 


5. The net „. 
6. The Square Root of that remainder is - 2 | vV:idd—t: 
7. To which Square Root add half the 96; VV 
—_—_Yy DR i - x SS : | 
8. The ſum is the greater value of aaa, to wit, > 8 | Ad Vd — t: 
9. But ſubtracting the ſaid Square Root from * 
half the Co- efficient, the remainder is the- 12d -] ddl -t: 
_ _ of mw * wit, 7 1 Lp | | | 
10. Therefore the Cubic Root of the ſum in the } 1 
eight ſtep is the greater value of a, to wit, * N Y NV 195 
11. And the Cubic Root of the remainder in * 11 
the ninth ſtep is the leſſer value of a, to wit, 602 3 7: 
Either of which numbers 2 and 1 found out in the two laſt ſteps will conftitute 
the Equation propoſed, . as before has been proved in the Anſwer to Quef. 3. in 
Sed, 9. of this Chap. EE | 


[ 


Example 4. DP BY £8 

1. If b, d. , g repreſent ſuch known Numbers that bf. is greater than dg ; and, 
2. If ee 3 ee, 3 
 bg+dg-+bf + df  bg-+dg-+bf+df 
What is a equal to? 1 

1 5 5— 9 

. AAnſw. | to 1, and alſo to 
Anſw. a is equal to 1, an e FH4I72 ts 

Which values of à are alſo found out by the Canon in the Tenth Section of this 
Chap. but I ſhall leave the Operation as an exerciſe for the induſtrious Learner, and 
in the next place ſhew the uſe of the Rules before delivered in this fifteenth Chap. in 


the Reſolution of various Arithmetical Queſtions, 


CTHAL Int 


Various Arithmetical Queſtions, producing Equations that fall 
under ſome of the three Forms in Sect. 1. of the foregoing 
Chap. 15. and are reſolvable by their reſpective Canons in 
Sect. 6, 8, and 10, of the ſame Chap. 


9UEST. 1. 


T ffere are two Numbers whoſe difference is 16 (or c) and the Product of their 
Multiplication is 36 (or Y; ) what are the Numbers? e 


12 — Fe 


RESOLUTION  Numeral, | Literal. 
1. For the leſſer of the two numbers ſought put — a 1 a 
2. Then by adding to the ſaid leſſer number . Ye 
the given difference 16 (or c,) the greater g «+16 | te 


number ſought will bee 


duct made by the mutual Multiplication of- aa+ 16a aa ca 


the two Numbers ſought will be . . . 


4: Which Product muſt be equal to the given Product 36 (or þ) whence this Equa- 


tion ariſes, viz. aaa + 164 = 36, 
| Or, aa + ca = b. 3 
5. Which Equation being reſolved by the Canon in Sec. 6. of Chap. 15. the value of a; 
or the leſſer number ſought by this Queſtion will be diſcovered, vx. 


a = 2 e: = Ac. ft Hor 
. 6. To 


CHA'P. 16. "producing Cuadratic Equations 


a th I 


_ 4 — POT _—_— — 


8 _ _— 


- ſought will alſo be made known, vix. 
2 16 =18 = .ag. Tac. 
| _ Otherwiſe thus, 

1. For the greater of the two numbers ſought put 13 

2. Then by ſubtracting from the ſaid greater 7 e 
number the given difference 16, (or c) the - 4—16 PIE. 
leſſer number ſought will bee _ 
3. Therefore from the two laſt ſteps, the Pro- 7/ . 
duct made by the mutual Multiplication > aa—16a is 
of the two numbers ſought will be . 7 — „ 
4. Which Product muſt be equal to the given Product 36, (or 5;) whence this Equa- 

tion ariſes, vix. | oy, he e 

| ang 16a OT 36, „ aa — ca = b. 5 
5. Which Equation being reſolved by the Canon in Sec. 8. of Chap. 15. the value of 
a, to wit, the greater number ſought will be diſcovered, viz. | 
24 18 = V+ + 2. | So 

6. And by ſubtracting from the ſaid greater number the given difference 16 (or c,) 
the leſſer number ſought will alſo be diſcovered, iz. Rag 

18 — 15 = 2 = Vibþ ic; — I, 

From either of thoſe ways of Reſolution, the numbers ſought are found 18 and 2, 
which will ſolve the Queſtion propoſed ; for their difference is 16, and the Product 
of their Multiplication is 36, as was preſcribed, . _ by : 
Moreover, the two laſt ſteps of each Reſolution by Literal Algebra give one and 


6. To which lefſer number adding the given difference 16 (or c) the greater number 
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the ſame Canon to ſolve the Queſtion propoſed; . . 
nn cc 
To the given Product add the ſquare of half the given diffetence, and extract the 
ſquare Root of that ſum ; then to the ſaid ſquare Root adding half the given differ- 


ence, and from the ſaid ſquare Root ſubtracting the ſaid half difference, the ſum and 
Remainder ſhall be the two numbers ſought, FFF 

Therefore the difference and the Rectangle (or Product of tlie Multiplication) of 
any two numbers being ſeverally given, the numbers themſelves ſhall alſo be given 
by the {aid Canon. 8 5 . 


QUEST. 2. 


There are three numbers in Geometrical proportion continued; the difference of 
the extremes, that is, of the firſt and third is 16 (or c.) and the mean is 6. (or m;) 
j ig Eg o eeades 


„„ c SOLUTION 
7. For the leſſer of the two extreme Propor- Þ © © 
tionals oaght Mut 6» > 1 
2. Then by adding to the ſaid leſſer extreme ? |] Ss Ss 
the given difference of the extremes, to —-— 44167 | ac 4 mY 
wit, 16 (or c,) the greater extreme will be Y ])“ Ts 
4 Aa the V Diane contained un- 3 
der the extreme Proportio ane. PD 3 
the Product made by 5 — Multi- 2 aaf 166 5 adi 
pation) hay Me HEAPS. 
4. Which Rectangle (or Product) muſt (by Se. 1. Chap. 13.) be equal to the 
_ ſquare of the given mean Proportional 6 (or i), hence this Equation; 
| aa 16a = 36, or, aa-ka = mm. 
5. Which Equation being reſolved by the Canon in $:&. 6. Chap. 15. the value of a, 
or the leſſer of the two extreme Proportionals ſought will be made known, viz. 
2 : 6&2 = Vantage 
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6. To which leffrcxcreme: Props adding 16 72 6 agen — 7700 

extremes, che greater of the two extreme Proportionals will alſo be diſcovered, vix. 
2416 = 18 = Vimm f- acc: Tir. 

I fay the two extreme Proportionals ſought are 2 and 18, between which the given 


number 6 is a mean Proportional; for, as 2 is to 6, ſo is 6 to 18. 
Moreover, the two laſt ſteps of the Reſolution glve the following uon to find 


out the extreme E ſought. 
CANON 


Io the dots of the given mean Proportional add the Square of half the g given dif: 
ference of the extremes, and extract the ſquare Root of that Sum; then to the ſaid 
ſquare Rootadding half the ſaid difference, and from the fad ſquare Root ſubtracting the 
ſame half difference, the Sum and Remainder ſhall be the extreme Proportionals ſought. 
Therefore if of three numbers in continual proportion the mean be given, as alſo the 
difference of the extremęs, the extremes _ be — ee by the faid Canon, 


7 


rern SH - I — oY — . 


9 U KE s J. + = x | 
There are two numbers whoſe Sum is 20 d (6 or & and the Product of their n. 
plication is 36 (or  ;) what are the n 5 


6. 


R AHS 0 LU TI 0 A. 
x. For one of the numbers ſought put OY | 4 
2. Then by ſubtracting that number from the = 5 . 
| iven Sum 20 (or 6) the Remainder will - 20m C2 
be the other number fought, to wit. RE | 
3. Therefore the Product of the Multiplica 5 A 


tion of thoſe two numbers will be 
4. Which Product muſt as to the given Product 36 * * whence hs Equa- 


tion ariſes, vw. 20a—ag = 26, 


5. Which 7 4 being 2 tred by che Canon i in Keck. 10. 1 155 th two y alnes 


OOO — et niet 


a = LY 18 eee 


Ardennen ee 900 16 60 8 for their e 


their Multiplication is 36, as was preſcribed. 
Moreover, if the two values of a, which are expreſs'd by Letters in the laſt ſte 


= wigs 1 
the Queſtion propoſe 5 * 5 


From the Square of half the given dum ſubtract the given Product, FRE extralt 
the ſquare Root of the Remainder ; then to the ſaid half Sum adding the faid- ſquare 
Root, arid from the faid half Sum ſubtracting the fame ſquare Root, the Sum and | 

Remainder ſhall be the two numbers ſogght. 
Therefore the Sum and Rectangle (or Produck of the ha een ) of any two 
numbers being ſeverally given, the numbers ORs a: ſo be gen wid 


** the ald Canon. ; . 
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Tbere ste three numbers in continual proportion; the i of he extremes is 1 

(or c,) and the mend proportional is 6, (or mj what are 4 extremes? l 
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2. Ten by ſubrrafting that exttetne from 20 . 


bor «( the given Sum, the Remainder will e 20-2 


3. Therefore the Product of the Mulciplicati. } 


>, * 


3. Therefore the Rectangle contained. under) | 
the extreme proportionals, (to wit, the — 20 -a 
FPreductof their Multiplication) ſhall be ß 


| Aan f 


pa Which Rectangle (or Product) muſt (according to Sell. I, Chap. 1 3. bis equalto 


A +> # * $ 


the Square of the given mean Proportional 6 (or n,) whence this Equation ariſes, viz. 


5. Which Equation being reſolved hy the Canon in Se@, ro. Chap. 15. the two values 
of a, which are the numbers ſought by this Queſtion will be diſcovered, viz. 
. 4 A 4 18 = 3c + Vcc - um: 

Tay the two extfetne Propottionals ſought are 18 and 2, between which the giren 

number 6 is a mean Proportional ; for, as 18 is to 6, ſo is 6 to 2. | 


* 


_ * Moreover, if the two values of a which are expreſsd by Letters in the laſt ſtep of 


che Reſolntion be expreſF'd by words, they will give the following Canon to find out 


the extreme Proportionals ſought. 


From the Square of half the given Sum of the extreme Proportionals ſubtract the 
Square of the given nean, and extract the ſquare Root of the Remainder; then to the faid 
half Sum adding the ſaid Square Root, and from the ſaid half Sum ſubtracting the ſame 


ſquare Root, the Sum and Remainder ſhall be the two extreme Proportionals ſought. 


Therefore if of three Numbers in continual proportion the mean be given, as alſo the 
Sum of the extremes, the extremes themſelves ſhall be given ſeverally by the ſaid Canon! 
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There are two Numbers whoſe difference is 15, (or d.) and if the Product of the 
Mulripheation of the ſaid two Numbers be divided by 2, (or c,) the Quotient will 
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700 inn, è 
1. For the leſſer Number fought put e, | N ; | : 


a+15. „ 


| 


a „ 


give the Cube of the leſſer Number ; what are the Numbers? 


ber, to-WIt, -- - » 3 

VV aa- Fd 
5. From the firſt ſtep the Cube of the like} TC 3 9 
Number is "bx 


x es oh | aaa aaa 
. 34 5 91 * „„ Re $$ 4 E | | b 5 
6. Which Cube muſt (as the Queſtion requires) be equal to the Quotient in the 
fourth ſtep, whence this Equation; 5 bs 
5 | SY 


Or, | aaa = e ee 


ͤ ĩ . ——— . mapa EE * 
7. Which Equation being duly reduced (according to Sed. 2, 4, 3, 5 of Chap. 12.) 


there will ariſe 5 aa - 2 A 


1 d 
C 


8. Therefore the laſt Equation being reſolved by the Canpn in Sec. 8. Chap. 15. the 


value of a, to wit, the leſſer number ſouglit will be diſcovered, viz. . 
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F. Therefore from the two laſt ſteps t 
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9. To which lefſer number adding che given difference 15 (or 9 the Sum ſhall be 


the greater number ſought, to wit, : [ 2s iT 1915 0 8 
+15 =18 = . N 5 DT 
3 K 5 &. „„ „ e ie 


10. I ſay the tuo numbers ſought are 3 and 18, which will Ratiafie the conditions. in. 
the Queſtion, for their difference is 45, and if the Product of their Multiplication 
- 54 be divided by 2, the ore is 27, which! is the Cube of the leſſer number 35 
as was require. da” Fake oda 

1I. But if the Equation i in the eighth ſtep be expreſed by vhs. it will give the fol- 
lowing Canon to find out the leſſer number 58 70 T0 which Lac the 70 185 
ference, the Ren: number i is alſo „ + NG 

D917 5 e Wy 


CANON, . 


Divide the given difterence 5 the gi Pn viſor, alſo divide 1 (or Unity) by the 
iviſor, add thoſe two Quotients together, and 
um; then to this ſquare Root add, the Keel her 


be. the, 


of the two ah ug, 5 which increaſed d with their given Ui e will E "the 
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- GUEST. 5. TRE > 


There are two numbers whoſe — is 2 (or 2) and the Sum of their Squares 
is 1 130 (or 0 what are the numbers? 


RESOLUTION. „„ 


l. Tu the leſler n fought put 47515 PD „ SY 
= Then to that leſſer number ation | e 


given difference 2 (or d) the Sum ſhall > Fs a 842 

be the greater number, to wit, e e 
2. Therefore from the firſt ſtep the Square of 7 TH c nor 
the leſſer number is e ER 


NF 07 


And from the ſecond ſtep the Square of 24 F413 - LIT £4: 
3 the greater number is. vs 3 I 4 N | aA 
e Sum 
of the Squares of the two numbers ſought 5 Banner 4 * 24 ada HE 
6. Which Sum muſt be equal to the Sven Sum of the Squares 130 (or c,) whence 
this Equation ariſes, viz. ' | i CIO 
2aa + 40 ＋ 4 230, 5 ISS 
* r e 6. 9 
7. Which Equation, after due Reduction according to the Rules of the rnelſth Che. 
will give this Equation,” viz, aa + 24= Bx-: 
Or. Te dw 5 
3. Therefore the Equation in i the laſt ſtep being reſolved Sede to the Cation in 
Seck. 6. Chap. 15. the value of a, to wit, the leſſer number lought- by the Queſtion 
8. - will by made known, va - 
a= N PETR 5 5 
9. To which leſſer number adding the given difference. 2 (or 4) the Sum mall be the 
greater number ſought, to wit, 
2 T+2=9 = VE -dd. mb] . 
10. Iſiy the two o numbers AT are 9 and 7; for their difference i IS 2, 45d he Sum 


4 


9 , ” 71 


. 


of their Squares is 130, as was preſeribed by the Queſtioͤn. 
11. Moreover, from the eighth and ninth ſtep ariſes this 


CANON. 


From half the given Sum ſubtract the Square of half the given difference,” and ex- 
tract the ſquare Root of the Remainder; then from this {quare Root ſubtract half 


the given difference, rhe Remainder ſhall be the leſſer number ſought, to which adding 


the ven difference the Sum ſhall be the Werk Number. 


Fi 
GY 


QUEST. 


kk ® 


[WHEY 


* 
— * 


CHAP: 16. 2 e Eg quatians.\ 


100 — what are the Numbers: "OSA 


5 Which Sum muſt be equal to 100 (or c) the given Sum of che n whence 


Io. Moreover, if the two values of a which are PAs by Letters in the — 


of the two numbers, and extract the ſquare Root of the Remainder ; then adding 
the {aid ſquare Root to. the ſaid half Sum of the Numbers, the Sum of this Addition 
ſhall be the greater Number; but ſubtrafting the ſaid- ſquare Root from the ſaid half 
Sum of the N ing Remainder ihall be the _ nem, | 


: 7 F 
VET 4&4 4 ES WE TEE * 


4 Which ubtracted from the given "IN 14 


o 


Es OY” _ 
8 G Ss WW" 5 » # +. A Þ 


. * * Y ' EF * , 
"8 \ " ? Fu 12 1 * 1 . Fat e 1 \ 7 : _ CJ or FF» *% 4 9 2 By : os . * a ' }. | q 38 | q 4 $4 ' F \ 
r 1 C24... ; $ SY) ; E $$ ® . 0 2 ＋ $. j 2 ** 8 *. A I * 297282 * 1 g N - _ 7 ” [ v ww 0 a. 9 Py 
* . , 7 -» | d - 
« ? " « , % , B . 


III 14 
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— 5 — * , 444 %- 


There are two Numbers whoſe Sum i 14 (1 or b ), 1 5 cheSum of their Sg 18 


5 


2 RBSOLUTION.” 
Fhe Numbers ſought put coil bab, An: einn! 


(or 5) leaves the other Number : =: ©=S 


3. The Square of the firſt number i „„ EA | 
$! The Square of the other Number is 22844196 * aa—2habbh - 
57 The Sum of the ſaid Squares is = . + 2aa—28a-+196 | 2aa—2ba+bh 


this Equation riſes] , des '= i. 
Or. 2a — 20a bb =" c. e, 
7. Which Equation, after due Reduction, n to che Rules &f che enelſth h Chap, 


3 * 


will give this following W * 1 * 


14a — aa = 48, 
Or, ba pee 1 


8. Which Kandi being IR by the Canon in Sec. 10. Chap. 15. the two Ales 
of a, — are the numbers * wy this Queſtion, will be diſcovered, viz,- 
= 3b + We-. 
15 — 205 _— c Ebb. 
5. Thy the Numbers Dügbr are 8 and 6; for their Sum is 14, and the Sum of 4 
"I uares is 100, as was preſcribed. _ 


# =; 


np be expreſs'd by words there will ariſe this - 


r hy 
From half the given Sum of the Squares 3 the Square of half the given Sum 


** nd 1 1 * he $ 
* 


* 4 * 
o 2 — F ³˙A ns As A. * — A. — — 


the difference between the ſum of the extremes and the mean be multiplied by the 
ſum of the extremes, the Product will be 1120 (or 5;) but if the ſaid difference be 


operons,” whe Product will De 14 456 11 
what are the Proportionals „5 


RZS0LUTION. 10 

1. For the difference of the Sum of the 2 

Extremes and Mean put 5 „„ 4 
2. Then, according to the Queſtion, the an: c UTRnenTY 
-—of the extremes Is”. ES: 4 = 
3. From which ſum if the difference in the} - ; 

firft ſtep be ſubtracted, the Remainder will | 1120 _—yy HR 

be the mean proportional, to wit, > 3 
4. Therefore from the two laſt teps the ſum 1 — V . 

of all thtee propottionals is 1 


5. Bur (according to theQueltion) if — ſum of i the three proportionals be mul- 


. 


8 


+ 


„ 714 10 ö | , eo ao" | f . 7 81 
Pole. . 37% 3 7151 * 15 2 Or, * * 23 1 da = 6. , . - 1 Fe 8 8 


n 7 — ef .> 


2 UEST. 8. 5 
There are how Nu mbers in Geoffietrical 8 e and ſuch, that if 


os ; y £ 
* 


tiplied by:the'- difference of the ſum of the extremes and the” mean, the Product 


muſt be equal to 1456 (or c;) therefore from the firſt and fourth 1 this follow- 
ing e ariſes, VIZ, r 


} 


+ d EF 
VS 


\ 


; 1 * — 
0 ' - . 1 . 4 4 R hh 5 , | "W - Y 2 
R (1 ( 7 k 
*. © 
* . 
efelrtion\ of Arithmetic al\ Queſtions = B O L | 


6. Which Equation being mica according. to the Rules of. the twelfth Che. ith 
value of a will be diſcovered, 'viz.- - © 
; 1-130 K. 5 | { 
„ 4 fore Bf from the eth and * ſteps, the Sum of eee isalo damn. 


40 == — the Sum of the extremes. 


8. And from the fb and third KS then meaty e is e 


12 = = = the. mean. 
Via: 
9. Laſtly, the Sum of the extremes of three continual arqgortionals being given 40 


x RO 


as alſo "the mean 12, "the extremes ſhall alſo be given ſeverally by the Canon of the 


Bank Sueſion of this Chap. to wit, 4 and 36; therefore the three continual/pro- 


3 portiona 


veſtion propoſed, as will 0 by . = 
2 vit * 1740 75 | The Proof. wh = Areas In DH AREE” oa 
| I. 4h 12, 26 are =; for, 4X36 12 * 12. 141 5 
II. 4 + 36 —12 into 36 + 4 = 1120. 


: III. 4 25 36— 12 into 4 + 12+ FO = 1476. 


4 : 1 
— 1 0 n 1 rt. 1 ek. 4 4 1 


* 
— * . BF”, 7 us SS & < +5 D — — 
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U E 5 7: M5 
There are two Number whoſe Sum is 10 (or b,) and the Sum of their « ogy | is 
520 (or C 5 what are the Numbers? 


5 RESOLUTION. 
I. 12 one of the Numbers ſought put. PU Me Bs 


* 
n 2 2 , 
* 3 3 2.8 * 7 7 — * 7 . * 7 £ 7 I Fi 


Bf 


b ' 1 PY 1 3 . 1 2 
Wer 


A - 
2. Then by ſubtracting that Number from the; 
given Sum 10 (or 6,) the other Number 6 „ — 
%% œ—W⁵˖ S [SED —r 10 Þ 067 THe: 21 
3. The Cube of the formet 1 . 1 — 


4 And from the ſecond ſtep the Cube of the latter Number is 
OF | 1000 — Zoos ＋ go — aaa, 
Os, bbb — 3bba + 35 — ada. Fr 
4, Therefore the Sum of the two Cubes in the third and fourth ſteps is 1 
I000 — 3Ooa ＋ 3oaa, 
| . Or, bbb — 3bba + 3baa, . 
F. Which Sum muſt be equal to 520 (or c) the given Sum of the Cabes, whence 


this Equation ariſes, viz, 1000 — 300 ＋ zo = 520, 
Or, bb — 3bba + 3baa = C. 


6. Which Equations after due ReduQtion according to the Rules of the twelfth Chap. 7 


will give this Equation; „ 16 = tos — aa, 


Or, Lo = ba — aa, 
7. Therefore the laſt Equation being reſolved by the Gee | in Seck. 10. Chap I5. the 
two values of a, which are thenum bers ſought by this Queſtion,will inal. cb 


bb. 


p iþ 3 — > _ 
2 ' ; 30 5 12 8. 
4 = Ir , 
350 F 


8. I y the two Numbers ſought are 8 and 2; ; for their sum i is 10, and the Sum of 
their Cubes is 520, as was preſcribed. * - - 


9. Mogeover, if the two values of a which are « expel by Letters FO the dent e 


deeper ge words, they vile OF, 


From the Quotient that ariſes by div 15 ing. the given Sum of the two 81 1 = 
u 


triple of the given Sum of their ſides, ſubtract + of the Square of the laſt mentioned 


(1 3:7} « 57 0 | | Sum, i 


$ ſought are 4, 12 and 36, which will farislis the conditions in the 


. — — „ * 222 - - — 9 


E H A F. 1 6. Dale e Equations. Zo 103 
— K 4 > 
Sum, and extract the uare Root of the Remainder ; then adding the 1: 1 
Root to half the ſaid Hu of the Sides of the two Cubes, and alſo te Gi 9 


faid ſquare Root from the ſaid half Wm, the Sum and Remainder ſhall be the Sides 
or numbers fought. 


"4 JC G "as « 4c... tac cu ww wr 12 — — — ·˙ ++ — 


. TY 
There are two e whoſe Sum is 10 (or b,) and the proportion Which their 
the Num * to the Sum of their Squares i 18 as 2 to 29, (or by r to s; what are 
2 umbers? ey ol 


« 


— — 
o 


—— 


2 ” 
CY 
= 3 ” A N — 
% 5 * . —— R " — - T 
pt * 8 —_— rr * — — » 1 — at whe — . 
AL OO 1 \ RT. 
EE = 
* = pra 8 Cat SED nes CELLS TI 
4 7 bd e Egit 
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— EE 
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Y x RESOLUTION 15 

1. For the greater number ſought put 5 . bi 

2. Which ſubtracted from the given Sum 33 5 | 5 "nt 

(or b) leaves the leſſer number 1 e b—a mY 
3. Therefore the difference of the two numbers is 3 1% apa 
4. And from the firſt ſtep the ſquare of the? © Ts of 


greater number is 
5 And from the ſecond ſtep the Square of the leder number is 


100 — 20a + aa, 
Or, hb — 2ba + aa, - 
6. And from the two laſt ſteps the Sum of the Squares of the two nutnbers rs Gogh is 
| 190 -— 204 - 2% 
Or, bb — 2a + 24a. 
7. Then according to the Queſtion, the difference in the third ſtep muſt be to the 
ſum of the uns: in the fixth ſtep as 2 to 29, (or as 7 to s;) viz. | 
2  . 29 <4  205=T0 » 100 — 20a + 24a, 
Or, 7 s 1: 20mm bh , 55 — 2ba + 244. 
8. Which Analogy may be converted into this following Equation, (according to the 
Theorem in Chap. I. Sect. 13.) viz. © 
| 200 — 408 + 4a = 58a — 290, 
Or, vb — 2rba+ 2raa = 25a — 35. 
9. Which Equation, after due Reduction Lee to the Rules in the 32 Gy, will 
produce this iS Equation 155 — uh 


10. Therefore by . in the laſt ſtep according. to ScE. 10. Chap. 1 5; 
the two values of a, or the two Roots of that Equation will be made known, viz. 


1 


„ 


7 7 ar 4 - 
II. The leſſer of which two.Roots or undes to wit 7, is the greater number ſought 
by this Queſtion ; and conſequently, the ſaid 7 being ſubtracted from the given 
ſum 10, tte Remainder 3 is the leſfet number fought. Fr 
I fay 7 and 3 will ſolve the Queltica. for their Jum is 10 ; and their difference 4 : 
is to the ſum of their ſquares 58, as 2 to 29; which was preſcribed. 5 
12. Nate. Altho the value of à in the Equation 1 the ninth ſtep may be either 
Lor , (for that Equation may be Rp by T as well as 7,) yet 7 only, to 


wit, the leſſer value of a, hall be the Ke er number ſought by this Queſtion. 
For that the greater value of a, to Vit, — ——+ ++: 15 0 1 E never be 
equal to either of the two numbers ſought, 77 prover thus; Firft, it is . by each 


of the values of a expreſs d by Letters in the tenth ftep, That if 3 then con- 


2 "a7 3. and the two values of 4 are equal one to the other , each 
15 being 


S RE EE SS rom RSS IE 
gon — Iofolwiga of Svithnetic) Gneſtiour "BOOK 


equal to the Sum of their Squares. 


| YL 

1 
two values of a can poſſibly be equal to either of the two numbers ſought ; for that 
which is equal to the ſum of two numbers muſt needs be greater than either of them: 


_ Secondly, If — © Le which is a neceſſary Determination to make the Queſtion 


2-2 5 
bb 


being equal to 3 + —, that is, &; and therefore in this firſt caſe, neither of the 


poſſible, then the greater value of a, that is, —+ #4. 9. —:; is manifeſtly 


2 . * 
greater than þ the given ſum of the two numbers ſought, and therefore it cannot be 
equal to either of them. Wherefore the ſaid go value of a cannot in any caſe be 
equal to either of the two numbers ſought. Which was to be proved. © 
But the ſaid leſſer value of a is the greater of the two numbers ſought, and conſe- 
quently they are given ſeverally by this following ns 1 

„„ EO bo CANON oo 
13. From the Quotient that ariſes by dividing the Square of the latter term of the given 

Reaſon by the Quadruple of the Square of the firſt Term, ſubtraQ a quarter of the 
Square of the given Sum of the two numbers ſought, and extract the ſquare Root of 
the Remainder; then ſubtract that ſquare Root from the Sum of the Quotient that 
ariſes by dividing the latter Term of the given Reaſon by the double of the firſt, and 
the half of the given ſum of the two numbers, fo the Remainder ſhall be the greater 
number ſought; which ſubtracted from the ſaid given ſum leaves the leſſer number. 
14. From the premiſes this following Queſtion may eafily be ſolved, viz. The ſum 
of two fumbers being given, ſuppoſe + (or b,) and their difference being equal to 
the ſum of their Squares, to find the numbers. | hp © 
Firſt, ſuppoſe x =s = 1; (becauſe the Terms of the Proportion in this Queſtion 
are equal to one another,) then the two values of à before expreſs d in the tenth ſtep 

will be converted into theſe, vx. VF . 
C 
„ IT. EEE 

The leſſer of which values of a, to wit, +, is the greater of the two numbers 


he i 
: ſ * 4 


fought; and therefore the ſaid + being ſubtracted from + the given ſum, leaves + for 


the leſſer number. I fay + and + will ſolve the Queſtion, for their difference 2 is 


— 2 


9 * 2 
* P 


QUEST. 11. | 
There are two numbers, the Product of whoſe Multiplication is 48 (or p.) and 
the difference of their Squares is 28 (or d;) what are the numbers % (©) 


RESOLUTION. 


I. For the greater number put 's- | 2 
2. Then dividing 48 (or y) by a, the Quoti- 48 p 
ent is the leſſer number, to wit, . . > | * | * 
3. From the firſt ſtep the ſquare of the grea- | 3 
/ | 7 e "8 BE a 
4. And from the ſecond ſtep the Square of? 224 # 
the leiler number is 47 | „ aa 
5. Therefore the difference of the ſaid Squares is 2384 — 


this Equation ariſes, vix. 


£ y | 3 OY r „ | 
6. Which difference muſt be equal to the given difference of the ſquares, whence 


aaaa — 2304, 


= CE - Þ on | 
AC |. 2 = T7 - 
* 4 i pe aa * 


3 7. Which 


— ——— — pea 
7. Which Equation, after due Reduction according to the Rules of the twelftk Chap, 1 
will produce this; ann — 28 = 2304, ra a 

3 Ot, aaan — daa = pp. 8 

8. Therefore by reſolving the laſt Equation according to the Canon in Se@. 8, Chap. 
115. the value of a, to wit, the greater number ſought will be diſcovered, viz. © 

= 1 3 * n f | 

Whence the greater number is found 8, by which if the given Product 48 be divid 
"the Quotient s isthe Jefſer Number ſougt.. RamIGeR, 
I. fay, the Numbers 8 and 6 will ſolve the Queſtion ; for the Product of their 
Multiplication is 48, and the diffetence of their Squares 64 and 36 is 28, 2s was 
"_ ie = 
Moreover, the Equation in the eighth ſtep gives a Canon to find the preater of the 
two numbers ſought, by the help whereof and the given Product the leſſer number 

ſhall be alſo given, 5 „ 7 e | 


CHAP. 16. producing Quadrutic Equations. 
2—— — * 2 4 


* 12 be 


* 


— 
XJ" 


CANON. 


9 To the Square of the given Product add the Square of half the given difference of 
the Squares, and extract the Square Root of that Sum; then to the ſaid Square 
Root add the faid half difference, and extract the Square Root of this Sum, ſo 
ſhall the laſt Square Root be the greater of the two Numbers ſought ; laſtly, by 
the ſaid greater number divide the given product of the multiplication of both num- 
bers, and the Quotient ſhall be the leſſer Number. 


! C * 

—— —.— — F wm ⁰•ůͥuĩmꝛmͥa TC ẽůͥwĩ— ⁸⁴¹d . ITY 8 1 1 

F 1 * 
5 3 —— 


* 


. 


. 3 | | | | 2UEST. 12. | 
There are two Numbers the Product of whoſe Multiplication is 48 (or p,,) and 
the Sum of their Squares is 100 (orc ) what are the Number: 


„ RESOLUTION 
1. For one of the numbers ſought put FE. 7 
2. Thendividing 48 (or p) by a, the Quotient } 3 
will give the other number, to witt. F =" | 
3. From the firſt ſtep, the Square of one of 
. ͤ or os aa 


4. And from the ſecond ſtep the Squate of oy. 2304 

other Number is. J.Þ = 
5. Therefore the Sum of the ſaid Squares is - — * 
6. Which Sum muſt be equal to the given dum of the Squares, whence this Equati- 
a A, 8 0 FT — 2 LOO, Z 


os — 1 . = 
7. Fromwhich Equation, after due Reduction by the Rules in Chap. 12, this will ariſe, 


2304 = Iooaa — aaaa, 


. 
* 


| cad — ada. 
8. Which laſt Equation WR. reſolved by the Canon in Se. 10. Chap. 15. the two 
values of a, which are the Numbers fought, will be diſcovered, v. 5 
| 1 V (2) 2c t —pp: 
; a 45 = V (2), cc — bo | ITE 
9. I fay, 8 and 6 are the Numbers required; for the Product of their Multiplication 
is 48, and the Sum of their Squares 64 and 36 is 100, as was proſcribed. From 
the laſt ſtep alſo ariſes this EE Ebay 


RIP From the Square of half the given Sum of the Squares of thetwo numbers ſought : 
fubtract the Square Aue giren Jerry of their Malriplicaion and extratt the ſquare 
Root of the Remainder, then to half the ſaid * add the faid Square Root, and on 


i 


. My 
"4 
« * 


the id half Sum ſubtract the ſaid Square Root; laſtly, — the Square Root o 


8 the Sum of that Addition, -and alſo of the Remainder of the latter ever ſo 
Thall theſe two Square Roots be the numbers e 2 SY the he wn Pfopos * 
8 2E FT. 13. : 
"There are two Numbers whole Sum 1s 14 (or 50 an if the Sum of their Squares 
be multiplied by the Sum of their Cubes, the. Product is ns 0 c * what ate : 
the Numbers i P +63 1k 
5 RESOLUTION. $144 OH: Ef 
I. Fox one fide Hobo age one M 1 1% „ 7 2 
2. Then, that their Sum may be 14 We +4 N 
the other number muſt be „ 


3. The Square of the firſt Number 1 WE Gi. | i aa+ bak 1þþ 


4. The Square of the latter Number is. . ) aa—14a+ 49. aa ba 40 1 
5. Therefore the Sum of their Squares is Ss - 2aa+ 98 Aa- 07 
. A the Cube of the firſt Number as _— EPL Sy T3 A 

| 6 11004 1456+ % | 


Or, aaa+} an- Labba-T. bbb. 
; „ And the Cube of the latter Number will be - 
i L aaa 21432 Eee 343, | 
Or, _—aaa+3baa — ha bbb. e 
8. Therefore the Sum of the Cubes i in the two laſt ſteps is 3 
42aa T 686, Or, Zbaa + 2bbb, 


in the fifth ſtep, Produces | 84aaaa + 5488aa + 67228, Ts 
| Or, © 6baaaa + 2bbbaa + 2bbbbb. * 


"a in the Queſtion, whence this Equation ariſes, viz. {© TT 
' B84aaan + 5488aa + 67228 = 72800," Jo ons 8 
Or, Gbaaaa. + 2bbbaa + bbbbb = c. TTY, | 


— LEE: 


twelfth Chapter, this will ariſe ; ; aaaa = 


BY. 


1 . vn DE Or, aaaa * 1 — 7 — Albbb. 


a will be diſcovered, Di. 


1 = YO: * 3 ah 


r 


13. Therefore ffom the twelfth, firſt wa ſecond ſteps the two numbers fought : are 
made known: f 8 
74128 N * - 7 * bb. — 25: 


71 = ): * 4 T 5000. 3 
* the numbers TY are 8 and 6; 51 their Sum is 14, and if 100 the 


be 72800, as was preſcribet. 
Moreover, the thirteenth ſtep gives 2 Canon to find out the Numbers Wande 


CANON. 


Divide thegiven Product by ſix times the given Sum; then to the Quotient N N 
of the Biquadrate of the given Sum, and extract the Square Root of the Sum of that 


A . Sum and Subtract it from the ſaid half Sura, io bore the Sum and Remain- 
RR" the two numbers bought. i 5 
C 


\ %8s 13% 7 # 4 K * N. 
8 * 3 g . # 4 WT 
\ bY 4 7 ” 
EF” * 1 N 1 - 
TELE Pt ' "hg 
oy y 4 N. 1 1 l "=> . 8 5. - 
— I „ 3 
1 & 1, 1 « "0" 
Ly 2 ” "160K > . 
= 7 A e „ 7 "= +2: 4 
© 20 ; , "4 IH Wh 
4 - HS: 
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f 


48 4a white 


* Which Sum of the Cubes in the laſt ſtep being Multiplied by the Sum of the Squares 


o. Which Produdt in the laſt ey muſt be equal to 72800 (or 9 the Product gi. 


11. And from that Equatien, after due Reduction accordi ing | to 5 Rules of the 


2. Which Equation being reſolved h the Canon i in Sect 6. of Ow 15. the he: of 


Sum of their Squares be multiplied by 728, the Sum of their Cubes, the Product will 


Addition; then from the ſaid Square Root ſubtract + of the Square of thegiven Sum, and 
. the Square Root of the Remainder ; laftly, add this Square Root to half 


' Satin EIA ——„— W 


n ah 


2 


om of their Cubes is 189 (or c ) what are the numbers: 


25 . RESOLUTION, 
1. * of the Numbers ſought put. 
2. Then, by dividing the given Produtt 20 20 
(or b) by a, the other Number will be. 2 N 4 
3. Therefore from the firſt 8 50 the Cube of 
the firſt Number is 1 | 
4. And from the cond 1 ep the Cube of they. 8000 
other number is VV = 


a4 


| aaa 2 Sy 
5. Therefore the Po of the ſaid Cubes i is | TIED 


8 are two catiſtzis' the Product of whoſe Þ@ Matcplicarion is 20 0 G 0 and the 


bb 


aaa 


aaa 


6. Which ſum muſt be equal to 189 (or 0 the Sum given in | the ' Queſtion whence 


this 1 ariſes, viz. 
aauaaa TY 8000 


= nes 
e aaa 22 
2s Or, aa bbb . 
. aaa £25 
> Which N being reduced according to Sec. 2, 3, and 5. of Chap. 12. there 
will ariſe | . _ Booo =: I89aaa — aaaaaa, 
Or, bbh = caaa — aaaaaa. 


8. And by reſolving the Equation in the laſt ſtep by the Canon in $28. 10. Chap. 15 the 


two values ofa, vrhich are 0 numbers ſought by this  Queſtion,will be made known, viz. 


> 1 == IZ) TVI — Þbþ : 
4 =v(3): 36: icc — bb 


9. I ay, the numbers ſought are 5 and 4; for the Product of their Multiplication 
is 20, and the Sum of their Cubes 125 and 1 is 189, as was preſcribed. 


Moreover, from the two values of a expre 
following Canon ariſes to find out the number ſought: 
CANON. 


by Letters in 1 aan ep thy 


From the Square of half the given Sum ſubtract the Cube of the given Product, 
and extract the Square Root of the Remainder; then add the ſaid ſquare Root to 
half the given Sum, and alſo ſubtraQ it from the ſaid half Sum; ; laſtly, extract the 


Cubic Root of the Sum of that Addition, and likewiſe extract the 


ubic Root of 


— 


KEC . 


the latter iy ne. ſo ſhall theſe Cabic Roots be * n ſought. 


There are two numbers the Product of whoſe Multiplication i is 20 tis 1% and the 


difference of their Cubes is 61 (or d;) what are the numbers? 
RESOLUT ION. 


* For the greater ofthe two Numbers ſought put = 
2. Then, by dividing the given Product ge: ut 
(or b) by a, the lefler number will be. = 
3 Therefore from the. firſt ſtep the Cube of IS - 
- the greater number is aaa 


4. And from the ſecond ſtep the Cube of — 8000 
ode 2 19 „ 3 
5, Therefore from the two eps, ˖ e di — 
ference of the Cubes of the two Nt umbers © eee 2 


„ 


aaa 


6. Which difference maſt be equal to 61 (or #1 the difference Gun in the Queſtion, - = _ ; 


whence this Equation ariſes, viz. 


1 mY 


SR » | 
aaaaaa — 8000 aaaaaa — bbb 2 
| = 61, or, — = 4. 


aaa | aaa 


0 2 


n 
2 N 


9 


4 
Ao 


% 


** 
", 


—_—_——— as WIT 
—_—_—_— 


. 
Ps . dew . 
| — A x 
_ —_ 


21 Jags pen by? 7: 018 9799 ! 


8. Therefore by reſolvin P by the Eanon in BY 5% 75 0 
15. the value of a, to wit, the greater Number fought will be made known, viz, 
3 2 F VO) Ad Vdd % 0 ff 101 .1 
9. Wleence the greater Number ſought is found 3, by which if the given Product 20 
be diyided, the Quotient will give 4 fot the lefler number requiret. 
I ay the Numbers 5 and 4 will ſolye the Queftion propoſed ; tor the Product of 


their Muſtiplicatiqn is 20, and the difference of. their Cubes 125 and 64.15 6x; as was 


preſcribed. { . 2 2 ; : wing: + 4 2715 e ITE) F b 101 Fre 8 
Morepyer, the Equation in the eighth ſtep giyes a Canon to find out the Frater of 
the wo numbers fought, by the help whereof and the given Product the leſſer num- 


ber is alſo given. | 


5 * 4 x f 1 * * 
1 pe 4 # * Sf „ 4 ” * * ** * 8 = 
z $ VE 7 : ö 5 


. W. 1 ol 1 4 


f half the given difference add the Cube or | the given Product. 


1 
þ 


ught. 


2 
— PRIN 
— £6. Ai. T 9 my * * © x = * * ” * 
* 4 7 f * 
- 2 ;46 £3 PET 8 J 1 # 4 * * 


7 1 * > ” RN | SR * 
4 Ys " * 4 7 * 


VV 


A Marchant having bought certain Cloths, ills them at 775 L (or 6) the Cloth, 
nd then found that by eyery TooT (ore) that he had laid out, he gained as many 


2, Which erk cot being fubrraed from they OOO | 
money for which the Merchant fold one 1 


3. Then find what was gained in lay ing out 100 0 (or c,) vx. ay by the Rule of Three, 
779 it a IS - 4 33 1000 on _—_— | | 


a 


8 2 


*** LEE 3-243 $44 . 44.1 ; 
* : - $ . Fa 
. 1 N N © 3 
| Or, 4 3 * . — 4 1 4 0 2 > '* * 


a 


Whence the gain of 100 J is found 2D 1884, or ch — ca 


9 —— GOO 


V VVV 10 8 "7 4. 8 ; 
4. But according to rhe Queſtion the gain of 100 I. (or c) muſt be equal to the firſt 
colt of one Cloth, therefore from the firſt and third ſteps this Equation ariſes, viz; 
1725 — 100 Or. 2 2 4 
. ON ® 


a = 


| | 1 5 

5. Which Equation, after due ReduCtion(according to Sef. 2, and 3. of Chap. 12.) will. 

give this that follows, viz, aa-H 100 = 1725 oi me 
— ] Or, | aa ca = . 


6. Therefore by refolving the Equation in the laſt ſtep by the Canon in Seck. 8. Char- 


15. the value of a; to wit, the firſt colt of a Clorhwill be diſcovered, viz. 
...!. Vidal 8 by 
I ſay the fuſt coſt of 2 Cloth Was 15 L. as will appear by the Proof: For if a 
Cloth be bought for 15 J and fold for 17+ 1. the gain is 25 J. Then if 15 J. gain 22 J. 
it will follow that, 100 J. will gain 15 L which is equal to the firſt coſt of a Cloth ; as 


: . 3 X . 7 
4 5 K 
1 I 5 . hw” > , N 
3 ** ; 9 ? 
* * 1 * 1 add l * % OT N „ +: a ö * ; 
k 1 23 ** 0 0 A -- 4 F #4 > 0 7 K 
5 © AB — s Py » N RT 3 
PM ” * — * „ 
5 6 . 2. „„ e» ͤ— 1 0 * : 
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* „„ *, En . - + - N f ; | 
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rw ay — 115 4 "= 4 - * . * K . . 4 4 1 N. 7 > 1 
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P x » : % * . , * » On 
| i 4 N * Ld Aa FL p 4. * * « 2 ©; : 4 * * 1 * 
' by ' * % L 
"#4 2 4 Ss fv 4 ' A Hic „ , 
d = _ k ” . % Lhe I Oo 
; * — id 1 * - wn * % - * 
wy "4 — 4 . 5 U 1 i „ 2 8 „ eee 1 ** e 5 SOR | 
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* VI <4 . ** 2 * 3 2 3 


— - * 4 * 2” — * - o . ww $: * ” 
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5 e e, ts wr e ee 
Auocber way of reſolving the preceding Queſt; 16. 87 
1 I 


7. Let the ſame things be given as before, F” 
then for the gain of one Cloth put 7 EIN RH: 
2. Which gain being Subtracted from the? . 
"Money für which one Cloth was feld, will > 19. 2 | h—7 
leave the firſt coſt of a Cloth, to wit, 5 — | | „ 
3. Then find what was gained in laying out 100 l. (or c,) and ſay by the Rule of Three, 


. 'L | : 2 
NE I 7 If - 5 177 ? 2 2 7 1 100. ! 6 * ———ů p yr "ir „ p | en 
JI. 7 FO 3 4 4. 991 65 5 70 CF t 93 ; 4 a . N . F : 3s 4 5 4 * 


8 * % 4 =” 1 
* F 3 £ * | 

;7i7 3-23 A 4 SW 4CYY 31-1: 140 : 6 6 91 BEDS 
* 4 CZ, 4. uf. w ws + 127801. „„ 4 ca 4 E * a 412 


. | — T. en W F a 1 | p : 


GE Iooa EW, 3 ins I 
CLAS 45 6 r Ea 


* * 


4. But, according to the Queltion;the gain of 2 1001, (ere) muſt be equal to thefirſt 
: colt of one Cloth; therefore from the cond and Third ſteps this Equation ariſes, viz. 
e . th 15 ; 2 5 AS, SE 1 Ef : 2 on 8 „ , x | f 
I eee Or. 3 . 22 5 — a. EE a 5 


FT. 
18 
1 

FM 


E 


. will give this that follows, bi. 
5 24 — a4; Ain, Ot,  ca+2ha — d =bb., 


6. Therefore by reſolving the Equation inthe laſt ſtep by the Canon in Sed ro Chap. 15. 


„ e, 
. IE 1 10 / - 5 77190 N ON S = h — Vcc AK ch: . | 75 he : ts 3 ; 
The leſſer6F which two Roots or Numbers, to wit, 4 ot 21. is the gain of 2 


Note. Although the value of a in the Equation in the fifth ſtep may be either 2. 
or 4, (for that 8 may be expounded by = as well as ,) yet + only, to wit, 
a ſhall be the gain of a Cloth; for is greater than 172, and 


5 i * . 


. 1 7 4 w . * 3 7 
eee „* ˙ ˙ BIR fie @ 5 {WO} Bf RE 
[4 of * 1 p 
; 0. : \ 5 
3 


in the ſixth ſtep, for 3c+6+v:5c+cÞ: is manifeſtly greater than 5. 


— — 


Each of two Captains, whereof one had a leſſer number of Soldiers i 
than the other, diſtributed equally among the Soldiers of his own 


f 8 285 "0 5 * 
5 EL HE 1 
Y 5 * : PF 
R E t 7 5 | of ; ; 
, 5 8 4 : U : . oo \ * a ' 4 PS : = P 
4; f N AF e 1 3 / 


> 


Company put 


260 3. 4 


Eu aily = ö 0 5 ; . 
; } 8 1 ' "4 . . 1 * i WW / : "l - { ——_— 


4 ab _— 
{1 . 2 N * * 


9. To which latter Quotient adding 5 (or d) * 5a ＋ 1460, _ | 
Crowns, the ſum is. 3 at4qo 


* bs p PPP 
: £*, * 1 


| fig dF » 
* 


/ 


— — 0 * 999 


* But according i the Queſtion the Sum i in the laſt ſtep muſt be edu to the Quo- 
tient in the thir 


„ 


32148 1290 Or, e 29 | 
r ai | 
7. From which Equation fer due Reduction avoniiig; to $8. + 2, 3, 4 and 5. of he, 
12. this will ariſe, viz. aa 40a = 9600, | | 
A * Or, aa + a = 7-3 e | he ESS 


8. Therefore the — 1 4 in the laſt ſtep being reſolved by the Canon in Se8, 6. 
. 15. the value of a, to wit, the number of Soldiers in the leſſer Company will 


be diſcovered, vix. 


From the cighth, ful and ſecond ſteps it is evident that the leſſer Company 
confiſted of 80, and the eater 120 Soldiers; which numbers. will fatisfie the Con- 
ditions in the Queſtion. or the difference of the two Companies is 40 Soldiers; al- 
ſo 223% = 15, and - =10 , whence it is manifeſt that the Soldiers of the leſſer 
Company received 15 Crowns a piece, the Soldiers of the greater Company 10 Crowns 
a piece, and conſequently the Soldiers of the leſſer Company had 5 Crowns a pee 
more than the MR of the yy as was e es 


. 1 be. | 8 . * 
— 8 


* 
A Lg —— 4 
* * = 


_. QUE ST. 18. 


Two Merchants ſell Linnen-Cloth | in this manner, vix. each ſells 60 (orb) Ells, and 
the firſt Merchant ſelling 2 (or c) Ells leſs for one pound than the ſecond, receives 
for his 60 Ells 5 (or d) pounds more than the ſecond Merchant for Us 60 Ells. The 

| Queſtion 1 is to find how many Ells each Merchant ſold * 1 Found? 


RESOLUTION. e e, 


qualt to the Surn in the third 42 whence this Equation ariſes, 
; | | Or, 5 4 T 5 $ =: 


+ 4 
4 * * 4 P - y 
 =- 1 f Os 
0 * : — > . S "* Ss. 
. * 
*. , * 


8 8 

1 , 

' * * - 
*. 2 * * 7 — 
- 
* 2 

— l ' vet. 1 „ F 
\ 4 "4p " * # k 

27 1 1 * * * — 4 %,. 4 , — * 4 

- 
9 21 8 
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ſtep, whence this 75 uation ariſes, ux. 15 35 1 


1 Fot the number of is which the firſt 250 5 E 
Merchant fold for 1 J. FFV 
2. To which number of ls adding 2 (or 07 1 = 
the Sum will be the number of Ells which 6 . OT IE 
the latter Merchant ſold for 1 J. to wi k 3 EE 
3. Then find how much Money the firſt er- $i K: 
_ chant received for his 60 Ils, viz. fay by 1 | = 
the Rule of Three, 1 © PP 1 ; 
IF a . I 8 . 8 | 5 if | a 55 a 
Or, a 7 4 8 © S, Z 
whence the firſt Merchants otalMany! is found * 85 . 
4. Find likewiſe how much Money che latter) | 08-20 eee =p 
wa received for his 60 Ells, viz. ſay, | 4 
n 6 | 1 
j * * | bo 5 = 
05 arc = I Fo b . | 1 . 7 3 8 1 fc F 
whence the latter Merchants total Money, 1 8 
re which litter Sun ef Mc C 
5. To which latter Sum o one ey adding "WF 1} P 1 b 
5 (or d) pounds, the Sum will be 1 a2 255 5 | 
6. But. according to the Queſtion the Sum of Money it in the * 0 muſt RE 


7. Which | 


I 


ty Whick Equation, after due Reduction according to Sec. 2, 3, and 5. of Chap. 12. 
will give this that follows, vi. = . 


' 
* 


8. 


g t Lay e firſt Merchant fold 4 Ells for 1 


eſſer Sc Sed 4 
2. To which number adding 4 (or b,) the =, | 
ſum will be the Number of Men of the a4 241 
— 0 Wh, (08 | 
3. Then, according to the Queſtion, if 172 - 
cor d) be added to the Sum of the Men of 2a+176 | 204b44 


T 


# 


0 
13 
1 
* 
. 
7 
4 
% 


TL HAG. 166. proffucing. Quadratic Equations, 


F . 


aa + ca 


Which Equation in the laſt ſtep being reſolved by the Canon in Sec. 


— 
— 


6. Chap. 15. the 


Sh value-of-a, to wit the Number : of Ells which the firſt Merchant fold will be made 
known, - 5 bc c c | - 
VIZ, a === Vi =: — 20. 


| Pound, and the ſecond 6 Ells for x 

as will appear by the Proof. For if 4 Ells give 1 Pound, then 60 Ells will Lhe po 

Pounds. Again, if 6 Ells give one Pound, then 60 Ells will give 10 Pounds. Whence 

it is manifeſt that the firſt Merchant ſold his 60 Ells for 5 Pounds more than the ſecond 

fold 55 5 o Ells, and fold 2 Ells leſs for 1 pound than the ſecond Merchant fold for 
one Pound. f | | 


1 — 


— 


: LEE 4-0 0H „ 
Two Societies, whereof one exceeds the other by 4 (or h men, divide two equal ſums 
of Crowns; the Men of the leſſer Society have 8 (orc) Crowns a piece more than thoſe 
of the greater: And the number of Crowns which each Society receives exceeds the 
number of Men of both Societies by 172 (or d.) The Queſtion is, to find the number 
of Men in each Society, and the number of Crowns which each Society had? 


3 RESOLUTION. 
1 For the number of Men of the lefſer Society put 


1 — 1 


9 2 
92 


both Societies, it will give the number of 
Crowns ſhared by each Society, to wit, . 
Which number of Crowns being divided by; 5 8 


by (a) the number of Men of the leſſer So- 244176 Pg +þ+d 
cCiety, the Quotient or ſhare of every Man Og re 
ET. + / 
F. Likewiſe : the yon — + erte as } 

fore expreſt in the third ſtep be divided by 

a+4, (or a+6, the number of Men of» 227% Kd 
the greater Society,) the Quotient will give a4 a+b 

the ſhare of every man in this Society to wit, 3 8 
6. To which Quotient in the laſt ſtep adding Toa-F 208 2tabtdtcatch 
.-$ (orc) the fu wile . . | a+ 4. py 


7. But, according to the Queſtion, the ſum in the laſt ſtep muſt be equal to the 
Quotient in the fourth ſtep, whence this Equation ariſes, vix. 


ioa+208 2a+176 Or. 2a+b+d+a+h 2a+b+d 
| a+4 SS | * pl J a+b | — | a FRY — 
8. From which Equation, after due Reduction according to Sed. 2, 3, and 5. of Chap. 
12. this Eqution will ariſe, vi. aa + 3a = 88, — 


1 „ 


"On 


9. Therefore by reſolving the laſt Equation according to the Canon in Se&. 6. Chap.15. 
the value of a, to wit, the number of Men in the leſſer Society will be diſcover d, viz. 


3 cbd-+ ec: = + b + 
| 3 Og ane ans gre Fog 
10. Laſtly, from the ninth, firſt, ſecond, and third ſteps, it is manifeſt that the number 
of men in the leſſer Society was 8, that of the greater 12, and the number of Crowns vl 

divided by each Society 192; which numbers will ſatisfie the Conditions in thay” i 


ns 
N. 
NR” 


— 
— 


a 


7 
OT 2 — 


* 


FREIE TE RS: "TY va - * 8. * 5 . . 
L 2 ” mY” 4 . * . PR” 4 Y * y A * de F * 
Y * #7 , * 23 * \ ao; 1 * 5 oy 1 A 18 2 * 2 „ 0 [CE A — N 
"Y : 4 : 1 8 : * f - FO e * . * 
f 8 . 8}; N 
Y 4 \ - , , . * . 


5 On y gi: 4 * 1 WES» * . OY” | 8 1 11 
112 Reſolution of Arathmetjcal Queſtiongs BOOK K 
0 Queſtion as will appear by the Proof; For 2-53 == 24, and 244. =-16\y. whence 
it is evident that the Men of the leſſer Society had 8 Crowns a piece more than thoſe of 
the greater; alſo 192, the number of Crowns which each Society divided, exceeded 
20 the number of Men in both Societies by 172, and 12 the number of Men in the 
greater Society excęeded 8 the number of Men in the leſſer hy 4 4 as was preſcribed, 
— — —ÿ V—i! .· — — —ę—d rent 
A Grafier haying bought certain Oxen for 270 (or b) Pounds, finds, that if he had 
« paid that ſam for 5 (or c) Oxen fewer, every Ox would have coft him 4 J. (or d) 
more than he paid for an Ox: What was the number of Oxen bought? $ 
A RESOLUTION e 
1. For the number of Oxen bought put a 
2. Then find out the coſt of an Ox, and f, 
CNV . * 270 7 
%% ⁰˙·-̃²:ũ 1 - 3; 3 
whence the price of an Ox is « 5 N 
3. Subtract 5 (or c) from the number of} 
Oxen bought, and then find what the reſt | ” 
would coſt a piece, lay ing. B 
F . 20 31 1 1 272. \ 222 1 ET 
e FR. | es RES 4e 
Whence the price of an Ox is Anh; „ | N 
4. Then according to the Queltion, the laſt mentioned 2 of an Ox muſt exeeed that 
in the ſecond thep by 41. (or d;) therefore if the former price be ſubtracted from 
N the lauer, the xemainder muſt be cqual to q or &;) whence this Equation ariſes, viz. 
1 270 . e b h rr „ 
* * m— ks Ts props Fine, os Or. — d. 3 
x a —5 a -f. " 
5. Which Equation, after due Reduction according to the Rules in Ch 
this that follows, | aa — 54a = 1800, 
% | Or, ag * ca 7 


6. Therefore the Equation in the laſt ſep beingreſolved by the Canon in Seck. 12. Chap, 
15. the value of a, to wit the Number of“ den bought will be diſcovered, ux. 
3 4 2 45 = V e = | 
I Gay the Number of Oxgn bought was 45, and every Ox coſt 6 Pounds, as will 
appear by the Proof: For ft, 44+ = 6 3, then from 45 Oxen ſubtracting 5, the re- 
 maining 40 Oxen valued at 270 L. will yield 67 L a piece, which exceeds the former 
price 6 |, by +, as was preſcribed, Fro DR es tale 
— — — — —— —ꝛ—J—:4—ð6‚!:ĩñ„5⁸æ 33 
5 | —_ GUEST. 2h... __ 275 
A Merchant buyes linnen Clothes of two ſorts, viz. 90 (or b) Ells of one fort, 
Nee with 8 c) Elts of a Tov 08 1 ( 0 d) Pounds; and he finds 
that in lay ing out 1 Poung- upon each ſort he has 4 (or m) of an Ell mare f the 
worſer ſort than the othes : What was the. price of an Ell. of each ſort © 
———— I SS CSEL0K. - -- 
VW 1, For the Number of Ells of the better ſort of . 
. Aotꝗch which the Merchant honght for 14 pus F 6: A 
2. Then according to the Queſt. the number of” _ | 3 
os theworter ſort. bought for 14 will be7 3 


> 


. 


* * 
„ a . 1 7 
* 47 Aa 
* _— my YL 
Wy - 


— — | A 5 
3. Find the coſt of all the Ells of 8 8 
ſort, and ſay, 2 bf | 
„ 0.43 40 . | 
| Lo * OP Þ 40 
Or, „„ * = a 
arm | 


hence the faid full Coſt is found 


4. Find likewiſe the coſt of all the Ells of the? | 
better ſort, and ſay, n | 
If VVV | 
| 9 | a - . | 90 | 
Or, C 2 a 
| a 


- whence the faid full Coſt is 
5. Then the two ſums of Money found out in; 
the third and fourth ſteps being added toge-C + 130a+30 
ther will give the full colt of both ſorts of © aaf 
ST RE 3 ei 5.» + 5 43 5%: 8 e 
6. Which total Coſt expreſsd in the laſt ſtep, muſt (according to the Queſtion) be 
equal to 42 (or d;) whence this Equation ariſes, viz. 


ca+ ba H 
aa na 


, , : fm IT 
9 | 5 aa a RO | aa ma | 75, 
7. Which Equation, after due Reduction (according to the Rules in Chap. 12.) will 
give this that follows, viz. aa— a = . | ; 


Or - * c+b—dm_ = "mh 
a „„ 
In which laſt Equation, if inſtead of the known Co. efficient 2 we take 7, 
that Equation may be expreſs d thus; 


44 — fa — 


. 
8. Therefore by reſolving the laſt Equation according to the Canon in Set. 8. Chap. 
15. the value of a, to wit, the number of Ells of the better ſort of Cloth which 
were bought for 1 J. will be diſcovered, viz. „ 


. ee bo en gd ee gan Vi - + 7 

Thus it is found that 3 Ells of the better ſort of Cloth did coſt 1 J. and conſe- 
quently 1 Ell coft + J. and 90 Ells 30 J. which ſubtracted from 42 1. (the full coſt of 
both ſorts,) leaves 121. for the full coſt of 40 Ells of the worſt ſort ; and conſe- 
quently 1 Ell coſt I, and at this rate 1 I. will buy 3 Ells, which is more by - of 
an Ell than was bought of the better ſort of Cloth for 1 1, Therefore all the Condi- 
tions in the Queſtion ate fatisfied; Z 5 


* ＋ 
22 F, . 


„*— 
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A Merchant having Spices, to wit, 80 th weight (or ö) of Mace, and 100 th 
weight (or c) of Cloves, ſells .both. Quantities for 65 (or d) Pounds in Money; 
whereby it happened that he ſold a quantity of Mace for 10 J. (or n,) and the like 
quantity of Cloves with 60 th weight (or 1) more of Cloves for 20 J. (or r.) The 
Queſtion is, to find how many tb weight of Mace he fold for 1b J. 
ED,  RESOLUTEON. 
1. Let the number of th weight of Mace that? 
the Merchant fold for 101. be repreſented by F 
2. To which number adding 60, the ſum will 
give the number of ib weight of Cloves - 44 60 
„ dhat he ſold for 201. to wit, I OT 


7 45 7 OC II 
— = He — 
- —_ 
— 


1 " q Cy 
2 * —— 
_- bp 4 2 = * 4 
. ome 
ad £ 1 ” — — 
7 ——2 — 5 0 + » 2 
— 1 5 A I + 2 Won CO IS ts h 
3 2— 2 i by — 5 3 = — 
„ e N — bs 
- == OL — „ * 8 7 
= ol 
3 wy 
o 
N 


F 
N e 


” - \ 
COD - 
1 
: 
>» 


a 


OY 


7 N FI 


* 0 $ 

, 4 A 
. *, * k * 
mo * 2 TVs >. - ” y FT," . p3 Pie * S mw 5 „ * by 5 2 2 22 
5 - 
* 4 a | 
w 1 6 6 1 
e 4 < 
. 4 ” : * . 
0 * 1 * _—_ * — 


Kat —_—_ re * 


Feſolution of Arithmetical Qu 
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4 Then find how much Money 80 1 weight ; | 
of Mace was fold for, and ſay, 
& 4 8 80 0 — | T 5 g 
* 8 8 e 4 Y | 4 $0 „ mb 
_ 1 mb | 5 hy 


* 
' whence the Money for which the ſaid 80 tb | 

e / 5: £5018 

4. Find likewiſe how much Money 100 15 
weight of Cloves was ſold for, and ſay, 


| 2000 
If . a+60 . 20: : 100. „ 

e > .2000 re. 
$3 ES. 0 
. a+ 60 os 

| ; a- u | | | a | 


- whence the Money for which the faid 100 tb 


/ 1 ES oo . SL 5 
5. The ſum of both the ſaid ſums of on 2800a-+ 48000 | mba-+mbn-+rca 


found out in the third and fourth ſteps is 5 aa aabna © 
6. Which Sum in the laſt ſtep muſt (according to the Queſtion) be equal to 65 7, 
(or d.) hence this Equation ariſes, viz. 


65 = 26008-40000 0 Or, 12 mba nbn Tc 
aa 60a ; aa na 
7. Which Equation, after due Reduction (according to Seck. 2. 3, 5. Chap. 12.) will 
give this following Equation, ix. aaf = 2525, . Oy: 
| | CEL Or, 7 F = 772 


In whick laſt Equation if we take f inſtead of the known Co-efficient — | 


and g inſtead of the known number mn that Equation may be expreſs d thus, 


* 
n 
8. Therefore by reſolving the laſt Equation according to the Canon in Sec. 6. Chap. 
15. the value of a, to wit, the number of th weight of Mace that was fold for 
10 l. will be made known, vix. . SN oi ye i or 
| | a = 20 = Vg + iff: — f. | 1 
Thus it is found that 20 tb weight of Mace was Told for 10 J. and conſequently 
80 th weight for 40 l. 535 ͤð [ĩhf 5 2330 
Moreover, adding 60 to 20 (before found,) the Sum 80 is the number of # weight 
of Cloves that was fold for 201. and conſequently 100 fh of Cloves was ſold for 25 J. 
which added to 40 J. (the price of 30 th of Mace, ) makes 65 J. the preſcribed ſum 
of Money for both Quantities of Spices ſold. VVV 575 


_ —_— * « 
_ " . 
— * 
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QUEST. 23. 
To Merchants entred into Partnerſhip ; the firſt brought in a certain ſum of 


— 


Pounds which continued in Company 12 (or 5) Months, and the ſecond put in 30 J. 


(or c) for 17 (or d) Months; they gained together 182 J. (or m) whereof the firſt 


Merchant had 26 J. (or 1) for his Principal and Gain. It is required to find how ma- 


1. For the firſt Merchant's Stock. put. a 5 
2. Which Stock being multiplied by the time ; ns 5 
it continued in Company, produres 5 8 bs ba 
3. The ſecond Merchant's Stock being multi) 3 
plied by the time it remained in Company, > 5 5:5 408 
ö ĩ ²ᷣ K ieee e 


ny Pounds the firſt Merchant brought into the common Stock ? 
RESOLUTION.” 


5 


_ CHAP-16. produting. 


Whence the gain of the firſt Merchant is found; ._225®__ oe mba 


 T2a+5i0 had FER 
5. Which gain La 


124 T 510 5 J 38 backed - - 
6, Which Sum mult bs mans the 261 (or n) given in the Queſtion, whence this 
Equation ariſes, viz. . 
1200-47358 WV; i Or,  baa+cda-+mba _ x 
her BA „„ 


7. Then by OY that Equation coat to theRules in ID: 1 12. there will ariſe, 
07 333* = Hoy, 
Or, 1 ** cat * = 7. 
8. Which laſt Equation being reſolved by the Canon in Seck. 6. of the 15 Chap. the 
” is of a, to wit, the firſt Merchant's Stock will be found 20 Pounds, viz. If 


inſtead of the known Co-efficient 0 we take 1 A and g inſtead of the gi 


ven number — ned ; Then 19585 the fad Canon, 


ny Heh hug F 4 
Whence the fiſt Merchants Stock i is found 20 J. The Proof may be made 10 the 
mw of F ellowſhip with Time, in manner —— 


20 X 12 = 240 5 5 | 1 
VE 30 X I7 = 510 7 1 . 
f 208.7 46 
3 22 3 I — . ot 
5 SEF T. 24 ph 


Two Merchants entred 1 into be the firſt put in a certain number of Pounds 
for 3 (or b) Months; the ſecond pur in 50 J. (or c) more than the firſt for 5 (or d) 
Months : They gained. together 140 J. (or n,) whereof the firſt Merchant had ſuch 
part, that if 601. (or n) be added to it, the Sum will be equal to the Stock wherewith 
he entred Partnerſhip : What was the Stock and gain of each Merchant 7 

eee N. 


1. For the Stock of the fiſt Merchant put . . 4 | 9 5 N 
2. To which adding 50 I. (or c,) the Sum Md 
will give the ſecond Merchant Stock to wit, 3, 4 ＋ 5 arc 
3. Then multiplying the firſt Merchant stock 7 
by the time it remained in Company, thank; Ü to 
Product is 


4. Likewiſe by multiplying the end 3 
chant's Stock by the time it continued 1 in >. ' Sat 250 dard 
Company, the Product is — 

5. Then proceeding with thoſe two Products THOR to the ule of Fellowſhip 
with . find the firſt Merchant's Gain, and ſay, | 15 


= 420 
If gag 440 4 © = 
3 5 mba 


| _4206_ oO, _mhe 
where the gain of the fut Merchant _ found = +256 or, - Fr ws 5 
2 ä 6. To 


ic Equarions, 431 þ 115 
4. Then proceeding with thoſe two Products according to the Rule of Plein 
* with Time, find the gain of the firſt Merchant, and lay, * — 
Tf fe 10 , 184. 5, 128, , 2, 
| 0 3 4 55 ; I2a+5710"' 
Or, 2 cd mn I mba 
5 ba cd 
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6. To which gain add 60 (or u,) ſo the Sum will cee 
g900a-+15cgo f. Manar ada K ude 
6 1 daf 250 0 88 18 ; 1 55 ba- dar dc 25 : : 
7. But, according to the Queſtion, the Sum in'the laſt ſtep muſt be equal to (a; 
the firſt Merchant's Stock, whence this Equation ariſes; | 5 
Doo L5 0 __ , anbau e 
CCC TS > 
cording to the Rules in Chap. 12, will pro. 


8. Which Equation, after due Reduction ac 
duce this following Equation, viz. aa—814a = 1875, 
; OE wes eto Op 1-5 tht I EE ae AE... 
i V 


9. In which Equation the value of a, to wit, the firſt Merchants Stock, will be dif. 
covered by the Canon in Seck. 8, Chap. 15. viz. a = foo And conſequently 
from the premiſes the ſecond Merchant's Stock was 150 I. the gain of the rt 40 J. 
and the gain of the ſecond 1001. All which will be evident by the following Proof 
wrought by the Rule of Fellowſhip with Time. FT td toe Too nl 


100 * 3 =: 300 ee Ve 
1 . of 
2 . oy! 300 3 40 
1050 „ "S&0--:3-3 | | 
4 C048 4:29. | * 


A Citizen having bought a Houſe for a certain ſum of Pounds, ſells it for 64 J. 
(or d.) and finds that his loſs in 100 Pounds (or c) was equal to a fourth part (or m} 
of the Money that he paid for the Houſe, What number of Pounds did the Citizen 


pay for the Houſe? E 

„ 5 RESOLUTION. ws 

1. For the number of pounds which the N VVV 
J) ĩ b dd he . 
2. Then will the whole loſs by ſale of the Houſe be a—64 fond 

3. Find how much was loſt by 100 l, (or c,) and ſay, Fo 

— 23 e W — — 

( Or, a ad : 5 . RE, 

© Whence the loſs per Cent. is found 0 = 


| | 15 . © EL 8 | 
4. But according to the Queſtion the loſs per Cent. was equal to + part of the Money 
which the Citizen paid for the Houſe, therefore from the firſt and third ſteps this 
Equation ariſes, wiz. 1 5 FFM on ls Th 
2 1004-64009 e 0% aa. | 
„5 — 


— * 


—— — — — — 5 


1 1 11777. OT Fr ah Ea 
5. Which Equation, after due Reduction according to the Rules in Chap, 12. will give 
400a—aa = 25600; Or, | —_— 11 Ag 
6. Therefore by reſolving the ſaid Equation according to the Canon in Se@. 10. 
Chap. 15. both the values of a will be diſcovered, either of which will ſolye the 


i 


©-Queſtion ;- which values or numbers are theſe following, viz. 


320 = 4 OT, 
a= f © © ECT OM” 
80 = © %; 


I fay either of the numbers 320 and 80 will ſatisfie the Conditions in theQueſtion, 
as will be evident by the Proof: For if a Houſe coſt 3207. and be ſold for 641. the loſs 
is 256 L. and 100 l. at thatrate of loſs will loſe $0, which is; part of the firſt 8 20 J. 
S1 7 | | 5: | gain, 


222 


* 
— 


C HAP. 16. produting Quadratic Equations. 


Again, if 2 Houſe colt 807. and be ſold for 64 1, the loG is 161. and 100 L at this 
rate of loſs will loſe 20 J. which is likewiſe + part of the firſt Coſt 8o 1. 


" OR A 


13 — — — 


** * 


LES. 26. 


Two Merchants entred into Partnerſhip; the Sum of their Stocks was 165 (or 5) 
Pounds; the firſt Merchants Stock continued in Company 12 (or c) Months, and the 
Stock of the ſecond 8 (or d) Months: they gained a certain ſum of Pounds, which 
together with their Stocks they divided between themſelves in ſuch manner, that the firſt 
Merchant received 67 (orf) Pounds for his Stock and Gain, and the ſecond 126 (or g) 
Pounds for his Stock and Gain. It is deſired to find out each Merchant's Stock and Gain. 


n XE. SOLUTION 1 
1. For the firſt Merchant's Stock = . 
2. Then, by ſubtracting that Stock (a) from 

165 (or b,) there remains the ſecond Mer- 
Chants Stock 3—©O Wit, © +: #-:. 

3. And if you ſubtract (a) the firſt Mer- 
chant's Stock from 67 (or f) the ſum of ( 
his Stock and Gain, there will remain his 
Go 0; A «eo; 

4. Likewiſe, if you ſubtract the ſecond Mer- 
chant's Stock (in the ſecond ſtep) from 126 m—_ 
(org) the Sum of his Stock and Gain, 1 * a-rg—b 
there will remain his Gain only; to wit, = | | 

5. Now according to the Nature of the Rule of Fellowſhip with Time, the Gain of 
the firſt Merchant 67—a muſt be in ſuch proportion to a—39 the Gain of the ſe- 
cond, as the Product of the firſt Merchant's Stock à multiplied by its time 12 
Months, is to the Product of the ſecond Merchant's Stock 165—a multiplied by 
its time 8 Months: Hence this Analogy, viz. VVV 


. a | Aa 


67—a f—a 


* 


175 67—=8 2—39 :: 124 1320—8a, 8 
That is, 2 ar: ca  db—da. © 

6. Which Analogy. by comparing the Product made by the Multiplication of the Means 
one into the other, to the Product of the Extremes, produces this Equation, vix. 
„„ I 244—4.684 = Saa— 185 4 ＋ 88440, 
That is, caa ga- cha = daa—dha—dfa+ Abf. 
7. From which Equation after due Reduction this ariſes, viz, 

C , HS 22000, - 
Thats, a+ d. if 
8. Wherefore by reſolving the laſt Equation according to the Canon in Sec. 6. Chap. 
15. the value of a, that is, the number of Pounds expreſſing the firſt Merchant's 
Stock will be found 55; which ſubtracted from 165 J. the ſum of both their Stocks, 
leaves 1101. for the ſecond Merchant's Stock: then each of their Stocks being ſub- 
tracted from their reſpective Stock and Gain, viz. 55 J. from 671, and 110 l. 
from 126 J. there remains 12 J. for the Gain of the firſt Merchant, and 16 1. for 
the Gain of the ſecond ; whence the total Gain was 28 J. Which numbers will ſolve 
the Queſtion, as may eaſily be proved by the Rule of Fellowſhip with Time; thus, 

V. | 1 

IIox 8 = 880 | 


1540 20 3: C 


5  9UEST. 27. 25 
A certain Foot- man A departs from London towards Lincoln, and at the ſame time 
another Foot- man B departs from Lincoln toward London, each keeping the ſame 


more than you, and have gone as many miles in 67 (or d) days, as you have gone 
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2 - 
1 — VE 


Road. When they met, 4.fays to B, I find that I have travelled 20 (or c) miles 
miles 
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| Wy" 8 


- Miles in all hitherto: Tis true faith B, I am not ſo good a Foot man as you, but L 
find that at the end of 15 (or f) days hence, Iſhall be at London, if I travel as many 
Miles in every one of thoſe 15 days, as I have done in every day hitherto. The 
Queſtion is, to find how many Miles thoſe two Cities are diſtant one from another, 
and how many Miles each Foot-man had travelled when they met one another, 

| 3 RESOLUTION _ 5 

1. For the deſired diſtance between the 2 FF 3 

J. Ä ²— | | | 
2. Then foraſmuch as the number of Miles 
each Foot - man had travelled when they met, | 
being added together make the Sum (a,) | 
and the difference berween thoſe two num- | 1 
bers was 20 (or c,) for 4 had travelled 20 - a 10 tac 
Miles more than B: Therefore (by the TS 
Theorem at the end of Duef.. I. OE 14.) | Ho | 
the number of Miles which 4 had rravel- | 1 
!!,! Fr OT I oo 
3. And (by the ſame Theorem) the number} 
of Miles which B had travelled was 'F : 
4. Then ſay, If in &i days 4 had travelled 


% 7 


24—10 Miles, how many Miles did he“ Ha—19 3e 
travel in one day? ſo by the Rule of C * | By 
0 4 > 5 3 
5. Say again, If in 15 days B muſt travel a 3 
+10 Miles, (that is, all the Miles which z4T 10 Tz 
A had travelled,) how many Miles muſt 1 P 2 
B travel in one day? fo you will find . . 3 5 
DR” +44 IO N: Y 5 2 205 | 5 
6. Say again, It 1 Miles were travel- Taro |» A fa—afc 
Jed by B in one day, in how many days ta+10 dab is 
did he travel 24a —1eMiles? fo you willfind "or. © 
7. Say again, If Ti Miles were tra-) 240+662 de- ade 
velled by 4 in one day, in how many days ( 24—10 Aa 


| 


did he travel 2a 10 Miles? ſo you will find) | 3 
8. But the numbers of days found out in the two laſt ſteps mult be equal to one another; 
for when A and Bñ met, each had travelled the ſame number of days, becauſe they 
began their Journey at one and the ſame time: Hence this Equation ariſes, viz, 
378 +-b8+ a —=10 -. 7 wo 


— 
— 


| 34 — 10 2a + 10 
„ 
Thath, r 


9. In which Equation, if you double both the Numerators and Denominators, and 
then reduce the Equation reſulting, to a common Denominator, and caſt away 
the common Denominater, the new Numerators being compared to one another 
will give this following Equation, vix. 3 - | 

Re Aa + 224 + 322% = I5aa— oa + boo; 
That is, daa + 2dca + dic = faa — 2fca + fee. 
10. Which laſt Equation duly reduced gives this that follows, viz. 
| Isa — aa = 400, N 


2dc + 2fc 


a — aa = CC. 


That is, i 1 — 


227. Wherefore by reſolving the Equation in the laſt ſtep according to the Canon in 
Seck. 10. Chap. 15. the two values of a will be found theſe, viz. £ 


© an, = Ids 


12, But 


[ 


„e. 


g Quadratic Equations. 
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CHAP. 16. 8 produci 


12. Bur altho by either of thoſe values of a, to wit, 100 and 4, the Equation in the 
tenth ſtep may be expounded, yet the greater value only is the deſired number of 
Miles expreſſing the diſtance between the two Cities; for tis evident by the Queſti- 
on, that 20 is but part of the number of Miles between the two Cities, and there- 
fore 4 the leſſer value of a is much leſs than the ſaid Diſtance : Wherefore 100 the 
greater value of a is the deſired number of Miles between the two Cities. And 
couſequently the ſecond, third, fourth and fifth ſteps being reſolved into numbers, 
will ſhew, that when the two Foot- men 4 and B met one another, A had travelled 
60 Miles, and B 40 Miles: Alſo, 4 travelled 6 Miles, and B 4 Miles every day; 

as will eaſily appear by the Proof. 28 e 
13. But the numbers in this Queſtion muſt not be given at random, for the Denom'-= 


nator of the Fraction 72 in the Equation in the tenth ſtep ſhews that the 


— | 
number d muſt be leſs than the number f, otherwiſe the Queſtion is impoſſible; as 
may eaſily be infer'd from the literal Equation in the ninth ſtep : for if in that Equa- 

tion d be ſuppoſed greater than f, then conſequently dec is greater than fee, and af. 
ter due tranſpoſition this Equation will ariſe, viz. dec—fee=faa—daa—2dca—2fca, 
where if d be greater than f, then the firſt part of the Equation will be a real Quan- 
tity, that is, greater than nothing, and the latter part leſs than nothing; but to 
affirm that a Quantity greater than nothing is equal to a Quantity leſs than nothing 


- 


is abſurd; the like abſurdity will follow if we ſuppoſe d S. "oh 

14. Having ſhew'd that d muſt neceſſarily be leſs than f, I ſhall prove that the leſſer 
value of a, as it is expreſs'd by Letters in the eleventh ſtep can never be equal to 
the whole diſtance between the two Cities. For if we ſhould ſuppoſe the leſſer va- 
lue to be equal to the ſaid diſtance, it muſt neceſſarily be 1 n c, which the 
Queſtion ſhews to be but part of the ſaid diſtance : But from that Suppoſition, it 
will follow by undeniable conſequence, that d is greater than 7, which is contrary 

to what has been before proved. Now to prove the faid conſequence ; 


15. Suppoſe the leſſer value of a to exceed c, viz. — . . 
16. y multiplying each part by f—d, it? „ . 
17. And by adding vAdfec to each part, . . de+fe e fe—debv adfes 
28. And by adding dc to each part, . : . . 2dchfe tt febwvadfee 
19. And by ſubtracting fc from each part, : 2dc©v qdfee 
20. And by ſquaring each part.. « q4ddee © qufee. 
21. And by dividing each part by der.. dof 1 Rr 
22. Thus from a Suppofition that the leſſer value of a in the eleventh ſtep 1s greater 
than c, it follows by juſt conſequence that d is greater than f, which is impoſſible, 
for it has before been proved that d muſt be leſs than F. And becauſe the Series 
of Inferences deduced from the ſaid Suppoſition ends in an impoſſibility, therefore 
that which was ſuppoſed cannot be true; vix. The leſſer value of a is not grea- 
ter than c, and conſequently it cannot be equal to the diſtance between the two 
Cities. Which was to be proved. je 8 m 
23. Again, by ſuppoſing d to be leſs than /, as it ought to be, to the end theQueſti- 
on may be poſſible, we may prove the leſſer value of a to be leſſer than c, by re- 
turning backwards. from the 21 ſtep to the 15, in this manner, viz, 
MBS d aS8 5: 1 
25. Then by multiplying each part by 4dsc, . qddcc 4dfce 
26. And by extracting the ſquare Root out 97 245 Vadfis = 


27. And by add fc to each part, . . . acdc fc afebtvadſi 

28. And by Tubtrafiing dc from each patt, . dec 5 ee TT 

29. And by ſubtracting V4dfec from each part, dc+fe—vw adfee = fe- de | 
30. Wherefore by dividing each part by Fi  detfe—vgdfec 1 
it is manifeſt that the leſſer value of à is leſs > - FT ab 
than c, viz. 5 | 5 | a 

Which was to be proved. Wherefore the leſſer value of a cannot poſſibly be equal 

to the diſtance between the two. Cities, for the ſaid diſtance mult neceſſarily be 


5 greater than part of it ſelf. 1. Bur 
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4 31. But it ma be objetted, Thar altho F be greater than d, * how does it appear 
- as the leſſer value of a requires, to make it ſelf a poſſible Root of the Equation in 


4 is greater than V4 fee. 


a Sa. b=a+X.c aN 2X. da ZX. e=a+4X, Oc. 


B Pro 
ED duet of the common difference multiplied by a number leſs by 1 (or Unity) than the 


+; OOO 
N *; 


_— 


that de- fe is greater than VAdfec, to the end that this may be ſubtracted from chat, 


the tenth ſtep? In anſiver to this Objection, I ſhall in the next place prove that dc 


32. Foraſmuch as theſe Quantities are Pro-) 9 
portionals, (for the Product of the Ex- > dd „ 
tremes is equal to the Product of the means,) | 


33. Therefore (per 25 Prop. 5; Eleni. Euclid) dd+ff © 24f _ 


34. And by multiplying all in thelaſt ſtep by cc, ddce+ffee © 2dfec 


- 25. And by adding 2dfcc to each part, . . . ddcc+ffec+ 2dfee © adfec 


out of each part in the laſt ſtep, . .__.. de H, = V qdfee. 
Which was to be proved. 4", FF 


* 4 = 
„ ' . 1 
; - 
ge...» 4 a — 
— —-— — — 


by Z; the common exceſs or difference 4 by X; and the number of Terms 7 by T; 
al which are here orderly expreſs d underneath: ORE 
SEED | * 2 = 4 = a « 4 
| Quantities in Arithmetical ;} , ; ” p = *T . 
Progreſſion continued: | _ = 4+ 
: | To 23=f =a + 5H. * 
TCC 
the Terms is - 1 2 2 
The common difference is , 4 = X & ITS 
Wenn „ èͤ T=.Þ - - 


IV., Whence it is manifeſt, that if a be put for the firſt and leaſt Term of an Atithme- 
tical Progreſſion conrinued, and X for the common difference, then (according to the 
Definition in Se8. 1.) the ſecond Term ſhall be ag X, the third a+ 2X, the fourth 
a Ez, thie fifth a+ 4X, &c.. Moreover, according to the Suppoſitions in Se, 3. 
V. Therefore it follows, that the laſt and greateſt Term of every Arithmetical 
eſſion continued s compos d of the firſt (to wit, the leaſt) term, and of the Pro- 


17. Avrithmetical Progreſſion, 
17. Arithmetical Progreſſion. | 


1 — - 
r 
3 —— * „ 2 


in 


ber of Terms; as g. or a+6X is compos d of the firſt Term à and the Product 


of X multiplied by 6, which is leſs by x than 7 the number of Terms. as 
VI. Therefore the firſt and laſt Terms, as alſo the number of Terms being ſeverally 
given, the common difference ſhall be alſo given; for if the firſt, (to wit, the ſmalleſt) 
Term be ſubtracted from the laft, and the Remainder be divided by a number leſs by 
7 (or Unity) than the number of Terms, the Quotient is the common difference, 
_— 1 gh % 
T—r . | | 1 
VII. It is alſo manifeſt from Sed. 3. That if the firſt (to wit, the leaſt) Term be 


equal to the common difference, then the laſt Term is equal to the Product of the 
common difference (or firſt Term) multiplied by the number of Terms, viz. If a = X Y 


then g = X+6X X. 1 | 
VIII. Therefore in an Arithmetical Progreſſion continued whoſe firſt or leaſt Term 
is equal to the common difference, if the laſt Term and the number of Terms be ſe- 
verally given, the firſt Term (or the common difference) ſhall alſo be given : For if 
the laſt Term be divided by the number of Terms, the Quotient is the firſt Term or 


common difference; as, if a = X, then g = X+ 6X =7X; therefore * = X = a, 

IX. It is alſo manifeſt from Se@. 7. That when the common Hifevence divides any 
Term juſt without any Remainder, then the common difference is the ſame with the 
leaſt Term in that Progreſhon, and the Quotient is the number of Terms; but if any 


number remain after the Diviſion is finiſhed, then that Remainder is the leaſt Term, 


and the Quotient increaſed with 1 (or. Unity) gives the number of Terms (per Sect. 4, 
F.) Therefore if any term greater than the leaſt be given, as alſo the common dit- 
ference, the leaſt term, as alſo the number of terms in that Progreſſion ſhall alſo be 
given; as if 27 be ſome term greater than the leaſt, and 3 the common difference, 


by dividing 27 by 3, the Quotient 9 is the number of terms, and the leaſt term is 


equal to the common difference 3; as in this Progreſſion, 3,6,9,12,15,18,21,24,27. 
But if 27 be given as before, and 4 be preſcribed for the common difference, then 
27 divided by 4 gives 6 in the Quotient, and there remains 3 for the leaſt term, and 
7 (to wit 6+1) is the number of terms; as in this Progreſſion, 3, 7, 11, 15, 19 
23, 27. 3 2 Ts 5 | 
| X. it three Numbers, fuppoſe a, ,, c, be in a continued Arithmetical Progreſſion, 
viz. If the Exceſs of c above h be equal to the Exceſs of 5 above a, the Sum of the 


Extremes, that is; of the firft and laft terms ſhall be equal to the double of the mean 


or middle term; viz. ac = 2b. For, : 

1. By Suppoſition, 5 5 C „ „„ Coed 2 ba, 

2. Therefore by adding h to each part, it gives. c = 2b—a, 

3. And by adding a to each part of the laſt Equation . . .. a+c = 256. 
Which was to be proved. „„ N . 

XI. If four Numbers; ſuppoſe a, b, c, d, be in Arithmetical Progreſſion whether 
continued or interrupted, viz. If the exceſs of 5 above a be — to the exceſs of 4 
above c, the Sum of the Extremes ſhall be equal to the Sum of the Means, viz. a+d 
= hc. For, „„ ED | 
1. By Sappoſition, . - « . . ee + 5 4 = bm, 

2. Therefore by equal addition of a, . . . . . . . 4 dc = bh, 

3. Therefore by equal addition of . 4d = hc. 
Which was to be proved. 3 
XII. If there be as many numbers as you pleaſe in a continued Arithmetical Pro- 


from the Extremes, and alſo to the double of the Mean when the number of Terms is odd? 


1. By Suppoſition, in regard of the continued Progreſſion, . f—e = -a, 
4, Ther ore by equal addition of e and à to each part, . af = he, 
ei 


3. Again, by 


greſſion, the Sum of the Extremes is _ to the Sum of any two Means equally diſtant: 
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T ͤ v 
4. Therefore by equal addition of l and * each part c+d = e, | 
5. Therefore from the ſecond and fourth ſteps ( of: ps oY PW As F< al | 
1. Axiom. I. Elem. Euclid.) © . * = FRET OG?" 


11 


Which was to be proved. | C 
And if more numbers were propos'd the Demonſtration would not be otherwiſe; 
therefore the firſt part of the Theorem is manifeſt. 1 
But if the number of Terms be odd as in this continued Progreſſion, a, h, c, d, e, f. g, 
then the Sum of the Extremes a and g is equal to the double of the middle Term d, 
viz, a+g = 24d; which I prove thus: on nr | | 
1. By ſuppoſition, in regard of: the continued ”— I = ad 
| greſſion, „% „ Il T PR OLE 8 
2. And conſequently by equal addition of c and dl. 2d = che, 
3. But by what has been proved concerning the firſt * $17 = 
part of the Theorem in this twelfth Seck. 78 ET ee, 
4. Therefore from the two laſt ſteps, (per Axiom. 11 + = 4d 
Elem. 1. Euclid.) 33% oat TB aeS 
Which was to be demonſtrated. - Therefore the Theorem is every way manifeſt. . 
XIII. In every Arithmetical Progreſſion continued, the Sum of the Extremes multi- 
plied by the number of terms produces the double of the Sum of all the terms. | 
The number of terms is either even or odd: Firſt, let there be an even number of terms, 
viz, ſuppoſe theſe {ix numbers a, b, c, de, f, to be in Arithmetical Progreſſion continued; 


CCC E , bin: = 


+H26+FY, © 5 
DEMONSTRATION. 


en, IE nn . 2abif = 2a+of, 
4. i K = + 
* Likewiſe, by the ſame Sep, HET + —. 2a+2f = 2c+24d, 7 


4. Therefore by adding the three laſt Equation together, 64 6f = 4 FT -7 4 
Which was to be demonſtrated. And fo of others when the number of terms is even. 
Secondly, let there be an Arithmetical Progreſfion conſiſting of an odd number of 
terms, ſuppoſe theſe five, a, b, c, d, e. | 2 
IB. „ Jar = 2a+ 25 ＋ 26+ 2d+ 2e. 


| DEMONSTRATION. 
1. It is manileft chat ö . 2a 26e = 2a 2e, 125 e A 
2. Ad by % ß 2 
2 e by Seck. 12 . a+ 6 =. 2 | 
. Therefore by adding the three la 5 58 8 
y Equations Aeg ö 5 5a e = 20 f 20+ 26+ 2d-+ 20, 


And ſo of others when the number of terms is odd. ms 
XIV. Therefore from the laſt Sec. the firſt and laſt terms, as alſo the number of 
terms in an Arithmetical Progreſſion continued being given, the ſum of all the terms 
ſhall be alſo given: For if the ſum of the firſt and laſt terms be multiplied by the num- 
ber of terms the Product is the double ſum of all the terms, and conſequently the half 
of that Product is the ſum ir ſelf. For example, If a, b, c, d, e, 7. g, be in Arithme- 
tical Progreſſion continued, and T be put for the number of terms, alſo Z for their 
ſam (as before ;) Then Ta-. Ig = 2, and conſequently Ta Ig = Z. | 
XV. Mr. Villiam Oughtred in Prob. 4. Chap. 19. of his incomparable Clavis Mathe- 
mat. has very elegantly handled 20 Propofitions about Arithmetical Progreſſion con- 
tinued, which (for the more ample Illuſtration of the preceding Rules in this Book,) 
I ſhall explain in this Section, uſing his own Symbols, which are theſe, viz. 
: 4 :-<4; , ,: e The leut (ori) tem WHITES 
2 | „%% , , YNThe greateſt (or laſt) term. 2 
es T stands for The number of Terms. e 
| 3 The common difference of the Terms. 
iS T The ſum of all the terms. 


1 


Any 


— — WY. — 


£ 1 A 5. 17 concerning Arithmetical Progreſſion. | 


ive ac of the — 20 — which Mr.  Onghtred ſtaces thus; 


e three of theſe five things being given, the other two ſhall be alſo given, = the 
wh) 


| Given, FH Sought, | | By Propoſ | | 
— — 
et 8 * tank ..9. 
Toi KtT-and Z 3 and 4 
4 e. 2 T and & 5 and 6 
Ja, T, XK. Ad 4 ||: 7 and 8 
c F: 2 | @ and R 9 and 10 : 
4 X, Z. e and T | I1 and 12 
f leo I, XI and 2 13 and 14 
J, T, Z | and X 15 and 16 
e X, Zz | a and T | 17 and 18 
IL. X ZI I and „ | 19 and 20 | | 
PRO P. I. 
3 4 @, FT are given ſeverally; 
eee Z is ſought, 
RESOL UTION. 
2. By Self. 14. of this Chap. . . . > + + Te+ Ta Ww39s, 
Which Equation, if expreſsd by ads, gives this — 
CANON. 


| the Sum of the firſt and laſt Terms by the number of dane the Product 
| ſhall be the double of the Sum of all the Terms, and conſequently the half of that 


Product is the required Sum of all the Terms. 
Which Canon may be exemplified by the following (or any other) rank of num- 


her in Arithmetical Progreſſion continued, VIZ, 
" 7⁵ IT, 15, 195 23, 27 


a. * 
C Dons) * - ”" ** 7 7 * : * N _ 
o 2 * * 4 7 — 7 . 


PROP HI. 
| . - F<, T aregiven feverally ; = | 
To het 4 2 4 is ſought. 5 | HH 
" —POryrrox on 


+ 1 X. 
Which r Equation following 55 TS 


i 9 © 21% 4® 
= wide the — of the greateſt (or laſt) Term above the leaſt, ; by the number of 
Terms leſſened by 1 (or Unity,) and the Quotient is the common difference required, 


Which Canon may be exemplifted by the following (or any — Series of num- 


bers in Arithmetical Progreſſion continued, viz, 
32 7 II, Is, 2 23, 27. 


From the Equation in the ſecond ſtep o f Prop. I. and the 3 in 1 the ſecond | 


ep of to. 2, the e Canoes of all the ſoll wig 18 — are deduced. 


1 DK. X are given ſererally; . 7777 
"Fs Ro £2 "$1 is ſought. © ; 
Px RESOLUTION. 8 W 
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155 "The 1 Letters put for the things given and { 
- contained in the Equation in the Fond ſtep 0 ' Prop. 2. therefore the work here is 
only to ſet T alone in ee which may be done thus, vx. | 
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3 By the Canon of Prop. „ Bod: e t Oy Wn Py FO 


4. Therefore by multiplying each part of that Equation SC: 
* by T— 1, this ariſes, viz. . . Jy — 2 = T% — * 
5. And by addition of Xto each part of the laſt Equation 22 3 | 


this ariſes 3 - 
6. Therefore each part of the laſt Equation being divided { e=0+: wt 


by X, the number T will be made known, viz. . 
The laſt Equation gives this following 


CANON 


From the laſt 00 wit, the greateſt) Term ſubtract the firſt, and divide thi Remain: 
der by the common difference; then to the Quotient add x (or Unity) fo ſhall the 
Sum be the required number of Terms. 

This Canon may be exemplified by the following (or any other) Rank of Numbers 
in Arithmetical Progreſſion continued : 

3, 75 LI, 155 19, 235 27. 


_—_— - 


PROP. 4. 


C44 x 0 given ſeverally; 
* 4 e required. 


” RESOLUTION 
2. By the Canon of Prop. 1. „%% ; jo Wn 0 To ＋ Ta = 22.3 


; _y 


. And by the Canon of Prop. . * _—_— 


Now if inſtead of T in the oft p part of the Equation i in the — ſtep, you anl. 
: tiply into «+= that which in the laſt Equation is found equal to T, the former 
Equation will be converted into this, viz, 


R— =27, 
| Which in words i is this following 


CANOYW. 


From the 3 of the greateſt (or laſt) Term ſubtract the Square of the leaf (or 
firſt,) then dividing the Remainder by the common difterence, and to the Quotient 
adding the Sum of the firſt and laſt Terms, the half of the Sum of this Addition ſhall 
be the required Sum of all the Terms, 

The Canon may be exemplified by the following (or any other) Rank of Numbers 
in Arithmetical Progreſhon continued : 

; = 7, II, I5, 12 23, wn 


1 
8 - 2 - Ws 5 > a hn — I 5 — "EE 


— — 


Ss 7210 * 

| = &z @y FA are given ſeverally ; 7 
R 4 T is required. 

——— RESOLUTION _ BE 
| 8 the Canon of Prop. I. 3 To Ten 
3. Therefore by dividing each part of that Tanne At... T = a 

@ + 2, this ariſes, vx. . ID 


Which Equation gives this ons” 
__ * = { 0 W , 
Div ide the double of the Sum of all the Terms by the Sum of the firſt and laſt 


9 
* 


Terms, the Quotient is the number of Terms ſought; as may be proved by this fol- 
lowing (or any other) Rank of numbers in Arithmetical Frogre ion: 


II, 15, 1 23, 27. - . 
3 75 2 155 9, 3, 4 PROP 


"+. 


6 1 a Pn I 7. | _confern 2 eee 5 — 


09 [215 22 bes 5 'P R O B vi. 
VVV given ſeverally; 2 
„ 4 X is required. 2 5 | 


EAI SOTZON. 


"he By the Canon of Prop. J O84 ——_— 42 
Which Equation multiplied 1 i X produces. „ 
4. And by iheraing «X + N Romeach part of -K = 22K. 
* the laſt Equation, this ariſes, viz. . . a = 2ZX X-, 
5. Therefore by dividing each part of the laſt ” Ho = x 


Equation by the Co-efficients that are drawn, 
% A 0A 
Which laſt Equation gives this | 


CANON 


From the Squats of the laſt Term ſubtra& the Square of the firſt. (to wit, the leaſt) 


Term; divide the Remainder by the exceſs whereby the double Sum of all the Terms 


exceeds the Sum of the firſt and laſt Terms, ſo ſhall the Quotient be the common | 


difference required. 


This Canon may be exemplified by the following (or wy other) Series of numbers 
in Arithmetical Progreſſion : - 


3, 75 r. 15, 19, 25, 2 0 
. PROP: my Say, 
2 610 1 & T, Xare given feverally , | FITS. RS 2 {3 
1. By 5 4 74G is Jought. | l ; Sn = £7 12 55 BENNY 
ane, 
2. By the Canon of Prop. $4 18 7 nel : 4 So = X, 


3. Therefore by multiplying each part 6f the. ald = 1 TIX-X, 


gquation by T—-1, this will be Fre alt gk, _ — 
And by adding 4 to each part of the la 39 775 3 TY 
. ton this ariſes, vis, . .-> C1. 8 1 s = TA+ X. 
Which laſt camel gives this 


CANON 


To the Product made by the Multiplication of the number of Terms into the com- 
mon difference, add the firſt (to wit, the leaſt) Term, and from the Sum ſabtract 
the ſaid difference, ſo ſhall the Remainder be the laſt Term ſought. 
This Canon may be exemplified by the following (or any * Rank of numbers 
in Arithmetical Progreſſion continued : 


37 75 II, 15, 195 23, 27. 


PR 0 F. VIL : 
| 47 T, R are given ſeverall 285 — SE 2. 
* * _£ is ſought. 7 e ta Lhe bs 
3 RESOLUTION. 
2. By the Canon of Bro: TT "TXT 2Z, 


3. And by the Canon of Prop. 7. r | 
4. Now to find an Equation that may confiſt only of the things given and ſodght i in 
this Prop. 8. 2 each part of the Equation in the third ſtep by T, and there 


| be produced 
| TTX+Ts —TX = EE 
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equal to Te, the Equation in the ſecond ſtep will be reduced to this, to wit, 
8 IIXT ZII EN. 
That is, IX 24 X intoT 22. 
Which laſt Equation gives this 
ee CUNON 
6. To the Product af the Multiplication of the number of Terms by the common dif- 
ference, add the double of the firſt (to wit, the leaſt) Term, and from the Sum of 
that Addition fubtra@the common difference; then multiply the Remainder by the 
number of Terms; ſo ſhall the Product be the double Sum of all the Terins, and 
© conſequently the half of that 1 is the required Sum of all the Terms. 
This Canon may be exemplified by the following (or any other) Rank of numbers 
in Arithmetical Progreſſion-continued's OL. HOURD! 
e 3, 75 TH, 15, 19, 23, 27. 
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| P'R'O-P. IX, 
(i fe T, Z are givenſevanlly; + 
rr T 1 r is ſou RET ED CAT YL 
1-67.23 ..;- RB SQEUTHION. 


Holt!!! $9 | | „ 
2. By the Canon of Prop. I. I» Te = 22, 
4+" Therefore by equal ſubtraction of T.. . .= 24 — Ta, 
4. Therefore by dividing each part of mJ „22-1. 
laſt Equation by T, this azifes; „„ r 
Which laſt Equation gives this 3 
1 80 CANON 
From the double of the Sum of all the Terms ſubtract the Product of the Multipli- 
cation of the number of Terms by the: firſt to wit, the leaſt) Term, and divide the 
Remainder by the number of Terms; ſo ſhall the Quotient be the laſt Term ſought. 
This Canon may be exemplified by the following (or any other) Rank of Num- 
bers in Arithmetical Progreſſion continued: | _ 


| 9 3 ER. O A . ::2 
5 , T, Z are given. ſeverallf j 
e K. OF 


Ko 
4 F 
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2. By the Canon of 2 FS, 7 1 TTX-þ2Ta—TX = 22, ? 5 
3. Therefore by equal ſubtraction of 2 T N NX „ „e. 

i from each part, this will ariſe; towit, $ TTA TA = 22, — 2Ta, 

4. And by dividing each part of the lat? „ 2Z—2Ta 


. will be made known, vix. „„ TT I 
e Whiele laſt Equation gives this „„ 
7 'C 4d N OA: 115 „ 
From the double Sum of all the Terms ſubtract the double Product made by the 
Multiplication of the number of Terms by the leaſt Term, and divide the Remainder 
by the exceſs of the Square of the Number of Terms above the number of Terms, ſo 
ſhall the Quotient be the common difference ſought. N . 
This Canon may be exemplified by the following (or any/ other), Series of numbers 


in Arithmetical Progreſſion continued: ue 
ä 1 | 32. 77 1 1. 15. 19, 23, 27. | 
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CHAP. 17. concerning Arithmetical Progreſſion. 127 
Therefore by multiplying that Equation by X, Þ' 2 55 
? this will be prodused $0 Wit : — 172 NN = 2ZX, 
4. And by wings agg per Sg wh . . XA XA = 2Z XK Tas, 
And from the laſt Equation by tranſpoſition OE 
f oF-Xe. this Aries. - oa: :+:.» 1 8 + X = 2ZX Nan Xa, 
8. Which laſt Equation falling under the firſt of the three Forms in Se. 1. Chap. 15 
of this Book, the value of « ſhall be given by the Canon in Seck. 6. of the ſame 
ö Chap. viz. PPE | Fg BEAT | By | f 
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_, a. — 
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22 


BS == 1 


ö 2 
Which Equation gives this 
Th | US NON -. „„ 

From the ſum of theſe three numbers, to wit, the Square of half the common dif 
ference ; the double Product of the Multiplication of the ſum of all the terms by the 
common difference; and the Square of the firſt (to wit, theleaſt) term, ſubtra& the 
Product of the firſt term multiplied by the common difference, and extract the ſquare 15 
Root of the Remainder ; then from the ſaid ſquare Root ſubtra& half the common 1 
difference, ſo ſhall this laſt Remainder be the laſt and greateſt term ſou hlt. 1185 
This Canon may be exemplified by the following (or any other) Rank of numbers 
in Arithmetical Progreſſion continued: e wee | 


33 72 11, T9, 19, 235 27. 


oo 
, X, Z are given ſeverall; 5 
Ns I is ſought. .- . 
oy . CCP FR, | 
2. The Canon of Prop. 8. gives this Equation, . , XTT-+2aT—XT = 22, 
3. Where in regard A is drawn into TT ( which . 
is the higheſt degree of the Quantity ſought,) ( TT + 2aT—XT __ 2 
let every term of the Equation be divided by + e W bs. 
X, whence this Equarion will ariſe; . . ,) | „%% ge 3h 
4. Now it muſt be diſcovered from the things given whether 2a exceeds X, or isleſs, = 
or equal to X. Firſt then ſuppoſe 24 © X, and then the laſt Equation may be ex- 
prels'd thus; 3 e 


il 


| 24— 5 22 
1 1 
5. Which Equation falling under the firſt of the three Forms in Set. 1. Chap. 15. the 
value of T ſhall be given by the Canon in Seck. 6. of the ſame Chap. viz. 
Cs AX +IXX+2Z%R = 24—X + 
1 he | ——. 
XX — 2 „„ 
6. Secondly, If 24 X, then the Equation in the third ſtep ſhall be expreſsd thus; 
28 TT aer 3 e W 

7. Which Equation falling under the ſecond of the three Forms in Se@. 1. Chap. 15. 

the value of T ſhall be given by the Canon in Sect. 8. of the ſame Chap. viz. 


VN. J Nag 


* 


8. Laſtly, If 2 X, then the Equatian in the third ſtep will be expreſsd thus; 


The three Equations in the 5,7, and 8 ſteps give a threefold Canon to ſolve this 12 Prop. vix. 
Foe Canon I. V pen the double of the leaſt term exceeds the common difference. _ 
9. To the Square of the exceſs of the leaſt term above half the common difference add 

the double. Product of the Multiplication of the Sum of all the Terms by the com- 
mon difference, divide the Sum of that Addition by the ſquare of the common dif- 
ference and extract the ſquare Root of the Quotient; then from the double of the 
leaſt term ſubtract the common difference and divide the Remainder by the double 
of the common difference: laſtly, ſubtracting this Quotient from the ſquare Root 


x 


before found,-the Remainder ſhall be the number of terms ſought. 
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difference of the Terms: 


: 1 „„ « is ſought. 


Z r . . . oo + « 


This Canon may be exemplified by the following or the like Series of Numbers in 
Arithmetical Progreſſion continued, where the double of the leaſt Term exceeds the 


common difference of the Terms: 8 
3, 5, 75 9, II, 13, 15, Oe. 


Canon ll When the Jotible of the leaft Torm is leſs than the common difference of the Terms, 


to. To the Square of the exceſs of half the common difference above the leaft Term, 
add the double Product of the Multiplication of the Sum of all the Terms by the 


common difference ; divide the Sum of that Addition by the Square of the com- 


mon difference, and extract the ſquare Root of the Quotient; then from the com- 

mon difference ſubtra& rhe double of the leaſt Term, and divide the Remainder by 
the double of the common difference; laſtly, adding this Quotient to the ſquare 
Root before found, the Sum ſhall be the number of Terms ſought. 
This Canon may be exemplified by the following or the like Rank of numbers in 


Arithmetical Progreffion continued, where the double of the leaſt Term is lefs than 


the common difference: „ 
3 2, 7, 1% 19, 4% 2% 32, % no 
Canon. III. hen the double of the leaft Term is equal to the common difference of the Terms. 


11. Divide the double of the Sum of all the Terms by the common difference, ſo 
ſhall the ſquare Root of the Quotient be the number of Terms ſought, 
This Canon may be exemplified by the following Rank of numbers in Arithmetical 
Progreſſion continued, where the double of the leaſt Term is equal to the common 


3, 9, 15, 21, 27, 33, 39. 


T PROP, XIIL 
, T, X are given ſeverally; 


5 - TFERSOZLUDFION 
2. By hy Conn of 3 nn TX—X +a = e, 
3. Therefore by tranſpoſition of TY—X, this Equa- I —_y 
tion will aſe which makes known the value of a; * « = 6+RX—TR. 
Which Equation gives this „ 
| 1 „„ ene 5 
To the laft, (that is, the greateſt) Term add the common difference, and from the 
Sum ſubtract the Product of the number of Terms multiplied by the common differ- 
ence ; ſo ſhall the Remainder be the firſt (or leaſt) Term ſought. 
This Canon may be exemplified by the following or any other Rank of numbers in 


Arithmetical Progreſſion continued : —_ 
| f 3, 7, II, 15, 19, 23, 27. 


3 PROP, XIV. 
_ o, T, X are given ſeverally; 
3 4 Z is ſought, 
| RESOLUTION. 


** 


33 


To + Te = 2Z, 


3. And by the Canon of Prop. 1. XIX S, 
4. Which latter Equation if it be multiplied by T, will produce To+TX—TTX = Ta, 


5. Then if inſtead of Te in the Equation in the ſecond ſtep, my 9925 
T. IX —TTX = 22, 


you take that which in the fourth ſtep is found equal to Ta, S2 

the Equation in the ſecond ſtep will be converted into this; — 
COMES =o =o yoo: Sor A rximoPemrZ, 
Which Equation gives this | 


To the double of the laft (to wit, the greateſt) Term, add thecommon diiforence 3 


F 3 5 from the Sum ſubtract the Product of the number of Terms multiplied by the common 


difference; 
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. Therefore by dividing 


5 * nN Ne 


1 I 


SYS 4. 


h Concerning nth ee on. 


be the double of the Sum of all the Terms, and conſ 
is the required Sum of all the Terms. equently the half of that Product 


followin 
in oO Progreſhon ined 4 1 . TY — Rank) of numbers 


5 Ta. II, 5, I9, 23, 275, 31. 


pots, 8 8 P R 0 "= xv. 
„ „. Z are given ſeverall 
5 f & is ſought. 5 
RESOLUTION: : 
2, By the Canon of Prop. NR . 53 3 ps 24 — Ts = 0, 
Tagore multiplying each part of that Ec t 10 | 
0 ; , this will ll ark * 8 E qua 0 2Z — Ta = To, 
nd by tranſpoſition of — Tei in the laſt E ti 
3 will ati; qua 2 26 = To + . 


5. Likewiſe by tranſpoſſ tion of Te, this Equation ariſes, 2 — To = Ta, 
8. Therefore each part of the laſt Equation being di- 2 
* by T, the value of æ will be made known, di. 5 
Which Equation gives this 
Divide the double 8 {all the Terem by aha 
ivide the double Sum of all the Terms y the number of Terms and from h 
uotient ſubtra&t the laſt (to wit, the reateſt term; { rs 
t and leaſt term ſought, : 5 __ the Niger be the 


| This Canon may be exemplified the followin r 
— 8 (0 any other) Rankof numbers in 


"00 h II, Im 19, 23, 1275 


P 2 0 P. XVI. 
@, T, Z are given ſeverall 
l. be X is ſought. £8 
RESOLUTION, 


the Canon of Prop. 14. „„ é KK0' 4 20 Nr into T = — 22, 
5 Thar 3 2To+TX—TTX = 22, 
4. Therefore by due tranſpoſition thiEquation will ariſe, Fc gs, - TTX—TX, 
all in the laſt Equation by > 2T»—22Z _ 
II.. the value of X will be made known, vix. 5, TIT 1 who 
Which Braten gives this 
CAN O MN. 


From the double product of the Multiplication of the number of Term 
2 — 3 80 _ jo the Su 1 2 — the 8 divide the em by 
er by the exceſs of the Square of the number of Terms above th ber of 
Þ ſhall the Quotient be the common difference: ſought. "REG Then 


This Canon may be exem by the followin or an other Rank of 
in Arithmetical Frogreſſion continued: $ ber al Fe 5 mM n 

MX a 3 7, FT, 135, 19, 23, . | Oe 

b K 57 Un e Abt iert. 

1 4** 2 27 ara h, 

— « is ſought. 

** 8 0 L U 17 0 . 
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3 My 5 bn wi 2 . 
0 ch part ot tha ation m 1 
plied by 22 2 there nA ark 3 1 .-. 


hence by equal addition of No tX Xe you Hae find, -H Ne. = 2ZX, 
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| afirence then multiply the Remainder by the number of Terms, the Pa gry "1 — 
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Now before known Quantities can be ſeparated from unknown in the laſt Equation, 
we muſt diſcover from the things given in the Propolition, whether o-. Xe be equal, 
greater, or leſs than 2Z X? Firſt therefore, TI ets ne on Orgy 
„ VS) ITN GCSE £955 
6. And then by ſetting a No in the place o 7 © 
2ZX in the Equation in the fourth ſtep, r N NA—44 = ww Xs, 
Sas there will ariſe, WE « G 4 5 = _—_ 1 | — E Io 3 AGE | EL ; 3 
7. Whence by ſubtracting «»X@ from each part, and by 7 1 


% . 
* | 


tranſpoſition of — 4, this Equation ariſes; . . . . . 
= &G 


8. Which laſt Equation being divided by a, gives 
From the premiles ariſes this 


* 5 * 2 . 8 & Ws BW 
G VVV 


5. When the ſum of the Square of the laſt (to wit, the greateſt) term and the Produòt 
of the multiplication of the {aid laſt term by the common difference of the terms is 
equal to the double of the Product made by the multiplication of the ſum and common 
difference of the terms, then the ſaid difference is equal to the firſt or leaſt term ſought. 

This Canon may be exemplified by the following Series of numbers in Arithme- 

tical Progreſſion continued: F * 

= 2, 4, 6, 8, 10, 12, 14. „ 

10. 2 1 55 3 N © 2Z K. 

IT. Then from the Equation in the fourt RT „ J,. „i oy 

ſtep, after due Reduction, there will ale, e TN. ZX, eu 

12. In which laſt Equation all things are known but «, and the ſaid Equation falls 

under the ſecond of the three Forms in Se8. 1. Chap. 15. Therefore the value of a, 

to wit, the firſt (or leaſt) term . ſought ſhall be given by the Canon in SeF, 8. of 


Ss: +». #7 
— 


the ſame Chap. viz, gr 
„ a = IR N V; % N + FAA —=2L8 
From the tenth and twelfth ſteps ans; rot on „ J 


half the common difference, ſo ſhall the Sum be the firſt (or leaſt) term ſoughr. 

236 1 9 7 ho 

_ T4.;Thirdly, ſuppoſe ©; . „ oY DI ZN HE od 

omnes £6 THOR) eat ot 

ble Equation may ariſe, this Determina- - Ne XX, not ZR, 

tion 8 Sy, TE I ES econ ELL CVas No „ 
3 . Fe 

6. Then fromm rhe Equation in the fourth ſtep > Ris mae = 2ZR —00— XX 


„„ EEE IO IY . 


the laſt of the three Forms in Se@. 1. Ghap. 15. Therefore the two, values of « in 
that Equation ſhall be given by the Canon in Sec. 10. of the ſame Chas. viz, .i 
ets Or, 2 — 7 OO 
78. Whence it is manifeſt, that if in this third Caſe it happens ee 
„ 3X: that is to ſay, the firſt (or leaſt) term fought ſha 
CC N 
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— 


that MAXX © 2 Z, then there will be two re ws Roots or values of a, 
to wit, thoſe above expreſs d, by either of which the Equation in the ſixteenth 
ſtep may he expounded ; yet (as may eaſily be apprehended) only one of thoſe 
values of à can be ſuch a firſt. (or leaſt) term as will agree with the things given 
in the Propoſition: But which of thoſe two values of à is the leaſt term ſought, 
Fou may diſcover by the Proof formed thus, viz. Firſt, by the help of one of thoſe 
- Unequal values of a found out as above, together with the given laſt (to wit, the 
. . greateſt) term and the given common difference of the terms, you may find out 
(by the Canon of the third Prop,) the number of terms, (which muſt always be a 
- whole number,) and then by the {ame value of a, together with the ſaid laſt term 
and the number of Terms you may by the Canon of Prop. 1. find out the ſum of 
all the terms; then if this ſum be equal to the ſum given in the Propoſ propos'd, 
that value of , by which the Proof was made, is the leaſt term ſought: Bur if 
that Proof will not ſucceed, then the other value of & ſhall be the leaſt term ſought ; 
as will be evident by the Proof made as before. Te”. | 
From the five laſt ſteps there will ariſe 


C4NO£ It 90 | 


19. When the ſum of the Square of the laſt (to wit, the greateſt) term, and the Pro- 
duct of the Multiplication of the ſaid laſt term by the common difference, is leſs 
than the double of the Produtt made by the multiplication of the ſum and common 
difference of the terms; but the Aggregate of the ſum firſt mentioned and the ſquare 
of half the common difference is not leſs than the ſaid double Product; then from 
the ſaid Aggregate ſubtract the ſaid double Product and extract the ſquare Root of 
the Remäinder, that done, add the faid ſquare Root to half the common difference of 
the terms, and alſo ſubtract the ſaid ſquare Root from the faid half difference, ſo 
the Sum or elſe the Remainder, (viz. ſuch of them, which by the Proof made ac- 
cording to the direction in the preceding eighteenth ſtep will be found to agree with 
the things given in the Propoſition, ſhall be the firſt (or leaſt) term ſought, 
This Canon may be exemplified by the two following Ranks of numbers in 


yay 


. . * Arithmetical Progreſſion continued: 


| 
II. | 2, 7, 12.17, 22, 27. 
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RESOLUTION 


2. B the Canon of Prop. 14. - 15 N $6 20T+KT—XIT = 2Z. 

3. Therefore dividing every member of the ſaid Equation by X, (becauſe it is drawn into 

Tr the higheſt degree of the number ſought, ) this following Equation will ariſe, viz. 
nm. MOL nn, 


1. . 0 0 


3 „ X 
That is, a —< JA, 3 | — 
4. In which all things are known but T, and the faid Equation falls under the laſt 
of the three Forms in Seck. 1. Chap. 15. Therefore the two values of T will be made 
known by the Canon in Sec. 10. of the ſame Chap. vir. 5 
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6. From the Square of the ſum of the laſt (to wit, the greateſt) term, and half 
the common difference, ſubtract the double of the Product of the Multiplication of 


\ 


9 


; 5. But altho the Equation in the third ſtep may be expounded by either of the two 


1 


Roots or values of T above expreſs'd in the fourth ſtep, yet only one of them can 


be the number of terms ſought; but which of the ſaid numbers, or values of T will 


ſolve the Propoſition you may diſcover thus: Firſt, If one of the two numbers or 
values of T before found out be a Fraction or a mixt number, that value cannot be 
the number of terms ſought; for the number of terms in an Arithmetical Progreſſion 
is alwnys a whole number. Secondly, If both the values of T happen to be whole 
numbers, then the true number of terms ſought may be diſcovered by this Proof; 
viz. Firlt, by the help of one of thoſe values of T in whole numbers, together with 
the given laſt (or greateſt) term, and the given common difference, find out (by 
the Canon of Prop. 13.) the firſt (to wit, the leaſt) term; and then by the ſame 
number T, together with the firſt and laſt terms, find out (by the Canon of Prop. I.) 


the ſum of all the terms; laſtly, If the ſum ſo found out be equal to the ſum given 


in the Propoſition propos d, then that number or value of T by which the Proof 
was made {hall be the true number of terms ſought. But if the Proof will not ſuc- 
ceed to find out a number equal to the ſum firſt given, then the other value of T 
is the number of terms ſought ; which will be evident by the Proof made there- 
with in the ſame manner as before, 5 „„ 
From the premilles there ariſes this 
„ 3 CANON. 


the ſum of all the terms by the common difference; divide the Remainder by the 
ſquare of the ſaid difference, and extract the ſquare Root of the Quotient. That 
done, add the ſaid ſquare Root to the Quotient which ariſes by dividing the ſum of 
the laſt term and halt the common difference by the difference it ſelf, and alſo fub- 
tract the ſaid ſquare Root from the ſaid Quotient; ſo the Sum, or elſe the Remain- 
der (vix. ſuch of them which according to the preceding fifth ſtep will be found to 
agree with the things given in the Propoſ.) ſhall be the number of terms ſought. 
This Canon may be exemplified by the three following Progreſſions; in the firſt 


= «a + 


of which the greater of the two values of T (in the fourth ſtep) is the number of 
terms ſought z bur in each of the two latter Progreſſions the leſſer value of T is the 


number of terms ſought, - 


| 


J. n 25 75 1 25 17, 22, 9, TT. 
0-4 4, 8, 15, Is, 19, 26. 
III. 


12 20, 28, 36, 44, 52, 60. 


—_ 
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. 1 T.% Z are given ſeverally; | 


—C 


% >», 


& IS ſought. 3 ; 2 
RESOLUTION 


2, By the Canon of Prop. 10 3 St 1 , 1 8 4 i x, : 
3. Therefore multiplying each part of that Equation “ M , e wy 
by TT—T, this will be produced, to wit, . * 2Z—2T4 = TTK—TX 
4. In which laſt Equation all things are known but «, 7 
whoſe yalue after due Reduction of that Equation a 


will be found out, . 3 


Which in words gives this : + M, 5 


J. Divide the given ſum of all the terms by the given number of terms, to the Quotient 


in Arithmetical Progreffion continued 
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add half the given difference of the terms, and from the ſam of that addition ſubtract 
half the Product of the Multiplication of the ſaid number of terms by the common 
difference; ſo ſhall the Remainder be the firſt (to wit, the leaſt) term required. 

This Canon may be exemplified by the following (or any other) Series © numbers 


[1 . 


2, 7, 12, 17, 22, 27, 32. 
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4, CT, X, £4 ar given feverally; 5 
1. — whe 8 4 „ 2 22 . . 42 e 
* | © is ſought. - | 
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ee nn ME SOEEEION _ 
2. By the Cann of Prop. 16. eng, 
3. Therefore multiplying each part of that Equation d R N 
" by TTT, this will be produced, to wit, . J 21% — 22 = TTX — IX, 
5 4. In which laſt Equation all things are knorn but 7? 7 


\ 
Pd 


9 a, whoſe value, after due Reduction of that Equa- - = Z + 2TX—X, 
% ͤ 3 I 9 


© Which in words gives tis 
5. Divide the given ſum of all the terms hy the given number of terms; to the Quo- 
tient add half the Product of the Multiplication of the number of terms by the 
common difference given, and from the ſum of that Addition ſubtract half the ſaid 
difference; the Remainder ſhall be the laſt (to wit, the greateſt) term required. 
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T̃his Canon may be exemplified by the following or any other Rank of numbers 
in Arithmetical Progreſſion continued : . 
Queſtions to exerciſe ſome of the Canons of the preceding Propoſitions. 0 
„ , , 1 x 1 . ; 3 1 
Queſt. 1. Suppoſe 40 Stones be ſo placed in a ſtreight line, that the firſt is diſtant from 1 
a Basket one Yard, the ſecond two, the third three, and the reſt in the ſame exceſs; now 1 
if ſome Footman undertakes to go from the Basket to fetch into it every Stone one after 
another, how many Yards muſt he go to perform that work? Anſw. 1640 Yards. 


Foraſmuch as the Footman muſt go 2 Yards (to wit, one forwards, and the ſame 
backwards, ) to fetch the firſt Stone into the Basket; 4 Yatds for the ſecond; 6 for 
the third, c. here is an Arithmetical Progreſſion continued whoſe firſt (or leaſt) term 
Is 2, the common difference of the terms is alſo 2, and the number of Terms is 40 
therefore the ſum of all the terms, to wit, the number of Yards ſought will be found 
1640, by the Canon of the preceding eighth Prop. | | 
weft, 2. Two Footmen, A and B, depart at the ſame time from London towards 
Tork, and travel in this manner, viz. 4 travels 8 (or c) Miles evety day; B tra- 
vels 1 Mile the firft day, 2 Miles the ſecond day, 3 Miles the third day, and ſo for- 
ward; travelling every day one Mile more than in the day next preceding: The 
' Queſtion is, to find in how many days B will overtake 4? 4n/w. At the end of 15 
days, found out by this following 5 — 
V»“flf 1. RESOLUTION. t | 
1. For the number of days that B had travelled when he overtook 4, put} 4 
2. Then to find how many Miles B had travelled when he overtook | 
A, there is àn Arithmerical Progreſſion continued wherein the firſt 
and leaſt term is 1, (to wit, 1 Mile which B travelled the firſt day,) 
alſo, the common difference is 1, (for theQueſtion faith that B tra- — 
velled every day 1 Mile more than in the day next preceding, ) and 77 . 
the number of terms is a, (which we aſſumed for the number of 
days that B had travelled when he overtook A;) therefore the ſum 
of all the terms (or number of Miles that B had travelled) will 
buy the Canon of the preceding Prop. 8. be found to be . . . .3 
3. And becauſe 4 travelled 8 (or c) Miles daily, and had travelled 
the ſame number of days as B when B ovettook 4, therefore Fo 5 
S8 (or c ) multiplied by a produces the number of Miles that ( 5 
had then travelled, to Wit... + «49 3 
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4. But when B overtook A, each had travelled the ſame. number of 
in the two laſt ſteps muſt >taa+ 1a = ca 


Miles; therefore the numbers found out 

be equal the one to the other, bi... SN 

5. Which Equation after due Reduction gVv es. 4 2 2c —11 
Which in words is this * Fo 2 


From the double of rhe number of Miles that 4 travelled daily, ſubtra& 1 (of 
Unity, ) o fhall the Remainder be the number of days ſought. * =O 
| Whence the number of days required will be found 15; for the double of 8 is.16, 


will overtake 4 at the end of Has, a8 will be evident by 3 


: =D tir, 57 4 N 791 er! 1 Ws 
„ : F - The Proof: SL We 3 LY 285 oh Bak 
If 15 be the number of terms, and 1 the firſt (or leaſt) term, as alſo the common 
difterence of the terms of anArithmerical Progreſſion continued ; the ſum of all the terms 


will (per Canon of Prop. 8.); be found 120, being the number of Miles which B had tra- 


yelled in 15 Days, (according to the Progreſſion of 1 Mile the firſt Day, 2 Miles the ſe- 
cond, 3 Miles the third, &c.) Allo, A travelling 8 Miles every day, would in 15 
days have travelled 120 Miles. Therefore the conditions in the Queſtion are fatisfied, 


Dueft, 3. A Merchant diſcharged a Debt of 1370 J. by ſeveral Payments made in 


this manner, viz. the firſt pay ment was 15 J. the ſecond payment exceeded the firſt by | 
ZI. the third exceeded the ſecond by the ſame exceſs, and the reſt of the payments 
in like manner. The Queſtion is, to find how many payments the Merchant made 
in diſcharging the ſaid Debt? Anſw. 120, found out thus: 1 ST 7; 
There is given in the Queſtion 12, to wit, the firſt and leaſt term of an Arithmeti- 
cal Progreſſion continued; alſo 5 the difference of the terms, and 1370 the ſum of 
all the terms, to find the number of terms, which (by Canon 1 of the foregoing 
 Frop. 12. of this Chap,) will he nn 120.5 5 e 
Duet. 4. If a Debt of 1370 L. was diſchatped by ſeveral Payments made in ſuch 
manner, that the ſecond payment, exceeded the fir Y J. the third the ſecond, the 
fourth the third, Ec. in the ſame exceſs, viz; every following payment exceeded the 
next preceding by + J. and that the laſt payment was 21 J. What was the firſt (to 
wit, the leaſt) Payment, and how many ſeveral Payments did the Debitor make? 
Anſw. The firſt and leaft Payment was 13-7, (found out by the Canon 2. of Prop, 17.) 
and the number of Payments was 120, found our by the Canon of Prop. 18. 


__. Oueſt. 5. A Footman travelled 124 Miles in 8 Days at this rate, viz. The ſecond 

Days journey exceeded the firft by 3 Miles, the third the ſecond by 3 Miles, and ſo 

forward in that exceſs; How many Miles was his firſt Days Journey, and how many 
| his laſt? Auſiv. 5, and 26 Miles; found out by the Canons of Prop. 19 and 20. 


'  Dneft. 6, A Draper bought 20 Cloths for 20 Crowns a piece, and ſold the firſt 
Cloth for a certain number of Crowns; the ſecond for two Crowns more than the firſt 
the third for two Crowns more than the ſecond ; and ſo by increaſing the price 
of every following Cloth by two Crowns more.than the next preceding Cloth, he ſold 
the laſt Cloth for 41 Crowns. It is deſired to find the number of Crowns for which 
he ſold the firſt Cloth, and what he gained or loſt by all the Cloths _ 
This Queſtion implies an Arithmetical Progreſſion, whole number of Terms is 203 
the common difference of the Terms is 2; and the laſt Term is 41: Therefore by the 
Canon of Prop: 13. of this Chap. the firſt and leaſt term will be found 3; and then by 
the Canon of Prop. 1. (or by the Canon of Prop. 14.) the ſum of all the terms will 
be found 440. Whence it is manifeſt that the Draper gained 40 Crown by the 20 
Cloths ; for he bought them for 400 Crowns, and ſold them for 440. a 


* 


in 25 WE viz. To thetic he gave's "Big to the laſt 51 Pence 1 number 
of Pence given to the ſecond exceeded that given to the firſt, the third the ſecond, and 
ſo forward to the lift by an equal exceſs. The Queſtion is, to find how many poor 
Perſons there were; and how many Pence every one between the firlt and laſt received? 
1 ; * — To 
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ing Arithmetical Progreſſion. 


. 
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To ſolve this Queſtion, an Arithmetical Progreſſion muſt be conceived. wh 
Term is 6; the laſt Term is 51; and the ſum of all the Terms 456 : the * C5 
non of Prop. 3, the number of Terms will be found 16 ; and by the Canon of Prop. b. 
the common difference of the Terms will be found 3 ; wherefore there were 16 poor 
Perſons: and if this Arithmetical Progreſſion, to wit, 6, 9, 12, Cc. be continued to 
the ſixteenth Term incluſive, it will ſhew the number of Pence which every one of 
the poor Perſons received ; and all thoſe 16 Terms or Numbers being added together 
make the given ſum 4.56. N F 

Hue. 8. A Stationer fold 7 (or t) Reams of Paper, the particular price 6 
— oo. numbers of Shillings in Arithmetical Progetiion? the why of the — 
Ream, that is, of that next above the cheapeſt, was 8 (or b) Shillings z and the 
price of the laſt or deareſt Ream was 23 (orc) Shillings : what was the price of each 


Ha? VV 
4 KESO TLUTI ON. Ek. | 
1. For the price of the cheapeſt or firſt Ream RF 5 


2. Then becauſe the price of the ſecond Ream was 

8, (or ö,) therefore by ſubtracting a from 8, 6 
(or b,) there remains the common difference [Cc b—a 
the Terms of the Progreſſion; vin. = 
3. Then by the help of the leaſt term, the common) 
difference of the terms, and the number of terms, , 8. il 

ſeek (by the Canon of Prop. 7. of this Chap.) the T #50537 + B th—b 
laſt and greateſt term, which will be found  . | 5 COR 
4. Which greateſt Term laſt found out mult be equal to 23 (or c,) hence this "Jy 
5 tion ariſes, viz. * | 1 % Sarge 


4 z; Or,  20tabthb=c 
5. From which Equation after due Reduction this ariſes, viz, 
y „„ OE Sg — — 
Which in words is this na ci, e 


From the Product of the price of the ſecond Ream of Paper (to wit. of that nervt 
above the cheapeſt, multiplied by the numher of Reams, ba che ſumof ws Aga 
of the ſecond and laſt Reams; then divide the Rethainder by the exceſs of the number 
of Reams above 2 : fo ſhall the Quotient be the price of the firſt (or cheapeſt) Keam 

Whence, by the help of the numbers given in the Queſtion, theſe following num. 
bers in Arithmetical Progreſſion will be diſcovered, which ſolve the. Queſtion, viz; 
F, 8, 11, 14, 17, 20, 23. | " OO To lM | 


Queſt. 9. One being asked what were the ſeveral ages of his five (or t) Chi 
RE that the age of the eldeſt exceeded that of = ſecond by ( ( — * 
and by the ſame exceſs the ſecond exceeded the third, the third the fourth, the fourth 
the fifth or youngeſt Child's age; and if the age of the eldeſt Child were multiplied 
by the age of the youngeſt it would produce 128 (or c) Years. It's deſired to find 


out the age of every one of the five Children: | 
The numbers fought by the Queſtion ate in Arithmetical Progreſſion. 


"RESOLUTION 
1. For the age of the youngeſt Child (being the: ĩ 
- leaſt Term of the Arithinetical Progreſſion in - 5 
- 2 the Queldidg) pit: 5b. e 
2. Then by the help of a, x and t, vix. the age! 0 9111 £11 g e 


of their ages, and the number of Children, ſcecka nun z 1 
(by e .) theage - a+8 28 5 atx— 
of the eldeft, that is, t e greateſt erm of the 113 eile vide 10 f. ; 
.. Progreſſion, ſo yu yyillifind+! (ls AI. . b nmr ese 
1 1 $1 


the firlt and laſt Terms of the Progreſſion is . J Tf 
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4. Which Product muſt be equal to 128 (or c,) the Product given in the Queſtion * 

- hence this Equation, v2.  aa+ 8a 2 1283 Or, aa-ttxa—xa c. a 
5, Wherefore, by reſolving the laſt —_— according tothe Canon in See. 6. Chap, 15, 
the value of a, that is, the age of the youngeſt Child will be diſcovered, vis. 

E a Hit err tr „ 
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Which in words is this | 
2s CANON. 


From the Product of the number of Children multiplied into the common differ- 
ence of their ages ſubtract the ſaid difference; then to the Square of the Remainder 
add four times the Product of the age of the eldeſt Child multiplied into the age of 
the youngeſt, and extract the ſquare Root of the ſum of that Addition: then from the 
faid ſquare Root ſubtract the Product of the common difference of their Ages multi- 
plied into the exceſs of the number of Children above Unity; ſo the half of the Re- 
mainder ſhall be the age of the youngeſt Child. 5 1 4 
Whence theſe five numbers are diſcovered, viz. 8, 10, 12, 14, 16; which ſhew the 
number of Vearsexpreſſing the age of every one of the five Children: for the Product of 
the firſt and laſt numbers is 128, and the common difference is 2, as was required. 
Oueſt. 10. If the ſum of 6 (or t) numbers or terms in Arithmetical Progreffion be 
48 (or 2, and the Product of the common difference multiplied into the leaſt Term 
be equal to the number of Terms; what are the Numbers of that. Progreſſion? 

7. For the common difference of the Terms put. 1 8 
2. Then according to the condition in the Queſtion, Þ ” 
if the number of Terms be divided by the common 

difference, the Quotient is the leaſt Term, to wit, 
3. Now by the help of the common difference, the J "Hg 
leaſt Term, and the number of Terms, ſeek (by c 72 . 
by eighth Prop. of this Chap.) the double ſum of C 30 ft , | ttar = t 
all the To you - gg NC 8 „„ 
4. Which double Sum mu qu | to twi e 5 the um iven in | eſtion; 
T hence th Equation ariſes, ix. ee brarmnt Shoad ty Qui 9 : 
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| hd 
x 
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% 4 


5 | 30a . =96; - 
5. Which Equation duly reduced gives | 
981% Tir) © oi 1s as 25 „ 


the two values of a will be found theſe, viz e 
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7. Each of which yalues of a, to wit, 2 and may be taken for the common differ 

ence ſought. Then becauſe 6 is preſcribed in the Queſtion for the Product of the 

leaſt Term multiplied into the common. difference, let. 6 be divided by the ſaid 2 

and ſeverally, and the Quotients 3 and 5 ſhall! be the two leaſt Terms of two 

Arithmetical Progreſſions, each of whick will folve the Queſtion: And tferefore 
Iube ſix numbers ſought may be either theſe, 3, 5, 7, 9, 11, ä 

Or theſe, q 1 - © 'o. + oj £3208 e 63,74, 84, 97 „ Sr 
In each of which Progreſſions, the number of Terms is 6; the ſum of all the Terms 
is 48; and the eh wa difference multiplied by the leaſt Term produceg-the number 
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of Terms. Which was Preſcribed in the | [37 
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CHAT. i. 1 
Concerning the Gene ſis or Production of Powers from Noots Bino- 
mial, Trinomial, &c. Mo, 


J. 


any repetition of what has been there explained at large, I ſhall proceed 
to the handling of new matter in this Myſterious Art. Firſt then, foraſ- 
much as the Extraction of Roots is undoubtedly the hardeſt Leſſon in Vul- 
gar Arithmetic, and the Reaſon of the Rules delivered in moſt Treatiſes of 
Arithmetic for extracting of the Square and Cubic Roots is known but to few practi- 
cal Arithmeticians, I ſhall explain what our learned Divine and famous Mathemati- 


cian Mr. William Oughtred, hath ſuccinctly delivered upon this Subject in the twelfth, 


thirteenth, and fourteenth Chapters of his Incomparable Clavis Mathematics ; to 
which end in this and the following ſecond Chapters I ſhall firſt ſhew the Geneſis or 
Production of Powers from Roots Binomial, Trinomial, &7c. and then in the third 


and fourth Chapters their Analyſis, or the Extraction of the Root or Side out of any 


given Power, whether it be expreſs d by the Number or Letters. 


II. If a Line or Number be divided into any two parts, ſuppoſe a the greater and 


e the leſſer, theſe connected by the Sign + or — do conſtitute a Binomial Root, as 


a + e or a—e, the latter of which ſome call a Reſidual Root, becauſe it imports a Re- 
mainder, viz. the difference of the two Names or Parts of the Root. In like manner theſe 
Compound Quantities a + b ++ c, a—b—<c, and the like, may be called Trinomial 
Roots, becauſe each of them conſiſts of three Names or Parts; and a + b + c + d a 
Quadrinomial Root, that is, a Root conſiſting of four Parts: And fo of others. 


III. From a Root Binomial, Trinomial, c. Algebraical Powers may be produced 
In like manner as from a fimple Root, viz. by a continued Multiplication of the Root 
into it ſelf. As for Example: The Binomial Root a+e being multiplied by it ſelf, 
that is, a+e by a+e, produces aa 2aeez, the Square of ate. Again, if the 
Square aa 24e+ee be multiplied by its Root ae, the Product will be aaa 3aae 


+ 3aee-+cee, which is the Cube of the Root ae; and if the ſaid Cube be multipli- 


ed by its Root age, it will 2 the fourth Power: and ſo you may proceed to 
find a fifth, ſixth, or what 
for the greater evidence view the following Operation. 


v 8 
8 
2 a + 1 5 


i 


Shall take it for granted, that the Reader of this Second Book of Algebrai- 
cal Elements is well exerciſed in the Firſt; and therefore without making 


ower you pleaſe from the Binomial Root ae, But 
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Binomial Root, 
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bv Square, V 9 


aaa + ⁊aae¶ aee 


+ aae - 2aee-Þ eee 


. AC: a. IS 


—_ 


7 . 


Cube; „ 4 
are 


aaaa r 3aaae Zaaee ＋ acee 
+ aaae ＋ Zaaee gaeee ecee e 


| _ — 


r 


Biquadrate, , aaaa ＋ 4aaae- baaee+ gacce- eece. | 


After the ſame manner, if the Refidual Root a—e be multiplied by it ſelf, the Pro- 
duct will be aa—2aeee the Square of a—e. Again, if the Square aa — 246 fes 
be multiplied by its Root a—e, the Product will be aaa—3aae+ zaee—ece, which 
18 che Cube of the Root ae. And ſo you may proceed to find a fourth, fifth, or what 
Power you pleaſe from the Reſidual Root a=; view the following Work. 


Reſidual Root . . a=e 
| e 


ad—aec 
—ac+ ee 


a * _ 
LU — 2— _ — — 


Square. » aam—2achee 

Sr - 5 
aaa — 2a f ace 

Laae ＋ 2a eee 


** 
* 


Der 


= Cube, . « «© - aaa=—=3agaeh Jace—ece. 
a—e | 


*** FLO 
_— 


Nn 


aaaa — zaaae 3aaee — acee 
QE aaae Zuaee —zacee -& ecee 


2" 


f Biquadrate, * aaad—qgaaae -+ 6aaee—gaeee + ecee, 


By thoſe two Examples it is manifeſt, that the Powers from the Refidual Root a4 
differ only in the Signs + and —from like Powers formed from the Binomial Root 
a e; for in every Power of a Reſidual Root, the Signs prefix d before the Parts or 
Members of the Power are alternately + and — ; viz. the greateſt or firſt Member 
is Affirmative, the ſecond Negative, the third Affirmative, the fourth Negative, and 
ſo forwards: as you may ſee in the Cube of a—e, where aaa the greateſt extreme Mem- 
ber is Affirmarive; the next Number in order being —3aae is Negative; the third 
Member +3aee is Affirmative; and the laft (to wit, the leaſt) Member —eee is Ne- 
gative. But in every Power produced from a Binomial Root, whoſe Parts are con- 
nected by +, as ape, all the Members of the Power are Affirmative. 
IV. If according to the Conſtruction in the laſt preceding Section a Scale or Rank 
of Powers be formed from a Binomial Root, as from ate, the Members of each 
Power to the tenth incluſive will be ſuch as you ſee in the following Table, where the 
two laſt Powers are compendiouſly expreſs d according to Carteſus his way, 1 
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A Table of Powers produced from the Binotninal Root «++ e. 
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V. By the foregoing Table it is evident, that the Square of ae conſiſts of aa+ 
zae fee; which ſhews, that if a Number be divided into any two parts, the Square 
of that Number ſhall be equal to the Squares of the parts, and to twice the Product 
made by the Multiplication of the parts one into the other; as if 12 be divided into 
Jo and 2, which may be fignified by a and e, then F 


The Square of TFT 
Product of 10 multiplied by 2 KS 
Is 20, which doubled makes; 492 
The Square of 2 is 41 
Which three Numbers, to wit, 100, 42 and ee eee 
added together make the Square of 12, vis, 44 = 4. ade Fer 


In like manner the ſaid Table ſhews, that the Cube or third Power of the Binomĩ - 
nal Root a- e conſiſts of the Cubes of the Names or Farts of the Root a and e, toge- 
ther with the triple of the ſolid Product made by the Multiplication of the Square of 

the greater part à into the leſſer part e, and the triple of the ſolid Product made by the 
Multiplication of the greater part a into the Square of the leſſer part e. This may be 
MHuſtrated by Numbers thus: Suppoſe 12 to be divided into 10 and 2, which may (as 
before) be repreſented by a and ?; then the Cube of 12 or of a- xe, will be equal to 
the Sum of theſe four ſolid Numbers, viz. a | Tho 
2 | 1 
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%%% ö 
The Square of 10 is 100, which mul- JF | ; 
tiplied by 2 produces 200, this > . 600 | 3aae 

mipled eee ow 
Again, 10 multiplied by 4 the Square 
of 2 produces 40, the Triple where- > . 120 | 3aee 
of iS . . "On INS. , * 8 3-4 
e +5 + 5:5 4 of eee 
Which four Numbers, viz. 1000, 600, 
120, and 8, added together make the g-. 1728 =aaa-þ 3aae-þ Zaee & eee 
Cube of 12, (or 12x12x12) that is OS LE. 

After the ſame manner the reſt of the Powers in the Table might be expreſ#d by 
Words. Whence tis evident, that this literal Method diſcovers many Properties in 
Powers, which in Numeral Calculations do lie in obſcurity. . - 

VI. Moreover, by a bare Inſpection into the ſaid Table it may be perceived, that 
the Number prefix d to every one of the mean Members of every Power produced from 


bs.” 
9 
— 


* : 


the Binomial Root a-+ e, is compoſed of the two Numbers prefix d to the next ſuperi- 


our and inferiour Members of the next preceding Power. As for example : If you 
conceive the Line upon which 3aae is ſet to be continued forth at length, it will pa 


between aa, that is, Iaa and 2ae, in the foregoing ſecond Power (or Square.) Now 


I fay that the number 3 prefix d to aae is the ſum of 1 and 2 the Numbers prefix'd to 
aa and ae. Likewiſe the number 6 prefix d to aaee, one of the Members of the fourth 
Power, is compoſed of 3 and 3, the Numbers prefix*d to aae and aee in the third 
Power. Again, the number 15 prefix d to aaaaee is the ſum of 5 and 10, the Num- 


bers prefix d to aaaze and aaare in the fifth Power, Hence a Table may be made to 


ſhew what Numbers are to be prefix'd to the mean Numbers of every Power. 


A | 
2 For the Square. 


3 . 2 For the Cube, 


—a—_ 


$4 <6 For the fourth Power. 


5 . 10 . 10 , 5 For the fifth Power. 


">; 20 . I5 . 6 Fox the fixth Power, 


5 35 . 21. 7 For the ſeventh Power. 


F 56 . 28 For the eighth Power. 


9 . 36 . 84 . 126.126 . 84 36. 9 For the ninth Power. 


* 


10 . 45 120. 210. 252. 210. 120. 45 10 For the tenth Power. 


= . . . 0 * E 
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In this Table the Numbers from 4 to B, and likewiſe from A to 2 do proceed 


from 2 in an Arithmetical Progreſſion, having 1 (to wit, Unity) for a common dif- 
ference; and every one of the mean Numbers ſtanding between the ſame Term of 
each Progreſſion, is compoſed of the two Numbers which ſtand next above each mean 
Number reſpectively: As 6, which ſtands between 4 and 4, is the Sum of 3 and 3, 
which ſtand above and on cach fide of 6: likewiſe 10, which is ſet between 5 and 5, 
is the Sum of 6 and 4 which ſtand above 10; and ſo of the reſt. So that this Table 
2 2 eaſily continued further at pleaſure. . , 


Any Power of a Binominal or Reſidual Root expreſs'd by Letters,may without 


a continued Multiplication of the Root into it ſelf be eaſily formed by the following 


Method, which is deduced from the Premiſes, viz. Suppoſe the fifth Power of the 
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HA. 2 form a Binominal Root. 


Binominal Root a+e be defired ; Firſt, I write all the fimple Powers of a, deſcendin 
orderly from the fifth Power downwards to the Root 7 as aaaaa, aca aaa. * 
and a, as here you ſee in the firſt Columel: then to „ 
all thoſe Powers, except the uppermoſt aaaaa, I joyn (1) | (2) (3) 

ſuch ſimple Powers of e, that the Sum of the Indi- | 


ces of both Powers may make 5, viz. To aaaal aaaaa | aanan.| aaaaa 


Oyn e; to aaa, ee, to aa, eee; and to a, eeee; then aaaa | aaage_ 5 dqaaae 
write eeeee underneath ; ſo that there are fix di. aaa aaace | Tonaace 
ſtintMembers or Terms, every one of which conſiſts an | ances | Torres 
of five Dimenſions, as you ſee in the ſecondColumel, a | accee Faces 
That done, by the Table in the foregoing Seck. 6. | excee eeece 


| find that the Numbers 5, 10, 10, and 5 are to be 
prefix d before the mean Members of the fifth Power; and accordingly I ſer 5 before 
aaaae, I before aaaee, likewiſe 10 before aaeee, and 5 before aceee ; laſtly, by prefix- 
ing -; or ſuppoſing it to be prefix d before every one of the ſaid five Members, the 
fifth Power of the om nx oot a-+e ĩs compleated, as you ſee in the third Columel, 
and in every reſpect agrees with the fifth Power in the Table in the foregoing Sed 4. 
But if the Signs and — be alternately prefix d before the Members of the ſaid fifth 
Power, according to what has been ſaid at the latter end of Sec. 3. it will be the 
fifth Power of the Reſidual Root a—e. 5 


VIII. Laſtly, from a Root confiſting of three, four, or any number of parts, the 
Square, Cube, or any higher Power of the Root may be produced by a continued 
Multiplication of the Root into it ſelf: As the Trinomial Root ac being mul- 
tiplied by it ſelf, its Square will be found aaf 2ab-+ zac CY abe cc; and this 
Square multiplied again by its Root a+bc produces the Cube of the ſame Root, 
that is, aaa 3aab-+ 3aac+ 3abb+ Gabe zacc bbb-+ 3bbc+ 3bce+ ccc. After the 
ſame manner Powers may be produced from a Root conſiſting of four, or any Num- 
ber of Parts. And if the Conſtitution of Powers expreſs'd by Letters be ſeriouſly 
conſidered, it will be ſome help to 6 app whether an Algebraic Quantity confiſting 
of more than three Members or Terins be a perfect Power or not, and alſo give ſome 
light to diſcover its Root. | 


i 


| + QUE i 


* Concerning the Compoſition of Powers in Numbers from a 
Binominal Root. 


| 5 Side or Boot. | 


I. QUppo® the Square of the Root 28 be defired : Firſt, write down the Root 28 in 
ſuch manner that there may be ſpace enough to ſet one Figure between 2 and 
8, and let i Line be drawn under them; as alſo two downright Lines, the one next after 
2, and the other after 8, to the end the Numbers which are to be found out may be 
orderly placed for Addition: then let the Root 28 be conceived to be divided into 
theſe two parts 20 and 8, and let @ be put for 
the greater part, and e for the lefſer. Now - 218 Root propoſed. 
foraſmuch as the Square of a-Þe is da-. 24% a4=20 4ſ as 
Tee, therefore che Square of 28, or of 20 e= 8 320 
+8 may be apo _ e ba] ee | | 
of 20 is 400, (or aa ;) the double of 20 is — — Nt 
40, (or 2a) which multiplied by 8 (or e) pro- _ 7184 Square required. 
duces 320, (that is,2ae; ) and the Square of 8 drone 
is 64 (or ee.) Laſtly, the ſaid three Numbers 400, 320, and 64, being ſet under one 
| 7 | P12 Ano- 


a 
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rs 


RS. 
- 78 a A * 


roved by multiplying 3 8 * 
i 2. When ths gun Number or Root whoſe Square is deſired conſiſts of three or 


more places, as 47803; firſt, the Square of the two foremoſt Figures towards the left 
Hand, that is, of 47, mult be found out in like manner as before in the firſt Example, 
{o there will be produced 2209 for the Square of 47, as you ſee in the following Exam 
ple 2. Secondly, write 47 in a void place, and annex a Cypher to it, fo it makes 450, 
this Number muſt now be eſteemed a, and 8 the next following Character of the Root 
muſt be taken for e; and then according to theſe values of a and e the Numbers figni- 

fied by aa,2ae, and ee, being added together make 2284.84. for the Square of 478, (as 
you ſee here underneath.) Where obſerve, that to find the Square of 470 (that is, 
of a) you need only annex two Cyphers to 2209, which was before found for the 

| Square of 47. Thirdly, annex a Cypher to 478 ina void place, and it makes 47 80 for 
3 new Value of a, and the next following Character of the Root, to wit o, is the new 
Value of e, then according to theſe Values of a and e, the Value of aa-+ 2ae-þee is 
22848400, to wit aa only; for e=o, and conſequently 2ae+ee=o : fo the ſaid 
22848400 is found for the Square of 4780, Laſtly, by annexing a Cypher to 4780 it 
makes 47800 for a new Value of a, and 3 the laſt Figure of the Root is the new Va- 
lue of e; then according to theſe Values of a and e the Sum of the Numbers ſignified 
by aa, 2ae, and ee, makes 2285126809, which is the Square of the ſaid given Root 
47803, as may eafily be proved by multiplying the faid Root by it fel Compare 

the following Example with the precedent Directions. 1 


Example 2. Sect. I. 


42/80 3] Root propoſed. 
440 16 %% | | | az 
e=7 56600 | ,| j2ae 
| . 3 
=470 _ 22Þ0gſoo| | | az 3 
8 75120] | z2ae gs 
= 4780 2284/84/00] | aa 
e 2 O o 2 
„ 0 
a=47800 22848400 * aa 3 . 
e 3 2806 00 e 5 5 
1 
22085 12068809 Square required. 
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Sect. II. Of the Compoſition of a Cube from a Number given for the Side or Root. 


1. Let the Cube of the Root 28 be deſired : Firſt, I write the Root 28 in ſuch 
manner, that there may be ſpace enough to {et two Figures between 2 and 8; then ha- 
ving drawn a Line under 28, and down- 


WE _ Root propoſed, right Lines as before in the Square, I 
a=20 go aa conceive the Root 28 to be divided in- 
e=8  g600Bacs to 20 and 8, that is, a and e. Now: 

31840[3ace foraſmuch as the Cube of ate is 
ie compoſed of theſe four Members, wiz. 
21952 Cube defired, aaa, 3aae, ae, and eee, (as appears 


by the Table in Sec. 4. Chap, I.) there- 
fore the Cube of 20+8 (that is, of 28) may be compoſed * 72 ö Fuat, ho 
Cube of 20 is 8000, (that is, aas.) Secondly, the triple of the Square of 20 being 
= MN N mul 


83 
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--multiplied by 8 produces 9600, (chat is, 3aae;) thirdly, the triple of 20 being mul- 
tiplied by the Square of 8 produces 3 840, (that is, 3aee ;) fourthly, the Cube of 8 
is 512, (that is, eee; laſtly, the {aid four Numbers 8000, 9600, 3 840,5 12, being ſet 
under one another in ſuch order that Units may ſtand under Units, Tens under Tens, 
tec. and added together make 21972, the Cube of the given Root 28. 

2. When the given Number or Root whoſe Cube is deſired conſiſts of three or more 
laces, as 28503 ; Firſt, the Cube of the two foremoſt Figures, that is, of 28, mult 
be found out in like manner as before in Example 1. ſo there will be produced 21952. 
Secondly, write 28 in a void place, and annexing a Cypher to it, it makes 2 80, this 
Number muſt now be eſteemed a, and 5 the next following Character of the Root 
muſt be taken for e; then according to theſe values of a and e the Numbers ſignified 
by aaa, 3aae, 3aee, and eee, being added together make 23149125 for the Cube of 
285, (as you ſee in Example 2.) where obſerve that to find the Cube of 280, that is, 
of a, you need only annex three Cyphers to 21952, which was before found for the 
Cube of 28. Thirdly, annex a Cypher to 285 after it is ſet in a ſpare place, and it 
makes 2850 for a new value of a, and the next following Character of the Root, to 
wit, o, is the new value of e: Then according to theſe values of a and e, the value 1 
of aaa+ 3aas-þ 3aee+ cee is 23149125000, that is, aaa only; for e=o, and conſe- —_— 
quently 3aae-+ 3aee-eee=0, fo the ſaid 231491250000 is found for the Cube of #61 
2850. Laſtly, by annexing a Cypher to 2850 it makes 28500 for a new value of 1 
a, and 3 the [at Figure of the Root is the new value of e; then according to theſe 
values of a and e the Sum of the Numbers ſignified by aaa, 3aae, 3aee, and eee, 
makes 23156436019527, which is the Cube of rhe N Root 28503, as may eaſily 
be proved by multiply ing the ſaid Root into it ſelf Cubically. Compare the tollow- 
ing Example with the precedent Directions. a 
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2301564361952) Cube deſired. 
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Sect. III. Of the Compoſition of a Biquadrate, or the fourth Power, from * 


Number given for the Root. 


* 4 


1. Let the Root 28 be propoſed, and itsBiquadrate or fourth Power deſrel. Fuft, 


I write the Root 28 in ſuch manner that there may be ſpace enough to ſet three Figures 


between 2 and 8; then having drawn a Line under 28, and downright Lines, as in for- 


as is manifeſt by the following 


mer Examples, I conceive the Root 28 to be divided into 20 and 8, that is, a and e; 
now foraſmuch as the Biquadrate, or fourth Power produced from the Binomial Root 


a Je is aaaa + gaaae + 6aaee + gates + eeee, ( as appears by the Table in Seck. = 
Chap. I.) therefore the fourth Power of 20+8, (that is, of 28) may be compoſed * 
thus, viz. Firſt, the fourth 


21 -8] Root propoſed, Power of 20 is 160000, 

. 8 (that is aaaa;) ſecondly, 
e 5 e e four times the Cube of 20 
e= 8 ” ; en prom being multiplied by 8 pro- 
4960 gacee 5 duces 256000, (that is, 

Ld ia A4uaaae z) thirdly, fix times 

—71la656! Biquadrate defired. the Square of 20 being 


of 8 produces 153600, 


(that is, baaee,) fourthly, four times .20 — by the Cube of 8 produces 


40960, that is, 4aeee ; fifthly, the fourth Power of 8 is 4096, (that is, eeee ;) laſtly, 


the Sum of all the ſaid five Numbers, to wit, 160000, 256000, 153600, 40960, and 
4096 makes 614656, which is the fourth Power of 28 the Root propoſed ; as will 


eaſily appear by the Multiplication of 28 four times into it ſelf. 

2. When the given Number or Root whoſe fourth Power is defired conſiſts of three 
Places, as 285; Firſt, the fourth Power of the two foremoſt Figures 28 mult be found 
out, in like manner as in Example 1. of this Seck. ſo there will be produced 614656 


for the fourth Power of 28. Secondly, let 28 be ſet in a void place, and annex a 


Cypher to it, ſo it makes 280, which muſt now be eſteemed a, and 5 the next fol- 

lowing Character of the Root muſt be taken for e; and then according to theſe values 

of a and e the Numbers ſignified by aaaa, 4aaae, Gaace, gaeee, and ere being added 

together make 6597500625, which is the fourth Power of the given Root 285, and 

the work will ſtand as you ſee in the following Example 2. After the ſame manner 

the work is to be continued "_— the * Root conſiſts of more than three places, 
xample 3. 
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Example 2. of Sect. III. 


2| 8| 5] Root propoſed, 


a=20 _ I6ſo000| aaaa 
88 5  25]6000 q4aage 
I5 3600 Gaace 
4% J44ce 
4096 3 ſeeee 
280 561465 6OOοο aaaa 
* 5 413 904 [0000[4.2aas 


1176 Gaaee 
14 OCOO dee 
625 eeee 


651975010625 |  Biquadrate required, 


multiplied by the Square 
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Example 3, Sect. III. 


1740 


» Lie 
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9 — Root propoſed. 
I6j000q] aang 
25600 4qaane 
15360 baaec 
40960 -[4acee 
[4096 eee ; 
6114656 1 [aaa 
0000 g aaae 
0000 [6aaee 
ooo] _ [4qaeee 
| wade 3 eeee 
6114.65 6]Þ000fo00d] aaa 
| 4.3 90j4©00 0000[4aaae 
I 117 600ſo000|6aace 
I40oſo000j4atte 
Be 3 625] ecee i 
61 905 9 625 Biquadrate deſired. 
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oy Of the Compoſition of the fifth Power from a Number given for its Root. 


1. Let the Root 28 be propoſed, and its fifth Power defired : Firſt, let the Root 28 
be written in ſuch manner, that there may be ſpace enough to ſet 4 Figures berween 
2 and 8; then having drawn a Line under 28, and downright Lines, as in the Exam- 
ples of the precedent Section, let 28 be conceived to be divided into 20 and 8, that IS, 
a and e; now foraſmuch as the fifth Power produced from the Binomial Root a+ e is 


aaaaa A 5agaat + I oaaaee¶ Ioaaeee & pq aeece - eeeee, 


Sect. 4. Chap. I.) Therefore the fifth Power 

of 20 ＋8 (that is, of 28) may be compo- 
ſed thus; Firſt, the fiftn Power of 20 is a 
3200000, (that is, aaaaa ;) ſecondly, five e 
times the fourth Power of 20 being multi- 
plied by 8 produces 6400000, (that is, 
caaaae ;) thirdly, ten times the Cube of 20 
being multiplied by the Square of 8 produ- 
ces 5120000, that is, Toaaaee; ) fourthly, 
ten times the Square of 20 multiplied by the 


Cube of 8 produces 2048000, (that is, Ioaaeee ; ) fifthly, five times 20 multi 
by the fourth Power of 8 produces 409600, (that is, 5aeee ;) fixthly, 
Power of 8 is 32768, (that is, eeeee; laſtly, the Sum of all thoſe ſix Num 
'  - 2200000, 6400000, 5120000, 2048000, 409600, and 32768 makes, 1 
which is the fifth Power of 28 the Root 


28 five times into it ſelf. 


2. When the given number or R 


—— 


1 

22 
64 
51 
20 
i 


00000] aaaaa 


00000| Faaaae 
20000{I oaanee 


48000 I oaaeee 


172 


propoſed, as will eafily appear by 


09600 5aceee 
32768] cecee 
10368 


(as is manifeſt by the Table in 


plied 
the fifth 
ber S, diz. 
7210368, 
multiplying 


oot, whoſe fifth Pomeris deſired, conſiſts of three 


places, as 285; Firſt, the fifth Power of the two foremoſt Figures 28 muſt be found out 
in like manner as in Example 1. of this Sec. ſo there will be produced 17210368 for 
the fifth Power of 28. Secondly, let 28 be ſet in a void place, and annex a Cypher 
to it, ſo it makes 280, which muſt now be eſteemed a, and 5 the next following Cha: 
racter of the Root muſt be taken for e; then according to theſe values of a and e the 
Numbers ſignified by aaaaa, 5aaaae, Ioaaare, I oaaeee, 5aeeee, and eeeee, being added 


together make 1880287678125, which is the fifth Power of the given Root 285, 
and rhe work will ſtand as you ſee in the following Example 2. Nor will the O 
tation be more difficult (though more laborious) to find 

ber (or Root) conſiſting of four or more places. 
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: Example 2. of Sect. IV. 
| 9 Root propoſcl. 


=20 | 320 % | aaaaa * . 

88 $8 64000 5 aaaae 

20000 I 0444ee | 2 

48000 Ioaaccee 1 

4109600] | e 
32768 = 

10368 


aaaaa | Ee Ng 

e= 5 | 1536640 e0000| Faaaaae . OE, 

85 54880 foo Ioaaaee 
9 ee i oaaeee 

8175 000! Faecee | 

| | 3125| eccee 5 


6 9 ——ù᷑uâ — — 


188[20876178125! Fifth Power deſired. 


By the Precedent Rules and Examples of this Chapter, the Ingenious Reader will 

_ eafily apprehend how to compoſe rhe ſixth, ſeventh, or any higher Power, from a 
Koot given in Number, and conſidered as a Binomial a+e, as before hath been di- 
rected. The main Buſineſs conſiſting in a right underſtanding of the Number ſignified 
by a and e, and in find ing out the Numbers anſwering to the Members of the defired 
Power of age, according to the Table in Sect. 4. of the precedent Chap. I. 


b. , 
ti K 


CHAT Ut. 

Concerning the Reſolution of Powers expreſt by Numbers, or the 

Extraction of all kinds of Roots out of Powers given in 
Numbers. 8 . 


— 


Sect. I. Of the Extraction of the Square Root out of a Number given, 


= I. T Et it be obſerved in general, that the Reſolution of every Power given in 

i VL Numhersconfiſts in a Regular Subtraction of thoſe Numbers which are ſup- 

poſed to be added together in the Compoſition of each Power reſpectively, accord- 
ing to the Rules of the laſt preceding Chapter, wherein I preſuppoſe the Reader to 
be well exerciſed. And for the more ready Extraction of any Root, it will be conve- 
nient to have in a readineſs the reſpective Powers of the nine fingle Figures; as if 

the Square Root be defired, then the Squares of 1, 2, 3, 4, 5, 6, 7, 8, 9, will be uſe- 
ful, which Roots and Squares are expreſt in the following Tabulet. : 


ROOTS. 1[z|[3]4|5|5|7|8|5 
SQUARES. I | 4 | 9 | 6 | 25 36 | 49 64 81 | 
2. When a whole Number is propoſed, and its Square Root defired, the Number 
propoſed muſt be prepared for Extraction, by diſtributingit into parts or members af- 
ter this manner, viz, Firſt, ſet a point over the firſt or Units place of the given Num- 
ber, then paſſing over the ſecond place ſet another Point over the third; alſo paſſing 
over the fourth place ſet another Point over the fifth: and in that order if there be more 
places in the given Number, Points are to be ſet, ſo that between every two Points 
which ſtand next to one another, there will be one place without an 
119025 Point over it. As for Example: If the Square Root of 119025 be deſi- 

red, I ſet Points as here you ſee, whereby the ſaid Number is diſtributed 
into 3 Members, to wit 11,90, 25. In like manner if the Square Root of 785 be deſired, 
| 2 e 


CHANEL. - out of 'a'Numbery 


EL ee e 


Example 1. 


the number of Tens, (that is, a) 
right hand of the given Number, that the Root, like the Quotient 
in Diviſion, may be ſet next after the ſaid crooked Line, as alſo 
a downright Line next after each of the Points, as here you ſee) 
the firſt work in the Extraction is always to ſubtract the greateſt 
Square whole Number contained in the firſt Member towards the 
left hand from the ſaid Member, and to write the Root of the ſaid 
ſquare Number in the Quotient for the firſt ſingle Figure of the deſired Root: ſo 4 be- 
ing the greateſt Square contained in the firſt Member 7, I ſubſcribe 4 under 7, and ſet 
2 the Root of the ſaid 4 in the Quotient, then after a Line is drawn under 4, I ſub- 
tract 4 from 7, or 400 from 784, and there remains the Reſolvend 384, that is, that 
part of the given Number 784, which is yet to be reſolved. Now obſerve, that the 
laid 2 in the Quotient, in reſpect of the next following unknown Character of the 
Root, is really 20, which is the Number ſigniſied by a in the Compoſition ; and the 
Square of 20, to wit 400, is aa, which being the firſt Number found in the Compoſiti- 
on, is the firſt Number to be ſubtracted in the Reſolution. Obſerve alſo, that the next 
fingle Character of the Root, whither it happen to be a Figure ora Cypher, is called e, 
which is yet unknown. Es 
4. Then I proceed to 


e beg, and 2a 40, then conſequently 2ae is 360, 
and ee is 81; therefore 2ae + ee=441, this 
ought to be ſubtracted from the Reſolvend 384; 
but 441 exceeds 384, and therefore cannot be 
ſubtracted from it, ſo as to leave a real Remain- 
der; whence I conclude, that e muſt be leſs than 
8 in like manner as before with 9, viz. If e=8 and 2a=40, then conſequently 
2ae=320, and ee=64.; therefore 2ae+ee=2384, which may be ſubtracted from 
the Reſolvend 384; wherefore' I conclude that e, that is the Figure which muſt 
follow 2 in the Quotient) is 8, which I ſet in the Quotient: then I ſubſeribe 320 
and 64 (before found) under the Reſolvend 384, (in ſuch order that Units may ſtand 
under Units, and Tens under Tens) and adding the ſaid 320 and 64 together, the 
ſum is 384, which ſome Authors call the Gnomen, others, the Ablatitium) which 
ſubtracted from the Reſolvend 384 leaves 


the Points will ſtand as you ſee here, whereby the ſaid 784 is diſtributed into tro 
Members 7 and 84. The Points ſet as aforeſaid ſhew the number of 
places that will be found in the Root; for if there be two Points, 
there will be two places in the Root; if three Points, then the Root N 
will confiſt of three places, &c. The Points alſo ſhew what Member of the Number gi- 
1 ven belongs to the find ing out of every ſingle Character of the Root ſought, as is evi- 
dent by the Rules in Sect. 1. of the precedent Chap, 2. Theſe things being premiſed as 
pfleparatory to the Extraction of the Square Root, I hall proceed to Examples. 


Subtract 


| e 
e 8 


Subtract 


84] (2 


30841 


1 


3 Let it be required to extract the Square Root of 784. By the Preceding Rule 2. 
tit is evident that the deſired Root conſiſts of two places, viz. of ſome number of Tens 
under 100, and of ſome number of Units under 10 which wo numbers (agreeable 
to the compoſition of a Square in Sect. I. of the ptece 
by a and e, fo that à and e ſignifie the Root ſought; and conſequently the Square of 
are, that is, aa+2ae-ee is equal to the propoſed Number 784. Now to find out 
in the Root ; (after a crooked Line is drawn on the 


Chap. 2.) may be repreſented 


7 


find the value of e, that is, the greateſt ſingle Character with 
this Condition, that the ſum of the Numbers ſignified by 2ae and ee may not exceed the 

Keſolvend 384. ; for from this Number that ſum muſt be ſubtracted. Now becauſe( for 
the reaſon aforeſaid) a is 20, therefore 2a is 40, which m 
under the Reſolvend; then I divide the ſaid Reſol- 
vend 384 by 40, and find the Quotient 9 for the 
Number e, provided it will anſiver the Condition 
before mentioned; and therefore I make Tryal 
(in a waſt Paper) to ſee whether 9 will ſatisfie 
the ſaid Condition or not in this manner, viz. If 


uſt be eſteemed a Diuiſor, and ſet 


2Reſolvend 


24 Diviſor 


latitium 


9: and therefore I make tryal with 


O; ſo the whole Extraction is finiſh'd, 


„„ 
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and the Square Root of the given Number 784 is found 28, which is the true Root 


The Extraction of the 


— 


ſought, for 28 multiplied by 28 produces 784. 
VOTE 1. 1 


The firſt Operation in the Extraction of the Square Root is always to ſubtra&t the 
| greateſt ſquare whole Number, (that is, aa) contained in the firft Member (towards 
= the left hand) of the given number, from the ſaid Member, and to ſet the Root of 
the ſaid Square in the Quotient, (as has been ſhewn in the third ſtep) which Root is 
—_ the firſt Figure of the Root ſought. This Work is no more repeated in the whole 

Extraction, but the work in the fourth ſtep is to be renewed for the finding out of 

every following Character in the Root. 8 


Nor: ĩ˙· 


After the firſt Figure of the Root ſought is known, and ſet in the Quotient, let it be 

written in a void place, and multiplied by 10, (by annexing to the ſaid firſt Figure a 

Cypher towards the right hand) then is the Product to be taken for the value of a, in 

order to the finding out of the firſt Diviſor. Alſo when the firſt and ſecond Characters 

of the Root are ſet in the Quotient, and there be yet another to come forth, then the 

Number conſiſting of thoſe two Characters with a Cypher annexed to them, is to be 

taken for a new value of a, in order to the finding out of the ſecond Diviſor. Likewiſe, 

when the firſt, ſecond, and third Characters of the Root are ſet in the Quotient, and 

there be yet another to come forth, then the number confiſting of thoſe three Cha- 

raters with a Cypher annexed to them, is to be taken for a new value of a; and ſo 

| forwards, when there be more Characters in the Root. The reaſon of which Work 

1s manifeſt from the Compoſition of Powers in the precedent Chap. 2: 

But the Letter e repreſents every fingle unknown Figure or Cypher next following 

that partof the Root which is already diſcoveted and ſet in the Quotient, This Note 
concerning the Eſtimation of à and e is to be obſerved not only in the Extraction of 
the Square Root, but ofany Root whatever. „ e 


NOTE 3. 


After the Number ſignified by a is found out by Note 2. the Diviſor, which ſhews 
how to begin the Tryal in ſearching out the unknown ſingle Character repreſented 
by e, is conſequently known : for in the Reſolution of every Power produced from 
the Binomial Root a-+e, the Diviſor conſiſts of ſuch Powers of a as are multiplied 
into the Powers of e; and becauſe the Square Root of a+eis aa 2a ef ee, therefore 
in the Extraction of the Square Root the Diviſor is 2a; ſo that when the Number a 
is known, the Diviſor 2a is conſequently known. e 1 


9 —— r ooo 


l 2 
15 
| 


NOTE 4. ks | Ve a 


When the Diviſor is found out by Note 3. as alſo the Ablatitium, (that is, the Num- 

ber to be ſubtracted) which in the Extraction of the Square Root is compos'd of 2ae 

and ee, the two numbers ſignified by 2ae and ee muſt each of them beſet in ſich order 

under the preſent Keſolvend, (that is, the number remaining to be reſolved) that 

[ Units may ſtand under Units, Tens under Tens, Cc. to. the end that the. Ablatitium 
3 may be rightly compoſed and ſubtracted from the preſent Ręſolv ec. 


When the Diviſor is not contained onee in the particular or preſent Neſolvend, a 

Cypher (to wit, o) mull be ſer in the Quotient; and then the Re/olvend muſt be aug- 

. mented with the next Member (towards the right hand) of the Power propoſed, for 
| a new particular Reſolvend. Alſo a new Diviſor muſt be found out by Note 3, and the 
| like is to be done as often as the Diviſor is not contained once in the particular Refol- 
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F. If the Square Root of 2285 126809 be defired, it will be found 5803 by the 
precedent Rules, and the work will ſtand as here you ſee underneath. en 


a 22851268009 0 5 
Subtract 1% I F * * 
a= 40 24. Diviſor. 
e=7 —_— 
. ee 
Subtract  Ablatitinni. 
 Reſolvend, | 
- = 470 [2a. Diviſor. ; 
9 2e 
ee 
Subtract Ahlatitium. 
5 Neſolvend. 
a = 4780 Ia. Diviſor, 
= 0 | Reſolvend. 
a = 4.7800 124. Diviſor. ED EM 
== g — 
; . HG: 
Subtra Z og 2 


Explication of Example 2. 


The firſt Figure of the Root is 4, (by the foregoing Note i.) whoſe Square 16 
ſubtracted from 22 the firſt Member towards the Left. Band of _ aha the cou 
Teaves 6, to which the ſecond Member 85 being annexed, there ariſes 685 for the 
next Reſolvend: Or to cauſe the ſame Effect, ſuppoſe o to be annexed to 4 the firſt 
Figure ofthe Root, and it makes 40, (that is, a,) whoſe 1 * 1600 (ot aa) ſub- 

tracted from 2285 the two firſt Members of the Number firſt propoſed, leaves (as 
before) the Reſolvend 685. . . 

Then, the firſt Figure of the Root being found 4, the value of à is 40, (by Note 
2.) which doubled gives 80 for a Diviſor to the Reſolvend 685 by Note 3.) and 
then by dividing and making Tryal as is directed in the precedent fourth ſtep, the 
number e will be found 7 for the ſecond Figure of the Root, and conſequently the 
numbers fignified by 2ae and ee are 560 and 49 ; theſe being ſet orderly and added to- 
gether (according to Note 4.) make the Ablatitium 609, which ſubtracted from the 
ſaid Reſolvend 685, there remains 76, to which annexing 12 the third Member of 
the Number firſt propoſed, it makes 76 12 for a new 2 
Again, the two formoſt figures of the Root being found 47, the new value of a 
is 470, (by Note 2.) which doubled gives 940 for a Diviſor to the ſaid Reſolvend 
7612, (by Note 3.) then by dividing and making Tryal as is directed in the fourth 
_- ſep, the value of e is found 8 for the firſt, Figure of the Root; whence the number 
fignified by 2ae and ee are 7520 and 64; theſe being ſet orderly and added together 
(according to Note 4.) make the Alatitium 7584, which fubtracted from the Re- 
ſolvend 7612 before-mentioned, leaves 28, to which annexing 68 the fourth Member 
of the Number firſt propoſed, it makes 2868 for a new Reſolvend; 1 


3 Again 


: * 
4 * 


The Extraction of the Square No 


| | Again, the three foremoſt figures of the Root being 478, the value of ais 4780,(by 
« Note 2.)which doubled gives 9560 for adiviſor to the ſaid Reſolvend 2868, by Note 3.) 
then by dividing as aforeſaid the value of e is found o; therefore, (according to Note 3.) 
I ſet o in the Quotient, and becauſe in this caſe the Ablatitium is allo o, the Ręſolvend 
2868 from which the ſaid Ablatitium ought to be ſubtracted remains the ſame wit h- 
out alteration; therefore by annexing og the laſt member of the number firſt propoſed, 
to the ſaid 2868 it makes 286809 for a new (and the laſt) Reſolvend. Laſtly, by 
| proceeding as before, the laſt Figure of the Root will be found 3; fo that the Square 
oot ſought is 47803 ; for this multiplied by it felf produces 2285126809, the num- 
ber whoſe Square Root was defired. — 
The Premiſſes may ſuffice to ſhew a perfect Method of extraQting the Square Root 
of a whole number having an exact Square Root, which I have explain'd at large, that 
the Reaſon and certainty of the Rules mighr be apparent. Bur this Method may be 
contracted into more practical and compendious Rules, as I have ſhewn in the 32 
Chap. of Mr. Vingate's common Arithmetic. q 
6. But when a whole Number has not a Square Root exactly expreſſible by any ra- 
tional or true Number, then to approach infinitely near the exact Root, firſt, pairs of 
Cyphers, as eo, 0000, 000000, OT 00000000, Nc. are to be annexed to the Number 
given; then eſteeming the number given with the Cyphers anhexed to be one whole 
Number, let its Square Root be extracted according to the Precedent (or other practi- 
cal) Rules; that done, look how many Points were ſer over the Number firſt given, for 
ſo many of the foremoſt places in the Quotient are to be taken for the Integers in the 
Root, and the reſt following thoſe Integers expreſs the Fractional part of the Root in 
Decimal parts. As for Example: If the Square Root of 12 be deſired, I annex fix Cy- 
phers to 12,thus 12.000000, and then the Square Root of 12.000000 being extracted, 
it will be found 3.464, that is, 3-44. But becauſe after the Extraction is finiſhed, 
there happens to be a Remainder, I conclude that 33. is leſs than the true Root, but 
3 is greater than it. So that by annexing three pairs of Cyphers you will not 


—————ů 
1 


1 part of an Unit of the true Root, and by annexing eight Cy phers you will 


— net rr ono 
41 © © 


: not want = part: and in that order you may approach as near as you pleaſe, when 
you cannot obtain the exact Square Root of a whole Number given. | 


7. The Square Root of a Vulgar Fract ion is found out thus, viz. Firſt, if the Fract- 
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ion be not in its leaſt terms, let it be reduced to the leaſt Terms; then extract the 
Square Root of the Numerator for a new Numerator, and the Square Root of the 
Denominator for a new Denominator, ſo ſhall this new Fraction be the Square Root 
of the Fraction propoſed. As for Example: The Square Root of is 3; likewiſe 
ß EE? OE DE | 
But when either the Numerator or Denominator of a vulgar Fraction has, not a 
perfect Square Root, then to find the Square Root of that Fraction vernear; fiſt 
reduce the Fraction to a Decimal Fraction, whoſe Numerator may conſiſt of an even 
number of places, viz. of two, four, or fix places, &c. then extract the Square Root 
that Decimal as if it were a whole Number, and the Root that comes forth ſhall be 
a Decimal Fraction, expreſſing nearly the Square Root of the Fraction propoſed. As 
for Example: If the Square Root of 2 be deſired, I firſt reduce it to this Decimal 
Fraction, . 8 125000; (for as 16. 13:: 10C020000. 81250000) then by extracting 
the Square Root of .81250coo as if it were a whole Number, I find . 90 13, that is, 
22:3, which is near the Square Root of , for it wants not part of an Unir 
ofthe exatt Square Roog gta 7S . 
8. Laſtly, if the Square Root of a mixt number be defired, firſt reduce it to an im- 
proper Fraction, and then extract the Square Root of that improper Fraction as before; 
but if it has not an 55 Root, then reduce the Fractional part of the mixt 
number firſt propoſed to a Decimal Fraction of an even number of places, and after 
this Decimal is annexed to the Integers of this mixt numbet, extract the Square Root 
out of the whole, then ſo many Points as were ſet over the Integers, ſo many of the 
foremoſt places in the Quotient are to be taken for the Integers in the Root, and the 
reſt expreſs the Fractional part of the Root in Decimal Parts. As for Example: The 
Square Root of 3442, that is, of 2224, will be found 42. or 57; and the Square 
Root of 72, that is, of 7.666666, Cc. is 2.708, Cc. that is: 27 Cc. 3 
| ect. 
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Sect. II. Of the Extraction of the Cubic Noot out of a Number given. 


1. For the more ready extraction of the Cubic Root of a number given, the fol- 


bical whole Number leſs than 1000. 
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2. When a whole number is propoſed, and its Cubic Root defired, the Number 
given muſt be prepared for Extraction, by diſtributing it into parts or members after 
this manner; viz. Firſt, a point is to be ſet over the Units place of the given number; 
then paſſing over the ſecond and third places towards the left hand, another point is to 

be ſet over the fourth place; alſo paſſing over the fifth and fixth places another point 
is to be ſet over the ſeventh place: and in that order as many points are to be ſet as the 
number propos d will admit, and conſequently between every 5 
two adjacent points there will be two Places without Points, 1331 
So if the Cubic Root of 1331 be deſired, after Points OREN 
are ſet as is above directed, the ſaid 1331 will be diſtri- 1 
buted into 2 Members, to wit, 1, and 331. In like manner „ I SEIPS 
if the Cubic Root of 21952 be required, the Points 231564360195 27 
will ſtand as you ſee in the Example, and the ſaid 21952 ” | 
will be diſtributed into two members 21 and 952; likewiſe this Number 9411 92 being 
pointed in the ſame order will be diſtributed into the two members 941 and 192; and 
this number 23 156436019527 into theſe five members, 23, 156, 436, 019, 527. The 
points ſhew the number of places that will be found in the Root; for ſo many points as 
there be, ſo many places will the Root conſiſt of; they likewiſe ſne what member 
of the Number propos d belongs to the Extraction of every ſingle Character of the 
Root ſought. g 5 ET | 

3. The given number whoſe Cubic Root is defired may be conceived to be pro- 
duced from the Cubical Multiplication of the Binomial Root age, and then the faid _ 
number will be compos'd of theſe four members or ſolid numbers, viz. aaa, 3aae, ace, 
and eee, (as appears by the third Power in the Table in Sec. 4. Chap. 1.) Now becauſe 
the Reſolution of the Cubic number, viz. the Extraction of the Cubic Root, is de- 

ducible from the ſteps of the Compoſition of -a Cubic number from its Root, (for 
ſuch numbers as are added in the Compoſition are to be ſubtracted in the Reſolution, ) 


reſpect muſt be had to Seck. 2. Chap. 2. of this Book. 

= Example 1. 1 
4. Let it be required to extract the Cubic Root of 21952. By the precedent ſecond 

Rule it is evident that the deſired Root conſiſts of two places, viz. of ſome number of 

Tens under 100, and of ſome number of Units under 10, which two Numbers, (agree- 

able to the Compoſition of a Cube in dect. 2. ofthe precedent Chap. 2.)may be repreſen- 

ted by a and e, ſo that ae ſignifies the Root ſought, and conſequently the Cube of 

age, that is, aaa-+ 3aae-+ zaee - eee is equal to the given number 21952. Now to 

find out the Number of Tens, (that is, a)in the Root, (after a crooked line is drawn on 

the right hand of the given number, that the Root, like the Quotient in Diviſion may 

be ſet next after the ſaid crooked Line, as allo a downright Line 

next after each of the Points, as here you ſee.) The firſt Work : 

in the Extraction is always to ſubtract the greateſt Cubic 21 | 952 | (2 

3 


whole number contained in the firſt Member towards the Left 
hand, from the ſaid member, and to write the Root of the ſaid 13 | 952 | 
Cube number in the Quotient for the firſt ſingle Figure of the 

defired Cubic Root: So 8 being the greateſt Cube contained in 


the firſt member 21, I ſubſcribe 8 under 21, and ſet z the Cubic Root of the ſaid 8 in 
the Quotient, then after a line is drawn under 8, I ſubtract 8 from 21, or, 8000 from 
2195 2, and there remains the Reſolvend 1395 2, that is, that part of the propoſed num- 
ber 21952 which is yet to be reſolved. Now obſerve, that the ſaid 2 in the Quotient, 


In 


* 
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in reſpect of the next following unknown Character of the Root, is really 20, which is 
the number fignified by à in the Compoſition, and the Cube of 20, to wit 8000, is aa, 
which being the firſt Number found in the Compoſition, is firſt to be ſubtracted in the 
Reſolution, Obſerve alſo, that the next ſingle Character of the Root, whether it 
happen to be a Figure or a Cypher is called e, which is yet unknown. Oy 
Then I proceed to find the value of e, that is, the greateſt ſingle Character with 
this condition, that the Sum of the Numbers fignitied by 3aae, 3aee, and eve, may not 
exceed the remainingReſolvend 1395 2, for from this Number that ſum muſt be ſubtracted. 
Now becauſe (for the Reaſon aforeſaid) a is 20, therefore zaa = 1200, and za 60; 
then ſubſcribing the ſaid 1200 and 60 under the Reſolvend 13952, (in ſuch order that 
Units may ſtand under Units, and Tens under Tens, &c.) and adding them together 
the Sum is 1260, which muſt he eſteemed a Diviſor, and ſet under the Reſolvend, 
Then by ſuppoſing I were to divide the ſaid Keſolvend 13952 by 1260, find the Quo- 
tient exceeds 9, but e always repreſents a ſingle Figure or a Cypher, and therefore it 
cannot exceed 9; wherefore I make tryal with 9 (in a void place) to ſee whether it will 
anſwer the before mentioned Condition, to which e is ſubject, in this manner, viz For- 


aſmuch as it was before found that zaa 200 and 3a=60, it will follow, if weſuppoſe 
FED e, that 3aae=10800, allo 2452 


e 


— 


| ay 9520 (28 | 4860, and eee = 729; therefore aa 
gubtrac 8 aaa + 3aee+eee=16389: this ought to be 

13% 2 Reſolvend ſubtracted from the Reſolvend 12952 

32 A ar err gg but 16389 exceeds 1395 22 and there- 

=20 x1200,3% fore cannot be really ſubtracted from 

1 it; whence I conclude that e muſt be 

1250 Diviſor leſs than 9, and therefore I make tryal 

Os” ol600 ae, with 8 in like manner as before with 9, 

2/8 40.3 ee tx. having before found that 33a 2 

512 ee 120. and 3a 60, it will follow if we 

252 Allet itim. ſuppoſe e=8, that 3aae= 9600, alfo 

— —— | Zaee=3840, and eee=512; therefore 

3aae Zaee -+ eee = 13952, which 


lvend 13952; Wherefore I conclude that e (thar is, 


may be ſubtracted from the Reſo : : 
the Figure which muſt follow 2 in the Quotient) is 8, which I ſet in the Quotient : 
then 1 ſubſcribe the three Numbers before found, to wit, 9600, 3840, and 512, under 


the Reſolvend 13942, (in ſuch order that the Units may ſtand under Units, Tens under 
=_ Eby oy Jand 1 the ſaid three Numbers ſo ſubſcribed, their Sum makes 
1352, (the Ablatitium) which ſubtracted from the Reſolvend 13952, leaves o. So 
Wh: Agel. 7 4 the Extraction is finiſh'd, and 28 is found to be the Cubic Root of the Pr opoſed 

1 Number 21952; for 28 multiplied into itſelf cubically, viz, 28x28x28 produces 


21952. 

The firſt Operation in the Extraction of the Cubic Root is always to ſubtract the 

: greateſt Cubic whole Number, (that is, aaa) contained in the firſt Member (rowards 
from the ſaid Member, and to ſet the Root 


the left hand) of the given Number; | 
of the 1aid 3 in the Quotient; which Root is the firſt Figure of the 


Root ſought, as hath been ſhewn in the fourth ſtep. This Work is no more repeated 
in the whole Extraction, but the Work in the fifth ſtep is to be renewed for the find- 


ing out of every following Charatter in the Root. Þ 

Tn N 5 
The Number ſignified by a is to be found out by Note 2 in Sed. I. of this Chap. and 
then the Diviſor for the finding of the unknown ſingle Character repreſented by e is 


conſequently known : For in the Reſolution of every Power produced from the Bino- 
mial Root age, the Diviſor conſiſts of ſuch Powers of a as are multiplied into the 
| Powers of e; and becauſe the Cube of ae is aaa . zaae & 3aeert eee, therefore in the 
2 © Extadtion of the Cubic Root the Diviſor is compoſed of 3aa and 3a, ſo that when 
1 the Number a is known, the Diviſor zaa & za is conſequently known. 1 
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CHAE 3. out of a Number given. 
5 „ 


When the Diviſer is found out by the precedent Note 2. as alſo the Ablatitium, 
which in the Extraction of the Cubic Root is compos'd of 3aae, zace, and eee the 
Numbers fignified by the ſaid 3aae, 3aee, and eee, muſt each of them be ſet in ſuch 
order under the particular or preſent Reſolvend, that Units may ſtand under Units, 
Tens under Tens, &c. to the end the Ablatitium may be rightly compoſed and ſub- 
trated from the Reſolvend. | 

| NO 4. 


When the Diviſor is not contained once in the particular or preſent Reſelvend, a Cy- 


þ. 
. 


mented with the next Member (towards the rightHand) of the Power propoſed, for 
a new particular Reſolvend. Alſo a new Dzviſor muſt be found out by Note 2. of this 
Seck. and the like is to be done as often as the Diviſor is leſs than the Reſolvend. 
The Practice of theſe Notes will be ſhewn in the following Example. 


Example 2. . 
6. If the Cubic Root of 231564360195 27 be deſired, it will be found 28503 by 
the precedent Rules, and the Work will ſtand as here you ſee underneath. | 

436 01 9727 (28503 Root. 


| aaa 


_ Reſolvend. 
3aa 
34 

Diviſor. 
3aae 
zaee 

eee 

_ Ablatitium. 


_ Reſolvend. EE. 


1 —ů— — 


: Subtract 


— 


a 20 


Subtract 


a=280 


eee 
Ablatitium, 


„ — — 


| Reſolvend. 
Zaa 
34 
Diviſor. 
527 Keſolvend. 
oſ oOo s | 
500[3a 


tons, 


Dioiſor. 
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310025 [ ooοꝰðe 

76955 oo Za 

22 ee 
7091019527 Ablatitium. 
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vun 0 3 Explication of Example "a 
Ihe firſt Figure of the Root is 2 (by Note 1.) whoſe Cube 8 ſubtracted from 23, the 
firſt Member of the Number propos d leaves 1 5,t0 which the ſecond Member 156 being 
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1 


annexed, there ariſes 15156 for the next Reſolvend. Or to cauſe the ſame effect, ſup- 
poſe o to be annexed to 2, the firſt Figure of the Root, and it makes 20, (that is, a) 
rrhoſe Cube 8000 (or aaa) ſubtracted from 23156, the two foremoſt Members of 
the Number firſt propos d, leaves (as before) the Reſolvend . 

Then the firſt Figure of the Root being found 2, the value of a is 20, and the Divi- 
ſor is 1260, (by Note 2.) and then by dividing and making tryal, as is directed in the 
foregoing fifth ſtep, the Number e will be found 8 for the ſecond Figure of the Root, 
and conſequently the Numbers ſignified by 3aae, Zaec, and eee, are 9600, 3840, and 
512; theſe being ſet orderly and added together (according to Note 3.) make the 
Ablatitium 13952, which ſubtracted from the Reſolvend 15156 leaves 1204, to which 
annexing 4.36, the third Member of the Number firſt propoſed, it makes 1204436 
for a new Reſolvend. The reſt of the Operation in — 2. being but a Repetition 
of what has been directed for finding out the ſecond Figure of the Root, I ſhall 
leave it to the Learner's Practice. 1 VVV 
The precedent Rules and Notes in this Seck. 2. for extracting the Cubic Root of a 
whole Number, having an exact Cubic Root, are expreſs d at large, that the Reaſon of the 
Work might be apparent; but this Method may be contracted into more practical and 
compendious Rules, as I have ſhewn in the 33 Cb. of Mr. Vingatès Common Arithmetic. 
7. But when a whole Number has not a Cubic Root exattly expreſſible by any ra- 
tional or true Number, then to approach infinitely near the exact Root, firſt, Ternaries 
of Cyphers, viz. three, or fix, or nine, or twelve, c. Cy phers are to be annexed to the 
whole Number given ; then eſteeming the Number given with the Cyphers annexed to 
be one whole Number, let its Cubic Root be extracted by the precedent (or other pra- 
ctical) Rules. That done, look how many Points were ſet over the Number firſt given, 
for ſo many of the foremoſt places in the Quotient are to be taken for the Integers in the 
Root, and the reſt following thoſe Integers expreſs the Fractional part of the Root in 
Decimal Parts. As for Example: If the Cubic Root of 8302348 be deſired, I annex 
ſix Cyphers to 8302348 thus, 8302348.000000, and then the Cubic Root of 


8302348 000000 being extracted, it will be found 202.48, that is, 20242; but becauſe 
after the Extraction is finiſh'd there happens to be a Remainder,I conclude that 202 
is leſs than the true Cubic Root ſought, but 202-2: is greater than it, ſo that by annex- 
ing ſix Cyphers you will not miſs part of an Unit of the true Root, and by annexing 
nine Cyphers you will not want + part; and in that order you may approach as near 
as you pleaſe when you cannot obtain the exact Cubic Root of a whole Number given. 

8. The Cubic Root of a Vulgar Fraction is found out thus, viz. firſt, if the Fraction 
be not in its leaſt Terms, let it be reduced to the leaſt Terms; then extract the Cubic 
Root of the Numerator for a new Numerator, and the Cubic Root of the Denomi- 
nator for a new Denominator, ſo ſhall this new Fraction be the Cubic Root of the 
FIT propoſed. As for Example: The Cubic Root of + is =, and the Cubic 
Root of 4-18 +; *V . | 85 | 

9. But when either the Numerator or Denominator of a Vulgar Fraction has not a 
perfect Cubic Root, then to find the Cubic Root of that Fraction very near, firſt re- 
duce the Fraction to a Decimal Fraction, whoſe Numerator may confift of Ternaries of 
places, viz. either of three, fix, nine, or twelve, &c. places, and then extract the Cubic 
Root of that Decimal as if it were a whole Number, and the Root that comes forth ſhall 
be a Decimal Fraction expreſſing nearly the Cubic Root of the Vulgar Fraction propo- 
ſed. As for Example: If the Cubic Root of + be deſired, I firſt reduce it to this Decimal 
Fraction, . 666666666666, and then by extracting the Cubic Root of the ſaid Decimal 
as if it were a whole Number, I find . 873 5, that is, ; which is near the Cu- 
bic Root of 4, for it wants not ++ part of an Unit of the exact Cubic Root of 3. 

10. Laſtly, if the Cubic Root of a mixt Number, that is, of a whole Number with a 
Fraction in its leaſt Terms, be deſired; firſt reduce it to an improper Fraction, and then 
extract the Cubic Root of that improper Fraction in like manner as before in the eighth 
ſtepʒ but if it has not an exact Cubic Root, then 5 the Fractional part of the mixt 
Number firſt propoſed toa Decimal Fraction, whoſe Numerator may conſiſt of Ternaries 


of places, and after this Decimal is annexed to the Integers of the mixt Number, extract the 
Cubic Root our of the whole, then ſo many Points as were ſer over the Integers, ſo many 
of the foremoſt places in the Quotient are to be taken for the Integers in the Root, and 
the reſt expreſs the Fractional part of the Root in Decimal parts, A for Example: The 
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23, that is, of 3-37 5000000, Or. will be found 1.334, Oc. that is, 15434, Cc. 
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Sea. I. Of the Extraction of the Biquadratic Root out of a Number given. 


n 


. The briefeſt way to extract the Root of a Biquadratic Number, that is, of a 
Number produced by the Multiplication of ſome Number or Root four times into it ſelf; 
is firſt to extract the Square Root of the Number propoſed, and then to extract the 
Square Root of that Root. As for Example: If the Root of the Biquadratic Number, 
or fourth Power 256 be defired firſt, the Square Root of 256 being extracted is 16, 
and then the Square Root of 16 is 4, which is the Root of the fourth Power 2563 fot 4* 
A produces 256. But my purpole being to explain the general Method for the 
xtraction of all kinds of Roots, I ſhall upon that Foundation ſhew how to extra& 
the Root of a Biquadratic Number. „ 
2. For the more ready Extraction of the Biquadratic Root, the following Tabulet 
will be uſeful, which ſhews at firſt ſight the Root of any Biquadratic whole Number 
under 10co0. = 
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Fourth Powers | I | 16 | 81 | 256 


| 625 | 1296 | 2401 | 4056 |6561 
3. When a whole Number is propoſed, and it is defired to extract the Biquadratic 
Root of that Number, ſet Points over the given Number in this manner, viz. firſt, 
ſet a Point over the Units place, then paſſing over the three next places towards the 
left Hand ſet another Point over the fifth place, and in that order as many Points are 
to be ſet as the given Number will admit, that there may be three places between 
every two adjacent Points. So if the Biquadratic Root of 614656 8 
be deſired, after Points are ſet as is above directed, the ſaid 614656 614656 
will be diſtributed into two Membets, to wit, 61 and 4656. ln 
like manner this Number 6597500625 being pointed in the ſame 6<05500625 
order will be diſtributed into theſe three Members, 65, 9750, and Os 55 
0625. The Points ſhew the number of places that will be found in the Root, as alſo 
what Member of the Number propos d belongs to the Extraction of every ſingle Cha- 
racter of the Root fought i | 
4. The given Number, whoſe rn. Root is deſired may be conceived to be 
produced from the Multiplication of the Binomial Root ae four times into it ſelf, 
and then the ſaid Number will be compoſed of theſe five Members or Numbers, viz. 
aaaa, 4aaae, Gaaee, 4acee, eece, (as is manifeſt by the fourth Power in the Table in 
Se@. 4. Chap. I. of this Book.) Now becauſe the Reſolution of a Biquadratic Num- 
ber, viz the Extraction of the Biquadratic Root is deducible from the ſteps of the 
Compoſition of a Biquadratic Number from its Root, (for ſuch Numbers as are 
added in the Compoſition are to be ſubtracted in theReſolution) reſpe& muſt be had 
to SE. 3. Chap. 2. of this Book N : 


Example. 


F. Let it be required to extract the Biquadratic Root of 614656. After the Num- 
ber given is prepared by PunQations as before is directed, I ſeek in the Tabulet in the 
precedent ſecond ſtep of this Se&. 3. for the greateſt Biquadratic 5 
irhole Number contained in 61, the fitſt Member (towards the Eise 
left Hand) of the Number propoſed, and finding it to be 16,1 16 
ſubſcribe 16 under 61, and write 2 the Root of the faid fourtn 
Power 16 in the Quotient, for the firſt Figure of the Root —- Io 
ſought; then after a Line is drawn under 16 I ſubtract 16 from + e 
61, or 160000 from 614656, and there remains to be reſolved 454656. 
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The Diviſor for the finding out of e, that is, every Character which is to follow 2, 


the firſt Figure of the Root, is always in the Extraction of the Biquadratic Root com- 
5 Poſed of theſe Numbers, viz. aaa, 649; 


ooo niit exceed 5: and therefore I make tryal 
(in a waſt Paper) with 9, to ſee whether it 


will conſtitute an Ablatitium that does not exceed the Reſolvend 4.54656, viz. I ſuppoſe 
eg; then becauſe a was before found 20, the Ablatitzum, which in the Extraction of 


the Biquadratic Root is always compos'd of gaaae, Gaaee, 4aeee, and eeee, will exceed 
the Reſolvend, from which it ought to be ſubtracted. But if e=8, then the Alatitiuns 
will be equal to the Reſolbend, and conſequently that being ſubtracted from this, chere 
will remain o, wherefore I ſet 8 in the Quotient, and conclude that the Biquadratic 


Root of the given Number 614656 is 283 for 2852 8K 2828 produces 614656. 


Sect. IV. Of the Extraction of the Root of the fifth Power given in Number. 
1. For the more ready Extraction of the Root of any fifth Power given in Num- 
ber, this Tabulet will be uſeful, which ſhews at firſt fight the fifth Powers of every 
ſingle Figure, and conſequently any fifth Power in Number under 100000 being 
given, its Root is hereby diſcovered. 5 „ . 
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15 4 When a whole Number is given for a fifth Power, and its Root deſired, that is, 
ſuch a Number which being multiplied five times into it ſelf will produce the given 
Number, it muſt he prepared for Extraction by Punctations in this manner, viz. Firſt,” 


let a Point be ſet over the Units place of the given Number, then paſſing over the four 
next places towards the left Hand, ſet another Point over the ſixth place; and in that 


order as many Points are to be ſet as the given Number will admit, that there may be 
0 flour places between every two adjacent Points. So if the Root of 


17210368 the fifth Power 17210368 be deſired, after Points ate, ſet as is 
above directed, the ſaid 17210368 will be diſtributed into two 
1880287678125 Members, to wit, 172 and 10368. In like manner this Number 
| 1880287858125 will, be diſtributed into theſe three Members, 

188, 02876; and 78125. The Points (as before hath been ſaid) ſhew the number 
of Places that will be found in the Root, as alſo what Memher of the Number given 
belongs to the Extraction of every fingle Character of theRoot ſought,”  * 8 : . 


. 
- 


. 


* „* 
1 * — n I Fa 
* 
©... 4 1 * — * . f — 
beiin org ond: a 


| 6114656 (28. Root And 4a, for theſe ate all the Powers of a 
gubtracx 16 MA that are drawn into the Powers of e in the 
- Aces been fourth Power of a+e; (as is evident by 
C a the Table in Sec. 4. Chap. 1.) and becauſe 
220 e 6.5 the firſt Figure of the Root is found 2, 

24 and conſequently (by Note 2. in Sect. I. of 
. „ thigChap.) the Number fighified by a is 
34480 Diviſor. „ 2 20, thetefore the Sum of the Numbers 
28 25 6000[4aaae HgnifioQby 4aaa, 6aa, and 4a, 18 3 4400, 
1 5]3600[6aace which is the Diviſor; then ſuppoſing I 
4 9960 gaeee | Wer E to divigethe Reſolvend 45465 6 by | 
3 ' [aog6| ecec | OY n 2 ere ex- 
. cCeœeds 9; but in regarde always repreſents 
Subtraft __ 4514656] _ Ablatztrum either a ſingle Figate or 4051 be can- 
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3. Every Number conſidered as a fifth Power may be conceived to be produced from 


the Multiplication of the Binomial Root a-+ e five times into it ſelf, and then the ſaid 
Number will be compoſed of theſe fx Members or Numbers, viz. aaaaa, 5aaaae: 
Ioaaaee, Toaaree, 5aeeee, and eecee, (AS is maniteſt by the fifth Power in the Table in 

Seck. 4. Chap. 1. of this Book.) Now becauſe the Reſolution of the fifth Power, viz. 
the Extraction of V(5) out of a given Number, is deducible from the ſteps of the 

- Compoſition of a fifth Power from its Root given in Number; (for ſich Numbers 
as dre added in the Compoſition are to be ſubtracted in the Refolution ) the Learner 
muſt be exercis'd in Sec. 4. Chap. 2, of this Book. 

Example. 

Let it be required to extract V(5) out of 17210368, viz. to find a Root or Number, 
which being multiplied five times into it {elf will produce 17210368. After the given 
Number is prepared by PunQarions as before is directed, I ſeek in the Tabulet in the 
firſt ſtep of this Section 4. for the greateſt fifth Power contained 

in 172 the firft Member (towards the left Hand) of the given 17210368 (2 
Number, and finding it to be 32, I ſubſcribe 32 under 172, and 32 
write 2 the Root of the ſaid fifth Power 32 in the Quotient, for 
the firſt Figure of the Root ſought; then after having drawn a 
Line under 32, I ſubtract 32 from 172, or 3200000 from 140, 0308 
17210268, and there remains to be refolved 14010368. 5 
Then to diſcover the Diviſor, which ſhews how to begin the tryal in the finding 
out of e, that is, every Character (whether it be a Figure or Cypher) which is to 
follow the firſt Figure of the Root, I take ſuch Powers of a as are multiplied into the 
Powers of e inthe fifth Power produced from age, viz, 5aaaa, Ioada, Ioaa, and 5a: 

ſo the Sum of theſe four Numbers make the Diviſor. And becauſe the firſt F igure 
of the Root is found 2, and conſequently (by Note 2. in Sec. 1, of this Chap.) the 


7 


Number fignified by a is 20, therefore the Sum of the Numbers fignitied by 5aaag, 


-Toaaa, Ioaa, and 5a is 884100, which is the Diviſor; then ſuppoſing I were to di- 
vide the Reſolvend 14010368 by the Diviſor 884100, I find the Quotient exceeds 9 ; 
but in regard e always repreſents a ſingle Figure or Cypher, it cannot exceed 9; there- 
fore I make tryal (in a void place) with 9, to ſee whether it will conſtitute an Mla- 
titium that does not exceed the Reſolbend 14010368, viz, Iſuppoſe e=g, then becauſe 


a was found 20, the Ablatitium 5aaaae--Ioaaaee+ Ioaaeee -I Saree exceeds the Reſol- 


vend from which it ought to be ſubtracted. But if e=8, then the Ablatitium will be 
equal to the Reſolvend, and conſequently that being ſubtracted from this, there will 
remain o, wherefore I ſet 8 in the Quotient; ſo 28 is found to be the.V(5) of the 
given Number 17210368, for 28X28x28x28x28 produces 172 10368. Compare the 
ä Glowing Work with the precedent Rules of Seck. 4. „ ü | 
at e i 10368 (28. Root; | 

4 7 2 F 3 2pooOO0O] aaaaa 

14010368 Keſolvend. 

4 10 gdqoooo] Jqaaaa 
8ooOO ILO 
4000[roag 


| 100 52 _ 
| 12 OI 8184.100 Diuiſor. 
e 8 6g oooo] Faaaae 
5 | 5 I[20000|I044ree 
e 3 a ce 2048000 I 0aacee 
| F 
ED: © 32768 eee 
[2 nnd  < dae blatant, 80 
Cn co O ge a 
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By the precedent Rules and Exa 
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Examples of this Chap. the Ingenious Reader ivill eaſily 
_. þ&ceive howto extend this general Method to the Extraction of the Roots of all bins 
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of Powers in Numbers, viz. of the ſixth, ſeventh, eighth, c. Powers; as alſo 


preſſible by any rational or true Number. 5 FE OT | 


— — | — — ; 5 8 | 15 : 
CHAT. If. gs 
Concerning the Extraction of Roots out of Powers expreſs 4 
1 5 by Letters, 


I. TN a Series or Scale of Powers produced from a Root, ſuppoſe from a, as in 


I this Series, a, aa, aaa, aaa, aaaaa, a5, a7, a, Qc. thoſe Powers only whoſe Indices 
are even Numbers are Squares; as da, adaa, 4%, 8, c. ( whoſe Indices are 2, 4, 6, 8, 


Fc.) are Squares. And thoſe Powers only whoſe Indices are diviſible by 3, are 


Cubes, as ada, aaaaaa, as, Cc. ( whoſe Indices are 3, 6, 9, Cc.) are Cubes. There» 
fore every Power whoſe Index is a Prime Number gteater than 3, as aaaaa, 27, lr, 
cyc. ( whoſe Indices are 5, 7, 11, c.) is neither a Square nor a Cube. But every 
Power whoſe Index is diviſible by 6, as 4%, 18, c. is both a Square and a Cube, 


becauſe the Index is diviſible both by 2 and by 3. 


II. If a Simple Quantity be expreſs d by the ſame Letter repeated an even number 
of times, the Square Root thereof is eaſily extracted; for the Root muſt be ſuch that 
its Index may be the half of the Index of the Quantity propoſed ; As, Vaa chat is, 
the _ Root of aa) is a; for 1, the Index of the Root 4 is the half of 2, the In- 

of the Square aa. In like manner Vaaaa is aa, whoſe Index 2 is the half of 4, 
the Index of the Square aaaa. Again, Vaaaaaa is aaa, whoſe Index 3 is the half of 
6, the Index of the Square a“. 1 | EN LD? od WE +: 


* 


UI. And with the like facility you may extract the Cubic Root of a Simple Qban- 


tity, which is expreſs'd by one and the ſame Letter repeated ſuch a Number of times 


as is. diviſible by 3 ; for the Cubic Root muſt be ſuch that its Index may be of the 

Index of the Cube propoſed : As (z) aaa (that is, the Cubic Root of the 
Quantity aaa) is a, whoſe Index 1 is + of 3 the Index of aaa. In like manner y(3) 
46 is aa, whoſe Index 2 is + of 6 the Index of the Cube as. 1 


IV. If che Index of a Simple Power expreſs by the ſame Letter be ſome Prime 


Number greater than 2, as 5, 7, II, Cc. then neither /(2)nor (3), nor any other 


Root, except that denoted by ſuch Index or Prime Number can be exactly extracted 
out of the ſaid Power : ſo no Root can be exactly extracted out of aagas or as, but 
(5) which is a; nor any Root out of a7 but Y)), which is alſo a. But when the 
Root cannot be exactly extracted, the Sign of theRoot is to be prefix d to the Quan- 
tity ; as to expreſs the Square Root of aaaaa or as, I write Vaaaaa or vas. Like- 
wiſe I expreſs the Cubic Root of a5 thus, (3) as; and V(4) of a? thus, Y(4)a? ; 


and fo of others. 


v. When ſome Power of an unknown Simple Root 2 is found equal to ſome known 


Number, and the Index of that unknown Power is not a Prime umber, then the 


I there be fropoed or found out 
Then to fin 


2 


. 
a 


2. of this Chap. the Square Root of agzata, 
compared give this Equation, vin. 


Equation, the value of a the Root ſouglit is diſcovered, wiz. . 


value of the Root a in Number may oftentimes be diſcovered by two or more Extracti- 


Number. As for Example : —_ . 


E „„ „„ 7 
out the value of a you need hot extract the y £37" Fa — 
729, by the general Method before delivered in Chap. 3. but firſt Es 
by that Method extract the Square Root of 729, and then by Seck. . aaa 27 

Þ thoſe two Roots O 
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Laſtly, by extracti 
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332 Sag 3 Þ 'Or 


=y 
* 
p J 1 
8 i in. i. Dy 2 


1 — : Mia. 3 Ae. te * . — WI | 
* 
93 - 


| — — 
Powers expreſs d by Letters. 
5 | Or thus, 

Firſt, by extracting the Cubic Root of each part of the Equation 
JJJͤ d tacos ed ot 5 
And then by extracting the Square Root of each part of the laſt d- 4 
Equation, the ſame value of the Root a is found out as before, to wit, F 3 

T 1 1 WT HE III Im gy args ETTTTT 
Firſt by extracting the Cubic Root, it gives. 43 27 
And again, by extracting the Cubic Root of that Root the Root 5 
L 5 "my e 3 
VI. When two or more Squares, Cubes, or other Powers expreſs'd by different 
Letters, be multiplied one into another, then if the Root of each Power, viz. the 
Square Root if they be Squares, or the Cubic Root if they be Cubes, Cc. be extracted, 
the Product made by the Multiplication of theſe Roots one into another, ſhall be a 
like Root of the Power or Product firſt given. As for Example: yaabb is ab, which 
is the Product of the Square Roots of aa and bb. Likewiſe, y(3)aaabbb is ab, which 
is the Product of the Cubic Roots of aaa and bbb. 

Again, Vaabhcc is abc, which is the Product of the Square Roots of aa, bb, and cc. 

In like manner, V(3)27aaabbb is zab, which is the Product of the Cubic Roots of 27 
aaa and ö; and „/ 16aabbce is abc, which is the Product of the Square Roots of 16 
aa, bb, and cc. The like is to be underſtood of others. 

But if the Square Root of 5aabb be defired, becauſe 5 is not a Square, the ſaid Root 
is to be expreſs'd either thus, V5aabb, or thus, 5xab ; or thus, aby5. In like 
manner, to denote the Square Root of aaabbb I write Va3b3. And to fignifie the 
Cubic Root of aabb I write (3 )aabb;, but the Cubic Root of 3aaabib may be writ- 
ten either thus, (3 )3a%3 z or thus, y(3)3xab; or thus, ab(3)3. 


= .* 's - 


Concerning the Extrattion of Boots out of Compound Quantities expreſ9d by Letters. 


VII. Before the Learner enters upon the Extraction of Roots out of Compound 
Squares, Cubes, or other Powers expreſs'd by Letters, he ought to be well exercisd 
in the eighth and ninth Chapters of my firſt Book of Algebraical Elements; as alſo in 
the foregoing firſt, ſecond, and third Chapters of this Book, and in the precedent 
Rules of this Chapter; all which well underſtood will render the following Rules and 

Examples of this Chapter very plain and eaſie. | 5 


| preſs d by Letters, 1 


Rule 1. Set the particular Members of the Compound Algebraic Quantity, whoſe 
Square Root is required, in fuch order, that one of the Simple Squares may ftand 
outermoſt towards the left Hand; and next after the ſame ſuch other Member or 

Members, wherein you find the ſame Letter or Letters as are in the ſaid Simple Square. 
Then the Square Root of the faid Simple Square is to be ſet in the Quotient for the 
firſt Number of the Compound Root ſought, and the Square it ſelf is the firſt Quan- 
tity to be ſubtracted from the Compound Quantity propoſed. This is the firſt Work, 
which is no more to be repeated in the whole Extraction. b 
 Rale 2. Double the Root before ſet in the Quotient for the firft Diviſor; likewiſe 
to find every following Diti ſor double every Simple Quantity that ſtands in the Quo- 

tient, and take tbe Sum of the Products for the Diviſor. | 

Rule 3. When the Diviſor is found out, divide only the firſt Simple Quantity (to- 
wards the left Hand) in the Refolvend, by thefirſt Simple Quantity in the Diviſor, and 
ſet that which comes forth next after the Member or Members of the Root ſougha 
that was before found out. non 5 

Rule 4. After the firſt Simple Square is ſubtracted (according to Rule 1.) then every 

following Ablatitium, that is, the Sum of the Quantities to be ſubtracted from the 
reſpective Reſolvend, muſt be compoſed of theſe two Products, viz. the Product made 

by the Multiplication of the whole Diviſor by that particular Quantity which was 
laſt ſet in the Quoſient, and the Square of the ſame Simple Quantity. 2 
The Practice of theſe Rules will be apparent in the following Examples. 
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Example 
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The Extraction of Roots out of BOOK II. 
WS: Example 1. ; 


wn dani prone 
Fir, I extract the Square Root of aa, and it is a, which J ſet in the Quotient; 


- then 8 a by it ſelf, I ſet the Product aa under, and ſubtrat it from the 


Quantity firſt propoſed, and there remains 2b bb. This is the firſt work which 
anſwers to Rule 1. and is no more to be repeated. 


The Square, _ aa+2ab+bb | (a+b The Root. 
Subtra aa | | | 
Remainder, + 2ab-+bb | | 
55 Diviſor, „„ + 
Subtract ——+2ab+bb | 
Remainder, o o 5 


Secondly, the Diviſor (according to Rule 2.) is 2a, which I ſet under 2ab: 

_ Thirdly, I divide + 2ab by the Diviſor + 2a, and the Quotient is , which I ſet 
next after a, (the particular Root before found out) according to Rule 3. i 

Fourthly, I multiply the Diviſor + 24 by +6, (that was laſt ſet in the Quotient) 
and the Product is + 2ab, to which adding , (the Square of +b ) the Sum is 
+ 2ab-+bb, which (according to Rule 4.) 1 ſet under and ſubtract from the Reſolvend 
+ 2ab+bb, and there remains o: So the Extraction being finiſh'd, the Root ſought 
is found a+b; for if it be multiplied by it ſelf it produces aa aab bb, the Quan- 
tity firſt propoſed. | . 

Note. By what I have ſaid in the eighth and ninth Chapters of my Firſt Book of 
Algebraical Elements, tis eaſie to diſcovet at firſt ſight whether a Compound Algebraic 
Quantity conſiſting of three Terms be a perfect Square or not, and if a Square what 
its Root is. Nevertheleſs in this firſt Example I have expreſs'd the Work at large 
according to the four Rules before given, that the like Opertion may the more eafily 
be perceived in the following Examples. Ws 5 155 5 


Example 2. 


If the Square Root of aa—2ab+ 2ac—2bc4bb-+ cc be defired, it will be found 


a—b+c by the precedent Rules, and the Work ſtands as here you ſee underneath. 


The Square, aa—2ab+ 2ac—2bc+bb+cc (a- c The Root. 
Subtra da |; 5 Et 
Remainder, —2ab-+ 2ac—2bc+bb+cc 
Diviſor, —+ 2a) E 
Subtract —2ab+bb 
Remainder, IJ 2a - 2c cc 
Diviſor, 24 —2b) | 
ä + 24 - 2 c Sc 
Remainder, 8 | 


Example 3. 


In like manner the Square Root of 64aabb+ 32abe—144ab-b ac=36c+81 will be 


found 8ab + 2c—9, as 1s manifeſt by the following Operat 


I0N, 


” 2 * 


The Square, 6a4aabb 3 24bc—144ab f 4cc—36c+81 (dab 20c—9 
Subtract = 64aabb . 1 3 
Remainder, = 32abc—144ab-+q4cc—36c+8I 
Diviſor, . |  +16ab) — — —— | 
Subtract | + 3 2abc +4 
Remainder, —144ab —} 6 81 
Diviſor, + 16ab —+ 4c) © : 
Subtract —144ab — 3c ＋ 81 
er Teo | 


Remainder, © 
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Example 4. 


8 db+bb ; and the Extraction ſtands thus: 1 
Ihe Square dA 2diα 3db*+2db3+6b+ (add db bb. 
| ry 4 ö | ( + 


Remainder, +2db+34þ*+2dbi+b+ 
BY RIES . 
Subtrac-rt _ +24%+@dþ> + 1 
Remainder, 24d 2b Y 
Dxiſo, T2, +443)... | 
Subtract rt —H+2d&b:+2db+þ4 | 


IX. Rules for the Extraction of Cubic Roots out of C e Seite 
| expreſs d by Letters. 


- Rule 1. Set the particular Members or Parts of the Compound Algebraic Quantity 
whoſe Cubic Root is required, in ſuch order, that one of the Simple Cubes may ſtand 
outermoſt towards the left Hand, and next after the ſame ſuch other Members wherein 
you find the {ame Lerter or Letters as are in the ſaid Simple Cube; then the Cubic 
Root of the ſaid Simple Cube is to be ſet in the Quotient for the firſt Member of the 
Root ſought; and the Simple Cube it {elf is the firſt Quantity to be ſubtracted from 
the Compound Quantity propoſed. This is the firſt Work, and no more to be repeated 
in the whole t ð | | 

Rule 2. The firſt Diviſor muſt be compoſed of the Triple of the Square of the Root 
before ſer in the Quotient, (which Triple Square I call the firſt part of the Diviſor) 
and the Triple of the ſame Root, (which Triple Root I call the latter part of the Di- 
| viſor.) Likewiſe every following Divifor muſt be compoſed of the Triple of the Square 
of the Sum of all the ſingle Quantities or Parts of the Root already found out and ſer 


in the Quotient, and of the Triple of the ſame um. 
Keule 3. When the Diviſor is found out, divide only the firſt Simple Quantity (to- 
wards the left Hand) in the Reſolvend, by the firſt Simple Quantity in the Diviſor, and 
ſt that which comes forth in the Quotient next after the Member or Members of the 
Root ſought before found out: 7 To EE 

Rule 4. After the firſt Simple Cube is ſubtracted (according to Rule 1.) then every 
following Ablatitium, that is, the Sum of the Quantities to be ſubtracted from the Re- 
ſolvend, muſt be compoſted of theſe three Products, viz.-Firſt, the Product made by 
the Multiplication of tlie firſt Part of the Diviſor, (to wit, the Triple Square mentioned 
in Rule 2.) by the ſimple Quantity laſt ſet in the Quotient. Secondly, the Product 


made by the Multiplication of the latter part of the Diviſor, (to wit, the Triple Root 


or Sum mentioned in 
thirdly, the Cube of the ſaid fimple Quantity laſt ſer in the Quotient. 
The Practice of theſe Rules will appear in the following Examples. 


Rule 2.) by the Square of the ſame fimple Quantity. And 


1 | ' -— Example 1. 
Let it be required to extract the Cubic Root out of aaa-+ 34ae-þ 3aee-þ eee. 

, Firſt, beginning at the left Hand I extract the Cubic Root of aaa, and it is a, which 
I ſet in the Quotient, then multiplying the ſaid Root a Cubically it makes aaa, which 
1 ſubtract from the Compound Quantity firſt propoſed for Extraction, and there re: 
mains to be reſolved + 3aas+ 3aze+ece. This is the firſt Work, which anſwers to 
Rule 1. and is no. more to be repeated in the whole Extraction. 5 

The Cube, aaa - zaae I gaee- See (ae, The Root. 
I D ( T7 FT 
m7 +3aa +38) | 


33 SBubtract IJ zaae - zace eee 
* if 1338 45 88 bop _ Fe be” X — mo * e — * 
mares n none Remainder, : O Oo O | 
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Again, the Square Root of dddd-+ 2dddb-+ 3ddbb-+ 2d55b+bbbb will be found 44+ 
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Irony, I ek -Divito thus, viz. to Þ 3as, which. is the tri © of aa the Square 


of the Root a, Ladd + 3a, the triple of the ſaid Root a, and the Sum 3aa+3a is the 
underneath the remaining Refolvend, according to Rule 2. 


Thirdly, according to Rule 3. I divide - 3aae by + zaa, and it gives +0, whick 


I ſet in th tient next after a. 
Four = find out the Ablatitium (or Quantity next to be ſubtracted) I make a 


threefold Multiplication, viz. Firſt, I multiply 3aa (the firſt part of the Diviſor) 
by -+e the Rot laſt ſer in the Quotient, and the Product is + 3aae. Secondly, I 
multiply + 3a, the latter part of the Diviſor by Tee, the Square of the faid Root e, 
and the Product is + 3aes. Thirdly, I multiply the ſaid Root e Cubically, and the 
Produ is eee. Laſtly, I ſubtra& the Sum of the ſaid three Products from the Reſol- 
vend, and there remains o. So the Extra&ion is finiſh'd, and ae is the true Cubic 


o_— K «ode | 


— produce 
firſt propoſed. >. DE 


E ag 2 5 


In like manner the Cubic Root extrafied. out of 1250004 aeg 13 yore Tees 
is 5a+3e, and the Work ſtand thus: 


The Cube. Tazßaaa- 225aae+ r35aee4þ 27026 6724 Root, 
Subtract 1254 3 . 
n QF ae 1350+ 27ece 1 
Diviſor, — 0 1. 
Subtract 1 
Remainder, T . 
„ I 


$0 the Cubic Root of 27a%=—5445+ cnem—ria ranger rz will by 
found 3aa—2a-þ 5, and the Operation ſtands thus: f 
Cube, 274 —5 4a l 8843-4285 15024 125 Gar 5. Root: 
Subtract 27a* Cott lt e a05104t demi et Þ om, 8 
Remainder, eee ee, 4 | 


Diviſor, +27at+ 92 — 2 
Subtract . 364l.— N | WIRE 
Remainder, 9 2 TT 125 d 


» \ R 
— N 4 * I .* : 1 * þ £ 
* % 2 e. 


n 


1 1 4.— 643- 1248 | 1 
Diviſor, 5 17 1 a gaa—- 6 : e 
i 55 r m2. 0 
Add theſe, | By | þ225a6—=I 508 VV 
| —C — 4125 1:1 40 eee er 
Subtract 55 %%% 
Remainder, © 8 o 1 5 0 3 
14 be ds wt Fl LT JD {3 


I there be occaſion to extra the Root of the fourth, fifth, or other hig 
pound Power, the Diviſors and Ablatitions Quantities 7 lay be drawn 
le in eee 4: Chap. 1. ol this Book. ec 


- 


Air 


x. Concernt ng e Bxtraftio V Nor out s Ali, 7774 Frans a9 HL 


1. TT as in che Eitriktion 5 5 out of Fractions ; 7 Root of the 


. Numerator and Denominator being ſeverally extracted gives the Rog ſought ; there- 
fore if the Square Root of: wo 200 be to be extracted, I write =” for the Root ſought; 


11G 


for the Square Root of the Nunerat 400 i ah, and the sar 2 of the Deno- 


minator cc is c. 


K * 


. In 


4 7 = 
og _ 
1 | * 
l = . n A * 
4 i v 4 r * "BE . y * 1 - * . 7 1 8 T 26868 rata * 8 
44 ; yy hes ae as * ** x YZ ders. - . * 2 5 , bits * # , * = = W 4 1 \ 
, 44 Ks 2. 2 * 2 e p 5 CRE WIE 1 x 5 1 q 8 25 4: 14 Ap i 4 * * EOF & 


WA. 
* . *. 
*s 


* 8 
* 


* 
2 —_— 


21 . 


Letters. 


——_— 8 


CHAP.5. Powers expreſsd by 


"Ds = the 8 Ro t of -t bb 1 
In like manner if the quare Roo Ar be defired, by extracting 


the Square Root out of the Numerator and Denominator, there ariſes = : for 
| * 


the Root ſought. | | FRE 4 


7 
. 


And for the ſame Reaſon the Cubic Root of this Fraftion . . ; „ 


5 ans : — . wo x 
27a%—5445 + 1714%—18843-+ 285ad- — will be 2 — which is 


{ 7 4 
ate 


FE Tut” __ aaa-—gaa-r2JTd—27 | 4a—3 „ 5 
found by extracting the Cubic Root out of the Numerator and Denominator of the = 
Fraction propoſed. "FS oY 


N 


2. But if the Root ſought cannot be extracted out of the Numerator and Demoni- 
nator, then the Radical Sign / with the Index of the Power, if it exceed a Square, 


is to be prefix d to the Fraction; as to denote the Square Root of ZZ ac, that is, 


4bb 
or (becauſe the Square Root of the Denomi- 


of ccxx - Aabbc 1 W rite Vcc Aale 
455 _— 
nator is 2þ ) the Square Root of the Quantity propoſed may be expreſsd thus 
vcoxx—4abbc Ff a3b3 | 


likewiſe the Cubic Root 0 may be deſigned either thus, 


| 11 aa bb 
5632 %, or (becauſe the Numerator is a Cube) thus, tie like is 
(3 e A 1 ube) thus Da- The ike 18 


to be underſtood in expreſſing the irrational Roots of higher POwers. 


, 
— 
. 
* . 
8 * "WES — 9 — OI — _ ae ee 
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CHAP. v. 


* oncerning Geometrical Proportion. 


J 


of! HE Difference of two Numbers is found out by Subtraction; but the Ratio, 
_ Reaſon, or Habitude of one Number to another is diſcovered by dividing the 
Antecedent (or firſt Number) by the Conſequent (or ſecond Number;) for the Quo- 
tient denominates the Ratzo, Reaſon, or (as ſome call it) the Proportion which the 
Antecedent has to the Conſequent. As if 6 be compared to 2, then , that is 4, or 
3, ſhews that 6 has triple Reaſon to 2, vix. 6 contains 2 thrice, or 6 is in proportion 
to 2 as 3 to 1; but if 2 be compared to 6, then 2 or ſhews, that 2 has ſubtriple 
Reaſon to 6, viz, 2 is 4 part of 6, or 2 is in proportion to 6 as 1 to 3. In like man- 


ner if the Quantity a be compared to the Quantity h, then 5 expreſſes the Ratio or 
Reaſon of a to h, and Þ ſhews the Reaſon of þ to a. 7 
Note, that the Reaſon of two Numbers or Quantities ought to be expreſs d by the 
ſmalleſt Terms or Quantities that can poſſibly be found to expreſs that Reaſon. So the 
Denominator of the Reaſon of 16 to 12 is 4, where 16 and 12 are firſt reduced to the 
ſmalleſt Terms 4 and 3, (by dividing the 16 and 12 ſeverally by their greateſt common 
Diviſor 4) and then dividing the Antecedent 4 by the Conſequent 3, the Quotient + 


expreſſes the Reaſon or Proportion of 16 to 12, viz. 16 is to 12 as 4 to 3. In like 


manner the Reaſon of bb to ba, or of bob to bba is LY 

- IT. Quantities which proceed by equal Differences are faid to be in a continued 
Arithmetical Progreſſion, (as has been ſhewn in Chap. 17. Book 1. of my Algebraical 
Elements ;) but Quantities which proceed by equal Reaſons (or Proportions) are ſaid 

to be in acontinued Geometrical Progreſſion or * So theſe Numbers 2,6, 18, 
= | * 4 TO 34, 


75 (U 


"of Geometrical Proportion, 'B 0 3] K 1 IL 
54. I6gare continually 12 becauſe the Reaſon (or Proportion) of the art 


** rr * 


the ſecond is equal to the Reaſon of the ſecond to the third, alſo of the third to the 


fourth; and fo forward; viz. + (or ) = = H= IB or backward, E22=f4= 

A (or 3:) Ih like manner if theſe Quantities: a, ö, c, d, e, be ſuch, that 

. or backwards, if — 7 3 then thoſe Quantities are con- 
4E 


cond to the third, the third to the fourth, 

But if there be four ſuch Quantiries, that the Reaſon (or Propotrion) of the firſt 
to the ſecond, is equal to the Reaſon of the third to the fourth; but the Reaſon of 
the ſecond to the third, is not equal to the Reaſon of the firſt to the ſecond, then 
thoſe Quantities are ſaid to be in Geometrical Proportion diſcontinued or interrupted ; 
ſuch are theſe four Numbers 2 .6 :: 12 , 363 for 3 (or 4) , but r (or 2) 


is not equal to + or +. In * manner, if a, b, c, d, be ſuch © Quantities that 


# © but LE is not equal to. 7 (or © 750 then are a, b cAdiſcontinual Proportionals. | 


M C 
III. If three Quantities be 8 the product made by the mutual Multi 
plication of the Extremes is equal to the Square of the Mean; as, 


If there be propoſed (SCI + 6 © | FL 6, 2, 5 


| a b. c, & 
Then this 2 — Tw... 5 
% »!!((((((( 88 i 


It follows (by Sed. 1. and 2.) that. 1 5 — 


Whence by multiply ing each part by c. 4% =h=6 0 | 


Lede 
produces „ 

Which was to be proved. | 

[V. If four Quantities be Proportionals, whether they be continual Or diſcontinual, 5 


* 


| the Product made by the mutual Multiplication of the Extremes is equal to the Pro. 


duct of the Means; and conſequently if the Product of the Means be divided by either 
of the Extremes, the Quotient 1 is the other Extreme, As for Example : : 


Let four diſcontinual Propbreionals be propoſed, 9 d. c:: b. 4 


12. 4: 15. 5 
Then by the foregoing 5:8. VV 4 3 3 
8 * . 
And by multiplying each par of that nn " a this da _ 07 FOO 
is produced, viz. . . © and. 
And by multiplying each pan of hs lat b uation 1 c, 3 
the firſt part of the Propofition i 18 1 . 4 4 cb 60 


And by dividing cach part by d there ariſes «of as; 
Which laſt Equation being compared with the four Proportionals firſt propoſed 
does ſhew, that if three Quantities d. c, 5, be given, to find ſuch a fourth as ſhall have 


the ſameProportion to b as c has to d, then the Product of the ſecond and third Terms, 


to wit ch, being divided by the firſt Term d will give the fourth Proportional ſought, 
which is the very Operation in the Rule of Three Direct. 

V. If three Quantities a, h, c be Proportionals, and the firſt and ſecond, to wit a and 
b be given ſeverally, the third. is al fo given; for by Sec. 3. of this Chap. ac bb, 


whence by dividing each part by a there ariſe o=bb which ſhews, that if the Square of 


the Mean or ſecond Term be divided by the aſt, the Quotient is the third Proporti- 


-4 are continual Proportionals. In like manner if three Quan- 


tizies in continual Proportion be given ſeverally, and a fourth Proportional be deſired, 
the 


onal ; hence a, ö, and 


| Of Geometrical Proportion. os 


\ the Square of the rhird Term divided by the ſecond gives the fourth ; as if chave ty — 


given theſe three, a, bes, then by dividing the Square of 7 to wit, 5950 by b.the * 
2 1. mw 
3 Quotient ©? ſhall be the fourth continual Proportional: Hence a, ö, added 8 


| n 2 i aaa | 
tinual Proportionals. Likewiſe if the Square of the fourth continual Proportional be | 
divided by the third, the Quotient will be the fifth; ſo to thoſe four continual Pro- 


portionals this fifth will be found, to wit, = and ſo forwards infinitely. Therefore, 


VI. If Numbers, how many ſoever, be continually Proportionals, and the leaſt Term 
be eſteemed the firſt, that next greater than the leaſt the ſecond, and ſo forwards; then 
the ſecond Term is produced by the Mulriplication of the firſt into the Reaſon of the 
Tecond Term to the firſt, the third Term is produced by the Multiplication of the firſt 
into the Square of the ſame Reaſon, the fourth Term is produced by the Multiplication 

of the firſt into the Cube of the ſame Reeſon; and in like manner every following 
Term is produced by the Multiplication of the firſt into ſuch a Power of the Reaſon 
of the ſecond Term to the firſt, as has fewer dimenſions by one than the Number of 
Terms has Units: as in theſe following fix continual Proportionals, to wit, 
bb bbb bbbb bbbbb 
a, b, —, — 5 — | 
aA aa aaa aaad 


| . 25 6, 18, 54 162, 486 = 
Suppoſing a to be the firſt and leaſt Term, the ſecond Term b is equal to the Product 


of the firſt Term a into A to wit, the Reaſon of the ſecond Term to the firſt ; alſo 


as 
— 
» 0 


the third Term = is produced by the Multiplication of the fitſt Term a into the Square 


of the ſame Reaſon, that is, into 4 and the fourth Ter = is produced by the 
Multiplication of the 55 Fo a into the Cube of the ſame Reaſon, that is, into 
5b and the fifth Term 9 i, produced by the Multiplication of the firſt Term a into 


aaa aaa 
the fourth Power of the ſameReaſon, that is, into 2 and ſo forwards. 

But if the greateſt Term be eſteemed the firſt, that next leſs than the greateſt the 
Jecond, and ſo downwards; then the ſecond Term is equal to the Quotient that ariſes 
by dividing the firſt (or greateſt) Term by the Reaſon of the firſt to the ſecond ; the 1 
third is equal to the Quotient that ariſes hy dividing the firſt Term by the Square of 4 
the ſame Reaſon; the fourth Term is equal to the Quotient that ariſes by dividing the 1 

firſt Term by the Cube of the ſame Reaſon ; and in like manner every lerm beneath 
the greatelt is equal to the Quotient that ariſes by dividing the firſt (or greateſt ) 
Term by ſuch a Power of the Reaſon of the greateſt to the greateſt but one (or ſe- 
cond ) Term, as has fewer Dimenſions by one than the number of Terms: as in theſe 


, . 


following fix continual Proportionals, to wit, 
8 bbbbb bbbb bbh bb , 
wo renee "oh _ 5 a, 


aaa aaa? aa” 3 
85 e 486 162, 54,18, 6,2 = . 

If we ſuppoſe as ? to be the firſt and greateſt Term, then the ſecond Term 
equal to the Quotient of the firſt Term bb b bb 4 


aaaa 


«x 
— 
LE) 


bbbb j 


aaa 


* 


- —— 


1 


wided by 1 to wit, by the Reaſon of 


— 2 7 
Sy — - — 8 by * I 2 a 
OREN IPD TT n 

LIN -N _ = 


the firſt Term to the ſecond allo the chird Term 22! is equal to the Quotient of the 


firſt Terr 2 divided b 22 | that is, by the Square of the Reafon 2. and the 
daa . aa | | | a | 
| Sn fourth 


3. > — 8 


235 & 
LITTER „ 
en 


„ 


. . 
| * k wk al mn 4 . f p 
r * {0 $4 eee — n 2 * aac. 8 


fourth Term b is equal to the Quotient of the firſt Term 


then a, b, 
- bb, are Proportionals expreſs'd by Integers, and in the Reaſon of a to b, as was deſired. 


F Geometrical Proper fin. BOOK Il. 


"ow vided by the 


ay aaaa aaa 


tbe of the ſame Reaſon, And fo of the reſt. 3 
uli. From the laſt preceding Section it follows, that if in a Series or Rank of Nur 


I 


bers which are in continual proportion, the firſt Term, the ſecond Term, and the Num- 


ber of Terms be given ſeverally, the laſt Term ſhall be alſo given by this Rule, viz. 
rſt. (according 2 the Note in Sect. 1. of this Chap.) find out the ſmalleſt Numbers 
that may ſhew the Reaſon of the greater of the two given Terms to the leſs ; then 
efteeming the ſaid Reaſon as a Root, find ſuch a Fower thereof whoſe Index may be 
equal to the given multitude of Terms leſs by Unity, which Power multiplied by the 
firſt Term, when the firſt Term is leſs than the ſecond, gives the laſt, to wir, the 
greateſt Term. But when the firſt Term is greater than the ſecond, then the firſt Term 
divided by the ſaid Power gives the laſt Term. As if there be given a and 5, the firſt 
and ſecond of fix Numbers in continual proportion, and that & is greater than a; 


then the Reaſon of b to a is 2, (by Seck. x. of this Chap.) and the fifth Power of 


a dada 5 | | - | | 
Proportional ſought, (as is evident by Seck. 6.) but if the firſt Term a be greater than 


the ſecond Term b, then the Reaſon of a to b is = whoſe fifth Power is e „ by 
 bobbbb 


which if you divide the firſt Term a, the Quotient is the ſixth Term —. 


| | | aaaa 
This Rule may be exemplified by the four following Ranks of Numbers in conti- 


nual Proportion. 


ER & . .. 468 ; 
3072 ..1 768 9 192 5 4.8 9 I2 4 „ i 
, 5 e 2 „ T 40d 0 
2 2 „3 3 2 f . a © A. 
1024 3 £6 6 4 = ” 
J///%%%%% ß 


++ 4 


VIII. If there be given 10 Integers expreſſing 2 Reaſon in the leaſt Terms, and it- 


be deſired to find out a given multitude of continual Proportionals in the ſame Rea- 


ſon, and that all the Terms may be Integers ; Firſt, to thoſe rwo.Integers, or firſt and 
ſecond Proportionals given, find out (by Sec. 5. or 6. of this Chap) ſo many Propor- 


tionals as with thoſe given may make the deſired multitude: then — every Term 
by the Denominator of the laſt Term, ſo ſhall the Products be continual 


roportionals 
in Integers in the ſame Reaſon as the two Terms firſt given. As for Example: If a 
and b be given, and it be deſired to find three Proportionals in Integers in the Reaſon 


of a to b; firſt, to a and ö I find a third Proportional, which (by Sec. 5.) is - 
id ” 8 1 F tit i 


— being multiplied ſeverally by the Denominator a, the Products aa, ab, 

Hence if a=2, and b=3 z then aa, ab; and bb will give 4, 6, and 9, which are 
continual Proportionals in Integers in the given Reaſon of 2 to 3. Ig | 
So if four continual Proportionals in the Reaſons of à to h, be deſired; firſt, (by 
Sect. 5. or 6.) theſe will be found continual Proportionals, to wit, a, b, - — 
. „ 6 5 a aa 


- which multiplied ſeverally by aa, (the Denominator of the laſt Term ) will produce 


aaa, aab, abb, bbb, which are four continual Proportionals in Integers in the given Rea- 


ſon of à to b. Hence if a=2, and b=3, then aaa, aab, abb, and bbb, will give 8, 12, 18, 


and 27, which are continual Proportionals in Integers in the given Reaſon of 2 to 3. 
In like manner theſe five Quantities aaaa, aaab, aabb, abbb, and bbbb, will be found 


-” continual Preportionals intheReaſon of a to b; ſo that if a, and b=3, then thoſe 
five Proportionals will give theſe five, to wit, 16, 24, 36, 54, and 81 * in the Reaſon 
of 2 to 3. After the ſame manner you may proceed infutitely. FR its 


IK. If 


N. If there be Quantities in \comtinita al Proportion, how. many rover che Product 
35 5 by the Multiplication of the Extremes is equal to the Product of any two Means 
equally diſtant from the Extremes; and alſo to the Square of the Mean Term, when 
the number of Terms is odd. As for Example: If a, hc, de f, be continual Proportio- 
nals, I ſay, the Product of the Extremes a and f, to wit af, is equal to the Prod ut 

of anf two Terms equally diſtant from the Extremes, viz, to the Product cd, and 

to the Produtt be : For, 


1, By ſuppoſition, (and by Se. I. . 2 


a 


2. Therefore by multiplying each part by f, it produces. YJ= 


5. And by multiplying « each part of the laſt Equation by b, it gives af=be 


ha Again, by ſuppoſition %% Te o „ 22 4 


C e 
5. Therefore (by multiplying i in like manher as before) . . cd=be 
6. Therefore from rhe thitd and fifth TG (per 1: Axiom, Lak 
I. Elem. Euclid. . . . 795 Ne e 
Which was to be proved. And if more continual Proportionals even in multitude 
| were propoſed, the Demonſtration would not be otherwiſe. 35 
But if the multitude of Terms be odd, as in theſe ſeven Quantities which we may 12 5 
ſuppoſe to be continually proportional, a, f, cz die, fg * then the Product made by the 
Multiplication of the two Extremes a and 8 is equal to the Square of the middle 
Term d, viz. ag=dd. For, 
| i 28 
e 


1. By ſuppoſition (and by Seck. I. and 2.) 87 422 * 


r . — 
3. And by multiplying each part of che lat Equation by e, ir RL a= 
produces hon 
4. And by what has been alrady proved in the firſt part of this = 
 Propolition, . . Fe 
5 Therefore from the two laſt Equations 0 oor 1.Ax.1. E lem ul.) MP" 
hich was to be proved. Therefore the ee is every way manifeſt ; but 
for e ee 4 20 EO 
t there be pro theſe fix contin \ 
Proportionals in Numbers, to wit. 2,6,18, $4, $62 486 * 


. the firſt part the 22486 = 6x162=18 x 54=972 


continual Proportionals, to Wg © 2 2 65 45; 54 ; 162,486, "ry 


If four Quantiries be Proportionals, a . 6 :: c. d, they ſhall be alſo Alternly, and. 


bowl, — LP, and Fu, and Converlly, ene vix. 


4s 6 : 5 — 2 1 


©» » 
% ©. 
D 


Then ail, 4.5 6. N 134 — 2 Iris 16. Prop 5. Elen. Eudl, 

And Inverlly, 4. * 25 1 : 45 1 : e Cor. of Prop. 4 5. 
And Compoſedly, Tal ON : 5 * : = pow 18. Prop 5. 2 "i 
And Divigedly, — = © | 75 . 2 Frs x 17. Prop. * Zn | x Z 
eee e aKTb:: c Cc 72 z 
3 Convlly, 5 Ty 7 Sh 1 3.0 Cor e is. Elem 6 


115 — 


PO ET RO OOF 0 OE PEI * . = a * * 
Li TR # q 5 R x at v x ö * J 2 , * 6 
SY — 4 » L 12 * 2 * rel, * bo n 2 * i n Ne OR YG 
th * * 1 P * F * y 2 3; 4 n "rs. * 
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168 


q 
-4% 7 ——— 


_ tinually proportional being given, as alſo the Difference (c) between 


2. To which adding the given Di 


4. Then (accord ing to the Queſtion) theſe threeQuantities 9 


may the more eaſily be formed by the ſteps of the Reſolution; but in a retrograde or 


or Quotients ſhall be Proportionals; as, 


bers, to wit. 


1 


b WR 3 b wad 9 1 — | AR . _ W ; | 2 2 Fs 7 bas F; : 
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But that the Learner may the better perceive the meaning and uſe of theſe ways of 
arguing about Proportionals, I ſhall apply ſome of them to the Reſolution of this 
following VVV a vile 

The Difference (b) between the greater extreme and mean of three 7 con- 
N | the mean and 
the leſſer Extreme, to find the Proportionals; but the firſt Difference mult be gteater 

than the latter. 5 1 . d 

n RESOLUTTON,. 
1. For the mean Proportional ſought put . . . , : 
Difference (5) the Suri is? 
the greater Extreme, to wirt , .: «. + 
3. But if from the Mean (a) the given Difference (c) be? 
ſubtracted, the Remainder is the leſſer Extreme, ito wit, 1 


1 5 © = 


- 8 


a-+b, a, and a—c mult be in continual proportion, viz. { -* « a— 
3 Therefore by Divition, ol Ren, i... 1 

6. And alternately (or by Permutation) ;.. . 3 e 
7. And by Divifion of Reaſon, n bag, « 
8. Wherefore by Converſion of Reaſon, | a 


Which laſt Analogy if it be expreſs'd by Words gives this 


As the Difference between the two given Differences is to either of them, ſo is the 
other to the mean Proportional ſought. * „ 
Therefore if 36 =, and 12 , the Canon will diſcover 18 for the mean Propor- 

tional ſought, (to wit, a in the Reſolution) which increaſed with 36, and leſſened by 


12, gives 54 and 6 for the Extremes. Therefore the three Proportionals ſought ate 


, oo TT OT, 11 

Note. If the Analogy in the fourth ſtep of the Reſolution be converted into an Equa- 
tion, by . the Product made by the mutual Multiplication of the Extremes 
to the Product of the Means, that Equation after due Reduction will give the ſame 
Canon as above; ſo that the Argumentation in the four laſt ſteps of the Reſolution is 
not of neceſſity, but only to ſhew how without the help of any Equation the Num- 
ber ſought may ſomerimes be made the fourth Term of an Analogy, whoſe three firſt 
Terms are known, whence by the Rule of Three the Number fought is alſo known: 
Which ways of inferring one Analogy. out of another are more proper when the Na- 
tute of a Queſtion will admit the ſame, than the common way of proceeding by Equa- 
tions, eſpecially in the Ręſolution of Geometrical Problems, where every ſtep ought 


to be expreſs d in the moſt ſimple Terms, to the end the Compoſition of the Problem 


a 
0 
fa — I 
- 


©% 9s „% or 
» os ©* „0 ? 
N 


. 


backward Order, as ſhall hereafter ſhew in the fourth Book of my Agehraical Elements. 


XI. It Proportionals be multiplied or divided by Proportionals, the Products alſg 


If theſe four Proportional Numbers, 5 „„ . i. 

to WIE; 50 3 „ien . : F * 2 4. 22 :ZX2 oy 3X4 
be multiplied by theſe four Propor- dl :: gd. of 
ie -. . 5 ot 18 1 
there will be produced theſe four Pro- N a. Uf : cg K 
portional Numbers, to wit... . 25. 4c : ee 


| 3 ze xz xy. 3 
whereby the firſt part of the Propoſition is manifeſt. . 
And if theſs four Proportional Num- p ads: bf „ eee 
* 1 — f 0 — —— 3 2 = 12 55 | 2 ; | * - . | 
be divided by theſe Jour Froportionals, ' 7. £7 I ge —_ 
A "% 'W" . 252 — : * 4 


to wit, . ®. 0 o . 1 3 T — 
the Quotients-will be theſe Hur) res *7 IO TT at rn 


Py s- — nc wag „ 


portionals, to Wit. 1 3 „cb. 
whereby the latter part of. the Propofigon is manifeſt, ak 
„aner SVORLIQ0 K29 19 15) a rd 
GY 5 b * 4 no 4 N 3+ 2204; i | 
2 | | | 
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1 Hence it may eaſily be roved, that the Squares, Cubes, fourth Power : faft - 
| bs oo of proportional Numbers ſhall be alſo Proportionals; as, ers, th Pow 
4s IT LI on $$ ates «a #, #10 4 

Then their Squares alfo ſhall be proportionals,viz. aa. bb :: ccaa bb 
And the Cubes of the firſt four Proportionals 
ſhall alſo be Proportionals, vin. Nas . bbb :: cccaaa cccbbh | 
And fo of higher Powers. 


XII. In every Series or Rank of Quantities continually proportional. all 
Terms between the firſt and the laſt are both Antecedents Hed Coultejndnt . Rev 
{ons ; as | | 

VVV 4 „ h, c, d, 2 WE 

%%% mr d 701] 7 l• r ian 1 

It is evident that every Term except the laſt () is a Antecedent of a Reaſon, and 
every Term except the firſt (a) is a Conſequent; wherefore if () be put for the ſum 
of all the Terms in the Series, then s—f ſhall be the ſum of all the Antecedents. and 
s—a the ſum of _ 5 Ne e Wl 

From the premiſſes (per 12 Prop. 5, Elem, Eucl. ns 
this i —_ F , DE 7 . b i: Sf , —a 

Whence by comparing the Product of the Ex- 3 
tremes to the Product of the Means Tan S—bf 

Therefore by due 1ranſpoſition in that Equa- ; - 
tion when b is greater than a.. > j—aa=hi—as 


And by dividing each part of the laft aus- 4 


tion by þ—4, there ariſs 552 
Burif « exceed Þ, then there will ariſe . fs 


Which two laſt Equations give a Cannon to find the ſum of all the Terms of a 
Geometrical Progreſſion, the firſt, ſecond, and laſt Term being ſeverally given. 


CANON, 


Divide the difference between the ſquare of the firſt Term, and the Product made 


by the Multiplication of the ſecond Term into the laſt, by the difference of the firſt 
and ſecond Terms, ſo the Quotient ſhall be the ſum of all the Terms of the Geo- 
metrical Progreſſion propoſed. 3 

Examples in Numbers. 
| Let the Values of theſe „ + 0-4 b » #4 d V 

be expreſs d by theſe Numbers, . . 32 , 48 72 , 108, 162, 243 + 

Then by the Canon — 

2 85 V — 
But if the Values of the ſame? p 
„ cc - oi. i» . fy ef + FO 
be expounded by theſe Numbers. . 243, 162, 108, 72, 48, 32= 

Then by the Canon: LEO. =665 the ſum of all. 

XIII. If what has been ſaid in the eight Sec. of this Chap. be compared with the 
Table in Sect. 4. Chap 1. of this Book, it will be manifzſt, that if we caſt away the Num- 
bers of Multitude which are prefix d to all the mean Terms or Members belonging 
to any Compound Power produced from a Binomial Root, ſuppoſe from ae, then all 
the Members or fimple Quantities whereof the ſaid Compound Power is compoſed, are 
in continual Proportion. As for Example : The Members whereof the ſquare of ae 
| is compoſed are aa, 2ae, and ee; now if 2 which is prefix d to ae be caſt away, then aa, 


ae, and ee are Continual Proportionals, (as is evident by the preceeding eight Se. of 


this Chap.) 
Again, it appears by the ſaid Table, that the Members whereof the Cube of age 


is compoſed are aaa, 3aae, 3aee, and eee; here if 3 and 3 which are prefix d to the 


mean Terms be caſt away, then theſe four Quantities aaa, aae, aee, and eee will be in 


Continual Proportion. 3 
. ere 8 1 


2665 the ſum of all. 8 | 
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Likewiſe, foraſmuch as the fourth Power of a-+e is compoſed of theſe, Members, 

| 2aaa, 4aaae, baaee, 4acee, and eeee; by calting away the Numbers of Multitude 4, 6, 

and 4, theſe five Quantities aaaa, aaae, aace, aeee, and eeee, ſhall be continual Propor- 
tionals. And ſo of higher Powers infinitely. vel 5 


XIV. Foraſmuch as by the laſt preceding a} ts: 3 
theſe Quantities are in continual proportion to wit, i 
Therefore their ſquare Roots alſo ſhall bein conti- 5 


nual proportion, (per 2 2 Prop. 6. Elem. Eucl.)to wit, & 
Hence if a mean Proportional between any two given Numbers a and e be defired, 


it ſhall be Vae; as if a=12 and e=3, then ae=36, and Vae or Y36, that is, 6, is a 
mean Proportional between 12 and 3; for as 12 ĩs to 6, ſo is 6 to 3. | 
Again, foraſmuch as theſe Quantities are in aaa , age , ace, Cece 8 
continual oy weste to 775 RS "BE BE al 
by het ic Roots alſo ſhall be continual J . 
Therefore their Cub > 7, V3) ae, V(3)are, 8 


Proportionals, (per 3). Prop. II. Elem. Eucl.) to wit, 3 : 
Hence if two mean Proportionals between any two given Numbers (a the 


greater and e the leſſer) be deſired, theny{3) aae ſhall be the greater Mean, and 
v/(3)ace the leſſer ; as if a=54 and e, then aae=5832, and V(3)aae=v/(3)5832 
therefore (3) 5832, that is, 18 is the greater Mean ſought , allo ace=216, and 
therefore /(3)216, that is, 6 is the leſſer Mean: ſo that 18 and 6 are the two defired 
Mean Proportionals between 54. and 2; for 54, 18, 6, and 2, are in continual pro- 
portion. But when one Mean next to either of the Extremes is found out, the other 
7 may be found out by Sec. 5. of this Chap. without extracting any Root. 
After the ſame manner by the help of the ſaid Table in Sec. 4. Chap. I. of this Book, 
continued to higher Powers if need be, you may find out as many mean Proportional 
Numbers as ſhall be deſired between any two given Numbers. As, if you would find 
five mean proportional Numbers between 1458 (or a) and 2 (or e;) look into the 
Aid Table for the ſixth Power, (to wit, a Power whole Index exceeds by Unity the 
number of Means ſought) and you will find aaaaaa, 6aaaaae, 15anaare, 20aaacee, 
T 5aaeece, Gaceeee, and eeecee ; then caſting away 6, 15, 20, 15, and 6, which are pre- 
fix d to the mean terms, and extract (6) out of every one of thoſe ſix Terms after 
the ſaid Numbers prefix d are caſt away, there will ariſe a, /(6)aaaaae, / (G aaaage. 
v(6)aaaeee, V (6 )aaeeeee, V) aceee, and e; now to find the five mean proportional 
Numbers anſwering to thoſe five proportional Roots expreſsd by Letters which fall 
between a and e, it will be convenient to find the ſmalleſt Mean firſt, viz. foraſmuch 
as a was put for 1458, and e for 2; therefore aeceee=46656, and (G aeccee 
( 6)4665 6, that is, 6 ſhall be the leaſt Mean ſought : then 2 being the firſt Pro- 
portional, or leſſer Extreme, and 6 the ſecond, the third will (by Seck. 5. of this 
Chap.) be found 18, the fourth 54, the fifth 162, the ſixth 486, and the ſeventh, to 
wit, the greater Extreme, was firſt given 1458 : ſo that between 2 and 145 8 five 
mean Proportionals are found out, as was defired; and the ſeven continual Propor- 
tionals are theſe, to wit, 2, 6, 18, 54, 162, 486, and 145588. EI 
Many other admirable Properties adherent to Numbers in Geometrical Proportion 
continued, are deducible from the. ſaid Table of Powers in Se@. 4. Chap. I. of this 
Book, as will partly appear by the Theorems in the following fixth Chapter, which I 
find diſperſed in ſeveral Algebraical Treatiſes. | Bebe od 
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Various Theorems about Quantities in Continual Proportion. 


- 


F 
I tiplication of all the three is equal to the Cube of the Views, OO ou 
Let three Proportionals be expoſed in Integers ac-) aa , ae . ee 

cording to Seck. 8. or 13. of the preceding Chap. 5, J 9 „ 6 , 4 = 

Thence it is evident, that aaaeee, the Product made by the Multiplication of all the 
three Proportionals one into another, is equal to the Cube of the Mean ae, as is 
affirmed by the Theorem. | e 2 5 
| | Theorem 2. 


If three Numbers be Proportionals, the Product made by the Mult letion 
the Square of the firſt by the third, is equal to the Product of the 8550 of Fol 


ſecond by the firſt, "x 
SSR. . ci, SI IMS 
is evi | „ „ 
It is evident that aaaaee S aaee -T aa aaaace. e 
3 Theorem 3. 


If three Numbers be Proportionals, the Square of the Sum of the Extremes is equal 
to both the Squares of the Extremes, together with twice the Square of the Mean. 


As in theſe three, '. . . % # © 5 
The Square of aa-+ee is aaaa-+ 2aaee-+ceee, which is manifeſtly equal to 
the Squares of aa and ee, together with twice the Square of ae. 79 35 
Theorem 4. 
If three Numbers be Proportionals, the Product of the leſſer Extreme multiplied 


7 


by the difference of the Extremes, is equal to the difference of the Squares of the 
mean and leſſer Extreme. 8 * 5 
ag , ae , ee = 


))) 4 + ooisie3; | 
It is evident that eexanm—ee=aace—erce | 
= Theorem 5. i, | 
If three Numbers be Proportionals, the Product of the greater Extreme multiplied 


by the difference of the Extremes, is equal to the difference of the Squares of the 


greater Extreme and the Mean. 3 
aa, ae , ee = 


As in theſe three ö s EY TV o 2 
4 


It is evident that aacaa ce aα¹--aaee. 


If three Numbers be Proportionals, the difference of the Squares of the Extremes 
is equal to the Square of the difference of the Extremes, together with twice the 


difference of the Squares of the mean and leſſer Extreme. 
„„ ß 88 1 
: F r > ane | - 9223 2 LOS 
1. The differente of the Squares of the e aaaa—eeee 

: uare of aa—ee (the difference ol t | 

: _— . l 0 AN Þ aa94—22aee + eee 

3. The double of the difference of the Squares of } Gs 

the mean and leſſer Extreme is . F r pany _ 

No the Sum of the two later of thoſe three Quantities is manifeſtly equal to the 
firſt, as the Theorem affirms. S23 Theorem 
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Cs g Theorem 27. 
If three Numbers be Proportionals, the difference of the Squares of the greater 


Extreme and the Mean is equal to the Square of the difference of the Extremes, 


* 


and to the difference of the Squares of the Mean and the leſſer Extreme. 
Asin the this; 6 nib fk ole r 3-0" 2 Tha 
ä 7 3 
1. The difference of the Squares of the greater Ex- j 3 
treme and the Mean is A l 055 F 2 2 | 
DDB Fo OE 
3. The difference of the Squares of the Mean and: , __ 
JJ mmmV⅛̃gꝓæ 7 5 Taaee —ecce 
Now the Sum of the two latter of thoſe three Quantities is manifeſtly equal to 
the firſt, as the Theorem affirms. . 


Theorem 8. 


If three Numbers be Proportionals, then as the firſt is to the third, iis the 
Square of the firſt ro the Square of the ſecond ; and 10 is the Square of the ſecond 
to the Square of the third. e 

/// ++ © PLE I 
R ? | | | Y 4 © 3 4 55 
5 WE V1 1 
2. Therefore by drawing aa as a common Factor into the . 
two latter Terms of that Analogy, this ari-paa . ee :: aaa. aace 
ſes e 0 N | 
3. And by drawing ee as a common Factor into the7 
two latter Terms of the firſt Analogy, this ari- aa : ee :: ance | ere 
riſes, "a „ i OT IN Os” . „ Int WO | ty 
By which two laſt Analogies the truth of the Theorem is manifeſt, 15 


1 Theorem 9. 5 . 
If three Numbers be Proportionals, then as the firſt is to the ſecond, (or as the 
ſecond is to the third) ſo is the difference of the firſt and jecond, to the difference of 
the ſecond and third. . | | 
aa, ae, ee 


J AK . 
5 | | 5 1 3 
I. It is evident (as before hath been ſhewn in _ | 


rem 4.) that. COXMA ee S aaee— eee 


—— nn —_— 


6 * = 


——— p - — 


Nr no a Ras eeraa ee de eexae—ece 
4. Therefore by reſolving the laſt Equation into 1 5 


5. Therefore by diviſion of Reaſon, ff tet. atedeit. 
Which was to be Demonſtrated. 955 Ro ee ns e. 


= | Theorem 10. a 5 
If four Numbers be continually proportional, the Sum of the Means is a mean Pro- 
portional between the ſum of the firſt and ſecond, and the ſumof the third and fourth. 
Let four continual Proportionals be exposd in In- N aaa, aae , ace „ eee = 
..... ͤ KP ³˙¹wꝛ; . £6. 4 
Then according to the import of the Theorem, it mult be proved that theſe three 
Quantities are Proportionals, vix. e 
5 aaa aae . age ace . aee -T ece = | 
Bur that they are Proportionals it will be evident by Multiplication, for the Pro- 
duct of the Extremes is equal to the Square of the Mean: therefore the Truth of 
the Theorem is manifeſt. OS FT 


C: H A P. 6. . x 4 Continual Proportion. | 1 73 
Theorem 11. q 0 


Means, as the Sum of the firſt and third to the ſecond. . * 


BME... EEE: = ade , are, eee 8 
22 | 4 ' N . . p , 2 2 
7. The Sum of all four iss. en 
2. The Sum of the Mean is Taae-Taes | 
3. The Sum of the firſt and third is a Tae 
4. And the ſecond is „„ 0 ++. 56.5, +. Ta > 
I fay, thoſe four Quantities are Proportionals in ſuch order as they are above writ- 


ten; for it will appear by Multiplication, that the Product of the Extremes : 
to the Product of the Means: therefore the Theorem is manifeſt. mes is equal 


Theorem 1 2. | 


lf four Numbers be in continual Proportion, the Sum of all is to the 8 f 
ö — as the Sum of the Squares of the Means is to the Product of ho 3 
xtremes. 


MEE Q.: co doch, SRO, oe, 0% 
* | Ez: $ 4 8 0. TS 


t. TW WH 7 oo. „ß OO. 


=. The Sum of theMeml eee 
3. The Sum of the Squares of the Means is. . +a42-+ a4 

4. The Product of the Means or Extremes is. , +a 
I ay, thole four Quantities are Proportionals, in ſuch order as they are above writ- 
ten; for it will appear by Multiplication, that the Product of the Extremes is equal 
to the Product of the Means: therefore the Theorem is manifeſt, 


Theorem 1 1 


is 2 mean Proportional becween the Sum of the Squares of the firſt and ſecond, and 
the Sum of the Squares of the third and fourth. 


| | 8 „ 4 2 „ 1 57 
| as Tae: : 


is FV 
2. The Sum of the Squares of the Means is . ate Kaze 
3. The Sum of the Squares of the third and 2 e 

I fay, thoſe three Quantities are Proportionals in ſuch order as they are above writ- 
ten; for it will appear by Multiplication that the Square of the Mean (or ſecond Quan- 
tity) is equal to the Product of the Extremes: therefore the Theorem is manifeſt. 


1. The ſum of the Squares of the firſt and ſecond 


Theorem 14. 


If four Numbers be continual Proportionals the Square of the Sum of the Means 
is equal to the Square of their difference, together with four times the Product of the 


Extremes or Means. * 
5 | aaa, aae ae 

II .. i cha 5 3 e , eee 

5 2 2 , I 


1. The Square of a*&+ae* (the ſum of the 3 CS ads 
ts 5 Ge LR, | 
2. The Square of a*e—ae* (the difference of the bo nnn 
Means iss „w — a 
3. The Quadruple of the Product of the — ht 
OR eo an di ano ara ca cs FT 
Now it is Evidentthat the firſt of thoſe three Q uantities is equal to the Sum of the 
ſecond. and third: therefore the Theorem is m. | 
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Theorem 15. 
If four Numbers be continual Proportionals, the Sum of their Squares ſhall he to 
the Sum of the Produtts of the firſt into the ſecond, and the third into the fourth; 


as the ſum of all the four Propottionals to the ſum of the Means. | 
As in theſes four, . 3 1 5 * 7 * 5 dee , eee = 

| , 3 > 2 2 3 I | — 
r. The Km 6f thy Nantes of tip ie Tp eee 
2. The ſum of the Products of the firſt into the ſe- Lis Ei | 

cond, and the third into the fourth iss a 
3. The ſum of all the four Proportionals is. e- La-; 
4. The ſutn of tlie Means IS.» ® , 0 : . 0 0 P . a*e+ ae? | 

| fay, thoſe four Quantities are Proportionals in inch order as they are above ſeated, 


for it will appear by Multiplication, that the Product of the Extremes is equal to 


the Product of the Means. Therefore the Theorem is manifeſt, 


3 Theorem 16. 

If from the ſquare of the ſum of four Numbers in continual proportion the ſum of 
their ſquares be ſubtracted, and from half the Remainder there be alſo ſubtracted the 
iquare of the ſum of the two Means, this latter Remainder ſhall be the ſum of the 
Products of the firſt Proportional into the ſecond, and of the third into the fourth 
and ſhall be to the ſum of the =__ of thoſe four Proportionals, as the ſum of the 
two Means is to the ſum of all the Proportionals. ny „„ 
15 35 „Ü ½ ꝙàr)«!::. . A eg 5 » ae , are , cee > 

1 ES pA 3 þ „ 4.4. 2 „ 1 = 
1. The ſquare of the ſum of the four Proportionals will by Multiplication be found 

a + 205e+ 3ai? + 40383 3a*++ 24e es. | ; 


2. The Sum of the ſquares of the four Proportionals is 


8 et oe. 2 ee , +e, 
3. Which Sum of the ſquares being ſubtracted from the ſaid ſquare of the ſum 
half of the Remainder will e 0 " 
Tent? + 2033+ atet-r ae Kon 
4. The ſquare of the Tum of the two Means, to wit, of a*e+ ae is 
EE Tate: + 24363 T a2 4. 


5. Which laſt mentioned ſquare being ſubtracted from the half Remainder in the 
third ſtep, there will remain the ſum of the Products of the firſt Proportional into 
the ſecond, and of the third into the fourth, to wit, Fa Es, 
| VVV + a5e+aes5 3 . | 
6. Now according to the import and meaning of the Theorem it remains to prove, 
that the Remainder in the laft ſtep is to the ſum of the ſquares in the ſecond ſtep, 
as the ſum of the two mean Proportionals is to the ſum of all four, viz. that 
e e . aner 
OY, | as ? 2 a6 5 
Theſe four Quantitiesare Proportionals, 1 ene“ :: 


Ta3+eetar Þ+e, 


J 


7. But that they are Proportionals will be evident by Multiplication; for the Pro- 


„ ne WIL co abe ale a“ - Ca ane5-f af +a7-þ ae, 
Therefore the Theorem is manifeſt. 
F . 

If four Numbers be Continual Proportionals, the ſum of all their Squares ſhall be to 
the ſum of the ſquares of the Means, as the ſum of the Products of the firſt into the 
ſecond, and the third into the fourth, to the Product of the Means or Extremes. 

This is inferr d from Theorem 12. and 15. by exchange of equal Reaſons. 


* a * 
2 4 4 4 i * 4 


Theorem 18. OA CEN 


ſhall be to the ſum of the ſquares of the Means ; as the Exceſs whereby the ſum of 


the 
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duct of the Means, is to the Product of the Means or Extremes. — the Pro 


This is inferr d from Theorem 17. by Divifion of Reaſon, 


Theorem 19. 


If four Numbers be Continual Proportionals, the ſum of the firſt and third ſha!) 
be to the ſecond ; as the ſum of the Squares of the Means is to the Product of the 


Means or Extremes. 1 FL 
This is deduced from Theorem 11. and 12: by exchange of equal Reaſons. 


* 


2 
— 


Tyhueorem 20. 


If four Numbers be continual Pro ortionals, the ſum of all their Squares ſhall be 
tothe ſum of the Products of the firſt into the ſecond, and the third into the fourth ; 


— — 


— 2 A = 4 | - * p de _ — 
8 a 3 - — 
a4 S — — 2 — = E FT oy ne, 
— 292 ͤ >= 2 r —_—_ 5 —̃ — 
- - — 2 KA 2 
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as the ſum of the firſt and third is to the ſecond. 
This isdeduced from Theorem 17. and 19. by exchange of equal Reaſons. 


Theorem 21. 


If four Numbers be continual Proportionals, the ſum of the Cubes of the Means 
is equal to the Product made by the Multiplication of the ſum of the Extremes into 
the Product of the Means or Extremes. | 

RT TT Fr rr oe. _ 85 ace, eee = 
< 5 I 4 Rs 3.9 
1. The Sum of the Cubes of the Means is. abe: 9325 Pee 
2. The ſum of the Extremes is 23 +6 
| 3. The Product of the Means or Extremes is . a3e3 


| Now it is evident, that the firſt of thoſe three Quantities is equal to the Prod 
the ſecond Quantity multiplied by the third, as affirmed by the Theorem, ""__ 


. Theorem 22. 5 

If four Numbers be continual Proportionals, the Cube of the ſum of the Extremes 
js equal to the Cubes of the Extremes, together with the triple ſum of the Cubes of 
the! CANS: D | 4 . | | ) 
e eee 
| | . > | 4, #5 1 .%: 
1. The Cube of aste (the ſum of the Ex- Hl : ED 

tremes) is v : ( n "4 5 ?Þ 3463+ 343% þ e⸗ 
2 The Cubes of the Extremes is. a%þe& 


.. 
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2. The triple ſum of the Cubes of the Means is. 3a%3+ 34345 
| Now it is manifeſt, that the firſt of thoſe three Quantities is equal to the ſum of 
the other two, as the Theorem affirms. ET ir OY 


* _- - 
= 363 OI 


0 Theorem 23. ” F 
If four Numbers be continual Proportionals, the difference of the Cubes of the 
Extremes is equal to the triple of the difference of the Cubes of the Means, together 
with the Cube of the difference of the Extremes. TY „ 
As in these four rf —— 0 
) . 
1. The difference of hy, Cubes 4 the eve is a9? 
2. The Triple of the difference of the Cubes of N 6% „ 
the Meabs $-————————c——————————— $35 — 
3. The Cube of a*—e? (the difference of 
. AAA ²˙ 4 


p * 
8 1 Y 
. =, y F : - = 
N T 
- 6 2 . . > — — 
= 8 = 8 S 
1 —— —— — 
r — — 22 . 
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Now it is manifeſt, that the firſt of thoſe three Quantities is equal to the ſum of 
the other two; which was to be prov'd, N 


Theorem 
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92 1 beorem 24. | | 
If four Numbers be Continual Proportionak, the Cube of the Sum of the firſt and 


ſecond is equal to the ProduCt made by the Multiplication of the ſquare of the firſt by 


the Aggregate of the ſum of the Extremes and the triple ſum of the Means. 
As in theſe four, '. , La, aae., ace, eee = 


2 I G4 44 $43 2:8 
1. The Cube of the ſum of the firſt and 1 
ſecond to wit, of as T aae is B+ 30e f 3078 +a 
2. The Square of the firſt is . . as 


3. The Aggregate of the Extremes and the tri- 1 
ple of the ſum of the Means is NN 3 f 


i 


Now it is evident that the firſt of thoſe three Quantities is equal to the Product 
made by the Multiplication of the third by the ſecond; which was to be proved. 


e Theorem 2.5. + 

If four Numbers be continual Proportionals, the Cube of the ſum of the Means is 
equal to the Product made by the Multiplication of the Product of the Extremes or 
Means into the Aggregate 0 the Extremes and the triple fum of the Means. 

As in theſk four, 8 * ada, abe, eee > 

| | 3 2 5 4. > 25 1 5 

u cer . Meats, Þ Vat fai f 3005 lau. 

2. The Product of the Extremes or Means is . a3e3 1 


3. The Aggregate of the Extremes and the - 
triple ſum of the Means is $ai+ 65+ gase - gas- 


Now it is evident that the firſt of thoſe three Quantities is equal to the Product of 
the two latter ; which was to be proved. 5 „„ 


. 


If four Numbers be continual Proportionals, the Product made by the Multiplication 
of the ſum of the Extremes by the Sum of the Squares of the Extremes, is equal 
to the Cubes of the four Proportionals. 


As in theſe four, oy | * o 5 „ * @ - 8 4. 2 I 45 
| 3 JT $3.4 = 7 


1. The ſum of the Extremes is. . af es 

2. The ſum of the ſquares of the Extremes is . a*+es os 
I. 2 of theſe two ſums is . as fa ae es 
© Snot ike Fre bar Br Jette 


2 aaa, age, ace, eee = 


the Theorem affirms. © DE Hs 8580 


Theorem. 27. 


If five Number be continual Proportionals, the Produ of the Mean (or third 


and fourth. | | 


PTY © on Lk * aaee, acee, ecee 
— = = 29 
1. The Product of the Mean into the Sum of 7 5 : F: ä 
the Extremes is 4e Te 


2. And the ſum of the Squares of the ſecond J , 
and fourth isalſo . ; . e e Tales 


Therefore the Theorem is manifeſt. 


Theorem 
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double of the Mean, the ſum of the ſecond and fourth, and the n 
tinual Proportionals. 


ww 


4. The difference of theSquares of the ſecond and fourth 


nf ae \ 
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wal Froportion. 
. = Theorem 28. 
If five Numbers be continual Proportionals, 


to the ſquare of the third. 3 > 


EY 3 DM 1 aaae, aaee, aece, ecee 


1 T0; 0; 7 
1. The ſum of the firſt, third, and fifth is. a4 Tag 2 » 1 


2. The third is 


0 - « 8 . a 3 8 ae I 
f the Squares of the ſe 7 | 
FF be 


„%%% m , ͤ ͤ i, oe; 

I fay, thoſe four Quantities are Proportionals, in ſuch order as th 
ſeated; for it will appear by Multiplication, that the Product of the Extremes is e ual 
to the Product of the Means; each Product being ade T aT ade: Therefore the 
Theorem is manifeſt. 05 | — - 


Theorem 29. 


I five Numbers be continual Proportionals, the ſum of the Extremes more by the 


As in theſe T! 172 a, aaee, acee, ecee 
DE | | | DEER I | 3 
4. The ſum of the Extremes more by the double of th 1 
Mean 1 I, . * 5g 9 5 5 a+ + e++ 2483 


2. The ſum of the ſecond and fourth is . ae Tae 
„ 277 T | 


3 OT SY )J) | 
I ay, thoſe three Quantities are Proportionals; for it will be evident by Multipli- 
cation that the Product of the firſt and third is equal to the ſquare of the ron 
therefore the Theorem is manifeſt. | | 995 


If five Numbers be continual Proportionals, the Sum of the Extremes is to the 
Mean; as the difference of the Squares of the Extremes, to the difference of the Squares 
of the ſecond and fourth. . . - - - . | 1 

As in theſe hve, 155 p © os 1 a . 2 ada, aaee, acce, eee 
| on 2a FE as. | | os. I6, 8. 6 2, 1 
x. The fon , . 8... 


SS 0-0 
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2 1 VVV 1 
3. The difference of the Squares of the Extremes is . . a%—e* , 


bs Faetat—aves 
I fay, thoſe four Quantities are Proportionals in ſuch order as they are above pla- 


0 . - . * 4 * * 898 


ced; for it will be evident by Multiplication, that the Product of the Extremes is 


equal to the Product of the Means, each Product being ai -a“; Therefore the 
Theonmar is mentht oe rm tome „ 
VV Theorem 31. 

If five Numbers be continual Proportionals, the ſum of the 32 of the ſecond 
and fourth ſhall be to the ſquare of. the Mean, as the difference of the Squares of the 
Extremes to the difference of the Squares of the ſecond and fourth. | 

Ar ir theft five — CNEETEIED Fs aaae, aaee, acee, ecee 
yy VCC 
1. The ſum of the Squares of the ſecond and fourth is . ae Pe 
2. The Square of the Mean is . . . a#et :: 
3. The difference of the Squares of the Extremes is . a%—# 


4 The difference of the Squares of the. ſecond and PP a 
8 : Fourth 18 | : 8 . 0 | @ | » 0 0 5 0 N 8 89 6 ; 6 e . 
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the ſum of the firſt, third, and fifth. . 
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Quantities Ne th 
ed; for it will be evident by Multipli ication, that the Product of the Extremes i is 


*—_ to ang! I of . gn ; therefore the amen iS manifeſt, | ors VE. 


eh. - The 01 31. 

u * ** en the Sum of the] TOR al ka fo A | 
g den of the $hnares of theſecond and fourth is to the Square of the Mean: 
35 n uri the two laſt preceding Theorems by exchange of equal RENE | 


Theorem 33. 


If five Numbers be — Proportionals, or Sutt if FR Saures of the bod 
and fourth ſhall be eq 1 to the Product made by the Varl plication of the third into 


the Sum of the firſt an Os; Fes e 
„ add, "gage, aate, acer, ecee 
As in theſe five, „ 165 8 4 11 


1. The Sum of the Shae if the _ id 40 12 + ates 
"AH . FI nd : 
2. The Mean or VVV 
3. The Sum of the firſt and fifth 1 is . . 44e. : = 
But the Product of the Rcond and third of thoſe three 885 ities Above written is 
equal to the firſt ; rherefore the SV is manifeſt: e warn 


OR CHAP. vi. „ 
nm, about Gini court 1. meu, bed bj 
Tuer ee, n 


T's ji wings 
of their Squares, to find the Proportiona IS 


RESOLUTION. Oo ths 


"vis 4 412 4 


1. For te 1 Proportional ſought put . N 
2. Then ſubtracting the ſaid Mean from (5) the given Sum- 5 EY 
of all the three Froportionals, there will remain the um > bs Gig heb 
of the Extremes, to wit, oi YL, 
3. Therefore the Square of the Sum of the Extremes i . lbb. 
4. From which Square if there be ſubtracted the double of 2 
_s . of 10 Mean, Mu les, 11 pe „ 72 Os 
5. There will remain(as is manifeſt by 7h. 3. of the preceding 77. 
Chap. 6.) the Sum of the Squares of the Extremes, to _ 4 — 2.5. 
6. To which Sum of the Squares of the Extremes if D 
(aa) the Square of the Mean, the g ggregate ſhall he the . 
of the Squares of the three Proportionals ſought, to wit, ' 
7. Which ſum in the laſt ſtep mult be equal. to 7c) the gi- 2 OY | 
ven ſum of the Squares; hence this Equation, vg, . 1 py 


| 2:13:10 CELTIC: :-:- ; Ferre; r 0 * 
8. Which Equation after diie Relation gives | 20 M05; e #4 


F > 


46 „ - 
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0 . 
N * * * 4 N og 7 « * aff , ” . R * FR 


Li. af 


And the laſt Equation in words is this OO 8 . 
JT IHE 9 8 
From Iden of the given ſum ofthe. three Ptoportionals" foi ;be fabtra&'the 
given ſum of their Squares; then divide the Remainder. by the doub e of the ſum of 
the three Proportionals, and the Quatientis the mean Proportional. 
Therefore if 14 be given fer the ſum of the three Numbers in continual proportion, 
and 84. for the ſum of their Squares, the mean Proportional will be found 4 by the 


Jaid Canon. Then the Mean being un 4. as alſo 19 the ſum of the Extremes, the 
2 © IR = By | 


: i 1 


CES 


| = = 3 50 : 1 —— | — 3 
CHAP. 7. about Continual Proportional. 


ta = —_— 


+ —_ — * * 
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Extremes will be found 2 and 8, (by the Canon of Hel. 4. Chap. 16. of my Firtt 
Book of Algebraical Elements,) and therefore the three Proportionals ſought are 2, 4, 
and 8. | FA 5 


— 
+ 


aa . mY w — — 


| BET HE 
The Sum (6): of three proportional Quantities being given, as alſo (c) the Sum of 


the Squares of the Extremes, to find the Proportionals. 


| RESOLUTION. 

1. For the mean Proportional ſought pur 
2. Then ſubtracting the ſaid Mean from (Y) the given Sum 
of all the three Proportionals, there will remain the Sum >b—a 
of the Extremes, to wit, . . . 


> 


3. Therefore the Square of the Sum of the Extremes is 55—2ba-Laa 


4. From which ſquare if you ſubtra& the double of the | 
— FRE, WAL, i: 5 4 4 +. Tae 
5. There will remain (as is manifeſt by the third Theorem } _ 
of the preceding fixth Chap.) the Sum of the Squares of > bb—2ba—aa 
. DW ;. 3 i545; „„ 
6. Which Sum of the Squares of the Extremes muſt be equal 8 Fg 
to the given Sum (c,) hence this Equation, viz. 5 eee 
7. From which Equation after due Reduction this will ariſe bh—c=aa-b 2ba 
8. Therefore by reſolving the laſt Equation, (according to 
the Canon in Se. 6. Chap. I. of my Firſt Book of Algebrai- . 
cal Elements ;) the value of (a) the mean Proportional r 
will be made known, viz. . . . . ; 
Which laſt Equation in words is this 


£ I Sr 5 

From the double of the Square of the given Sum of all the three Proportionals 
ſought ſubtract the given Sum of the Squares of the Extremes; then from the ſquare 
Root of the Remainder ſubtract the Sum of the three Proportionals, ſo ſhall this laſt 
Remainder be the mean Proportional ſought. | 2 

Therefore if 14 be given for the Sum of three Continual Proportionals, and 68 for 


the Sum of the Squares of the Extremes, the mean Proportional will be found 4 by the 


ſaid Canon. Then the Mean being given 4, as alſo 10 the Sum of the Extremes, the 
Extremes will be found 2 and 8, {by the Canon of Queſt. 4. Chap. 15. of my Firſt Book 
of Algebraical Elements) and therefore the three Proportionals ſought are 2, 8, and 4. 


«a. 


The difference-(b) of the Extremes of three proportional Quantities being given, 43 
alſo (c) the Sum of the Squares of the three Proportionals; to find the Proportionals. 


„ TT 
x. For the Sum of the Extremes, (to wit, of the firſt and 
third Proportionals fought) pat < ĩͤð 
2. Then toraſmuch as the difference of the Extremes is gi- 
ven (b,) and their Sum is aſſumed to be (a,) therefore , has 
(by the Theorem in Queſt. 1. Chap, 14. of my Firſt Book C* * * 
1 Algebraical Elements) the greater Extreme ſhall be. 
3. And by the ſame Theorem the leſſer Extreme is. . 4a—& 
4. Then the Product made by the Multiplication of the'} 
Extremes in the ſecond and third ſteps will give the - 


KUE SI. 3. 


_ Square of the 3 — 725 er F.. : 
5. And from the ſecond ſtep the Square of the greater 7 SP NY 

"WS nn . — | aa -F ab-＋ Abb 
6. And from the third ſtep theSquare of the leſſer Extreme is 4aa—Zab+ Abb 


7. Therefore from the fourth, fifth, and ſixth ſteps the 5 1aa-+2bb 


Sum of the Squares of all the three Proportionals is , 


WAY 8. Which 
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KReſolution of Queſtions BOOK II. 
8. Which ſum in the laſt ſtep muſt be equal to (c) the 1 TO 
ſium of the Squares given in the Queſtion; hence this EI be 
"- "Baton SRL, Wt .. ea +» - + + +03 6b 
9. Which Equation after due Reduction will give aa — 
10. Therefore by extracting the ſquare Root out of each ” 
part of the laſt Equation the ſum of the extreme Propor- >, — -= 
tionals is Conn to wit, * „%% 0: 05.4% 2. 
Which 1a uation gives this 
88 : T. EE 
From four times the given ſum of the ſquares of the three Proportionals ſought, 
ſubtra& the ſquare of the given difference of the Extremes; then the ſquare Root of 
one third part of that Remainder ſhall be the ſum of the extreme Proportionals. 
Then half the ſum of the Extremes increaſed with half their difference gives the 
greater Extreme, and half the ſaid ſum leſſened by half the ſaid difference leaves the 
leſſer Extreme. 5 . 
Laſtly, the ſquare Root of the Product made by the mutual Multiplication of the 
Extreme is the mean Proportional. | 2 | 
Therefore if 16 be given for the difference of the Extremes of three Proportionals, 
and 364 for the ſum of the ſquares of all the three Proportionals, the Proportionals 
are alſo given ſeverally, to wit. 2, 6, 18  _ 5 „ 


ſquares of the other Extreme and the Mean, to find out that other Extreme and Mean 
5 ZESOZUTION, -:- 
1. For the extreme Proportional ſought put .- . . . .? 
2. Which multiplied by the given Extreme (6) — Fo 
the ſquare of the Mean, to wit. . . ba 
3. But from the firſt ſtep the ſquare of the extreme Pro Las 
portional Ought Vw 4s < + JJ... 
4. Therefore from the ſecond and third ſteps the ſum of aad-ba 
the ſquares of the two Proportionals ſought is 5 
5. Which ſum in the laſt ſtep muſt be equal to (c) the ſum , OY BID 
given in the Queſtion; hence this Equation ariſes, vix. 1 
6. Which Equation being reſolved by the Canon in Sect. 6 
Chap. 15. of my Firſt Book of Algebraic Elements, will >a=y/:c+ 1b ;—*þ 
_ diſcover the extreme Proportional ſought, to wit, . . 
The laſt Equation in words is this 
VVT . | 
To the given ſum add the ſquare of half the extreme Proportional given, and out 
of this ſum extract the {quare Root; then this ſquare Root leſſened by half the given 
Extreme will give the other Extreme. = 185 
I berefore if 18 be given for one of the Extremes of three Proportionals, and 40 for 
the ſum of the ſquares of the other two Proportionals, the Canon will diſcover 2 for 
the Extreme ſought. Laſtly, the ſquare Root of the Product of the Extremes, to wit, 
6 is the Mean ſought; therefore the three Proportionals are 18, 6, and 2. | 


; | = | | THST x. | 
The difference (5) between the Extremes of three proportional Quantities being 
given, as alſo the Proportion which the difference of the ſquares of the Extremes has 
to the ſum of the ſquares of all rhe three Proportionals, ſuppoſe the difference be to 
the ſum as (7) 8 to find the Proportionals. But (r) muſt be leſs than (s.) 
- ö "SSUAUIION.- -: on 
1. For the ſum of the Extremes put , . .. 4 
2. Then foraſmuch as their difference is given . þ 


3. Therefore the difference of the ſquares of the Extremes 

ſhall be ba; (for the Product of the Multiplication of ; 

the ſum of any two Numbers into their difference is 04 
equal to the difference of their ſquares.) 5 | 4. Then 


—_— —— 


CHAP. 7. about Continual Proportionals. 


T Then from the firſt and ſecond ſteps ( by the Theorem © 
Dueft. 1. Chap. 14. of my Firſt Book of Algebraical Ele. 244 5 
ments) the greater Extreme ſhall be , ., ., , , NY © 

5. And (by the ſame Theorem) the leſſer Extreme ſhall be © 22 

6. Therefore from the fourth ſtep the ſquare of the greater 

. 3 1 aten n . * * 7 10 Laer F 1 

And from the fifth ſtep the ſquare of the leſſer Extreme is 22 . 5 

1 And becauſe the Product — — by the mutual Multipli- „ 
cation of the Extremes is equal to the Square of the 
Mean, therefore the Extremes in the fourth and fifth ſteps v4 55 
being multiplied one by the other, will give the Square 


. . 


— U., 
9. Therefore by adding together the Squares in the three} 
laſt ſteps, the Sum of the ſquares of the three Proportio- a :þþ 
% 195 
10. Then according to the Queſtion 
ſtep be to the ſum in the ninth ſtep; hence this Analogy ariſes, viz. 
GE | r. :: ba , Jaa 5 | N 
11. Whence by comparing the Product made by the mutual Multiplication of the 
Extremes to the Product of the Means this Equation comes forth, viz. 
| Sha = 4raa+ rbb. 0 


12. From which Equation after due Reduction there will ariſe rl, bb 
13. Therefore (per Canon in Sef. 10. Chap. 15. Book 1.) the two Roots or Values of a 
in the laſt Equation are theſe, to wit, 1 | 


lee eee. 


a= I E the greater; e the leſſer. 


9 * * 


14. But the greater of thoſe two Values of (a) is the deſired ſum of the extreme pro- 


portionals ſought; for if we ſhould fuppoſe the leſſer Value to be the ſum of the 
Extremes, it ought to exceed (5) the difference of the Extremes: but from that 
ſuppoſition it will follow that (7) is greater than (,) and conſequently that the dif- 


ference of the ſquares of the Extremes is greater than the ſum of the {quares of all 


the three Proportionals, which is impoſſible. Now to prove the faid Conſequence, 
_ © 23b—vy :455bb—277bb: N 


b. 


15. Suppoſe C = = 


16. Then by multiplying each part by 3's 8 3 
, Eo s zk © 30h. 
17 And by adding /: 435bb—3rrbb: to 7 — „z 1. 
e feach part in the _ FO 5 Edd 
1328. And by ſubtracting 30 from each — . e ee 1 ff 
in the ſeventeenth ſtep, s , 8 * n Lp: 
19. And by ſquaring each part in the eigh- Y re 1 
„ ep, TY 1 a th mY Tab I 25rbb + grrbb © 455bb-—3rrbb. 
20. And by adding 3rrbb to each part in}, .zr__., | _ 
the ninereenth ſtep, bs 4 2 RO F 120 T I 27706 © tb : 
21. And by adding 1296 to each part in? ,..x 1 TTY 
,- the twentieth RED. ,. i: <->» + « Taub f Lance ul rant 
22. And by ſubtracting 455 from each . . 120 bb & 12555 
part in the twenty nit 'mep, . . .5j A 7 
23. Wherefore by dividing each part in * AO — — 
the twenty ſecond ſtep by 12rbb, : : 1 
24. Thus froma ſuppoſition that the leſſer Value of (a) in the thirteenth ſtep is greater 
than (b) the given difference of the Extremes, it follows by juſt conſequence that (7) is 
reater than(s,)whichis impoſſible; for in regard the difference of the ſquares of the 
xtremes is leſs than the ſum of the Squares of all 3 Proportionals, and that accord- 
ing to the Queſtion the ſaid difference is to the ſaid ſum as (r) to (s,) therefore (v) ĩs 
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in an Impoffibility, therefore that which was ſuppoſed cannot be true, vx. The . 
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as r is to , ſo muſt the difference in the third 


leſs than (s.) And becauſe the ſeries of Inferences drawn from the ſaid ſuppoſition ends 


— 
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CANON. , 
From four times the ſquare of the latter or greater Term (s) of the given Reaſon 
ſubtract thrice the ſquare of the firſt Term (r,) and multiply the Remainder by the 
| ſquare of the given difference of the extreme Proportionals ſought ; then add the 
ſquare Root of that Product to the double of the Product made by the Multiplica- 
tion of the latter Term (s) into the difference of the Extremes, and divide the Sum 
of that Addition by the triple of the firſt Term (r; ) ſo ſhall the Quotient be the Sum 
of the extreme Proportionals. Laſtly, half the Sum of the Extremes increaſed with 
half their difference gives the greater Extreme, but the ſaid half Sum leſſened by the 
ſaid half difference leaves the leſſer Extreme. 2 
As for Example : If 6 be given for the difference of the Extremes of three Conti- 
nual Proportionals, and the difference of the ſquares of the Extremes has ſuch pro- 
portion to the Sum of the Squares of all the three Proportionals as 5 to 7, then by the 
Canon the three Proportionals will be found 2, 4, and 8. N 5 
Again, if 2+ be given for the difference of the Extremes, and the difference of the 
Squares of the Extremes be to the Sum of the Squares of all the three Proportionals, 
as 123 to 427, the Proportionals will be found 4, 5, and 6+. 
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l VEST. 6. 
The Sum (6) of the Extremes, and the Sum (c) of the Means of four Quantities in 
Continual Proportion being given, to find out the Proportionals; bur (6) muſt ex- 


ceed (c.) 
5 RESOLUTION. 
1. For one of the Means put 8 
2. Then by ſubtracting the Mean from (c) the given 1 
of the Means, the Remainder is the other Mean, to wit, 559 

3. And by dividing the Square of the latter Mean by the } cc—2ea-+ aa 
former, the Quotient gives one of the Extremes, to wit, F TTY 
4. In like manner the ſquare of the firſtMean(a)being divided 2 aa 


— en 


by the other Means (-a) gives the other Extreme, to wit, $ = 
5. Therefore from the third and fourth ſteps the Sum of } ccc—3cca=3can 
. ß // un, 2 — 
6. Which Sum muſt be cqual to (+) the given Sum of the ) ccc=3ccab3can ; 
Extremes; hence this Equation ariſes, to wit. ED Y 
7. From which Equation after due Reduction this ariſes, þ c _ 
V : eb 
8. Wherefore by reſolving the laſt Equation by the Canon in Se. 10, Chap. 15. Book 1. 
the two values of (a,) to wit, the mean Proportionals ſought will be made known, viz, 


7 
a C TY: the greater Mean: 


** — 2 — 2 


a =-: - ©. the leſſer Mean. 
7 end; 4 3c+b 
5 Which values of (a) give this 

V PP, To 4 | 

Divide the Cube of the Sum of the Means by the Aggregate of the triple Sum of the 

Means and the Sum of the Extremes; ſubtract the Quotient from the ſquare of half 

the ſum of the Means, and extract the ſquare Root of the Remainder ; then the ſaid 

ſquare Root being added to and ſubtracted from half the ſum of the Means, the Sum 


and Remainder ſhall be the Means ſought, | 
1 Then 
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Extreme, and the Square of the greater 
Extreme. 


e leſſer gives the greater 


* 


ean divided by t 


Therefore if 18 be given for the ſum of the Extremes, and 12 for the ſum of the 


t 


ſaid Canon, to wit, 2, 4, 8, and 16. 
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Means of four continual Proportionals, the Proportionals are given ſeverally by the 


» — 
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1 2 2 | nnen. 
The difference (b) of the rk and the cp ryan (c) of the Means of four 
uantities continually proportiofal being given, to find out the four Proportionals. 

hart ent oe bn ESOADOIONS: i - 2 8925 2 

I. For the leſſet mean Proportional E 2 fi. SL 67k F 

2. Which added to (e) the given difference of the Means 77 

gives the greater Mean, to wit, © SG 22. : eg. (4 3 ca 115 

3. Then the Square of the ſaid greater Mean being divided ) cc+ aca ag | 

by the leſſer, glves for the greater Extreme 1 5 * Hy PLA 

4. Likewiſe by dividing (a4) the Square 6f the leſſer Mean D a3 

by the greater, there ariſes for the leſſer Extreme Jo 

5. Therefbte the difference of the two Extremes in the third q ccc. 3eca+ gcaa 
ence of the Extremes; hence this Equation ariſes, viz 5 TIE == 

7. From which Equation after due Reduction this ariſes, N ccc 
% T +. + + J fog 

8. Wherefore by 8 laſt Equation by the Canon in Seck. 6. Ch. 15. Book 1. the 

Ovalue of (a,) to wit, the leſſer mean Proportional ſought will be made known, viz 


FCC ccc 


AY 22. — 2 wo | 151 
N 
Which Equation in words is this e DIng 
ET Fo 
ivide the Cube of the given difference of the Means by the xxceſs of the giren differ- 

ence of the Extremes above the triple of the difference of the Means; add the Quotient 
to the Square of half the difference of the Means; then from the ſquare Root of that 
ſum ſubtract half the difference of the Means, ſo ſhall this Remainder be the leſſer Mean. 
Then to the leſſer Mean add the difference of the Means, and the ſum is the greater. 
Laſtly, the Square of the greater Mean divided by the leſſer gives the greater Ex- 
treme, and the Square of the le Mp divided by the greater gives the leſſer Extreme. 
Therefore if 52 be given for the difference of the Extremes of 4 continual Proporti- 
onals, and 12 for the difference of the Means, the Proportionals will be found 2, 6, 18, 54. 


3 2 - | - — . 
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The fum (5) of four Quantities in contitiual proportion being given, as alſo (c ) 


the ſum of their ſquares, to find the Proportionals. 
x. For theſum of the Bleins put , , ce. - . . ;. 4 
2. Which ſubtracted from (b) the given ſum of all the four 3 
Proportionals. leaves the ſum of the Extremes, to wit, 5 TO 
z. The ſquare of (b) the given ſum of all the four Propor- . 
tem ompypopacag——_—_, F — 
4 Now (according to Theor. 16. of the preceding Chap. 6.) y 
' from the ſaid ſquare (bb) I ſubtra& (c) the given ſum of F | 
the ſquares of = four Proportionals, and from the half >:bb—:';—aa 
of the Remainder I alſo ſubtract (ua) the ſquare of tile C 
ſum of the Means, ſo this Quantity remains, to wit, . 3 3 
5. Which Remainder, to wit, hc (by the fald T hebr. 16.) ſhall be to the gi- 
ven ſum of the ſquares of the four Proporticnals, as the ſum of the Means is to 
the ſum of all the four Proportionals, hence this Analegy ariſes, mz. © 
ee 2 e e S- c:: 2 6 ee DIY 
15 e 6. Which 
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Then the Square of the leller Mean 5 divided by n will give the leſſer 
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the Extremes to the Product of the Means, will be converted into this Equation, viz. 


7. Whence after due Reduction this Equation ariſes, to wit, | 


1b ic = aa+<a 


* b 


Which Equation being reſolved (ver Canon in Seck. 6. Chap. 15. Book I. ) gives this 


following. 3 
From the ſquare of the given ſum of the four Proportionals ſubtract the given 
ſum of their Squares, and to the half of the Remainder add the ſquare of half the 


Quotient that ariſes by dividing the ſum of the Squares of the four Proportionals by 
the ſum of the four Proportionals. Then extract the —_— Root of the ſum of that 


Addition, and from the ſaid ſquarè Rootiſubtradt half the Quotient aforeſaid, fo ſhall 
the Remainder be the ſum of the two defired mean Proportionals. | 
Then the ſum of the Means of four continual Proportionals being given, as alſo 


the ſum of the Extremes, the Proportionals ſhall be given ſeverally by the Canon of 


the preceding Queſt. 6. of this Ch 


ſum of the Extremes; then the ſum of the Means being given 12, and the ſum of 


So if 30 be given for the ſum of four Proportionals, and 340 for the ſum of their 
CR firſt, by the Canon above expreſs d the ſum of the Means will be found 12, 
which ſubtracted from 3o the given ſum of the four Proportionals, leaves 18 for the 


the Extremes 18, the four Proportionals (by the Canon of the preceding fixth Queſti- 
on) will be found 2, 4, 8, 16. Sc 


| 0 85 
The ſum (5) of four Quantities in continual proportion being given, as alſo @) 


the ſum of the ſquares of the Means; to find theProportionals. 


| RESOLUTION. 
x. For the ſum of the Means ttt. a 1 
Then becauſe (by Theorem 12. of the preceding Chap. 6.) j 
the ſum of the four Quantities continually proportional is | | 
to the ſum of the Means, as the ſum of the Squares of the | 
Means is to the Product made by the mutual Multiplica- og 
of the Means OT Extremes, fay by the Rule of Three, | 7 | „„ 
LE eo i 5 8 


1 


oy 


Wbhence the Product of the Means or Extremes is found 35, 


3. And becauſe if from the ſquare of the ſum of the Means j 
there be ſubtracted the ſum of the ſquares of the Means, 
there will remain the double Product of the Means or Ex- 


tremes; therefore if from (aa) you ſubtract (c) the half of j = 
the Remainder ſhall be the Product of the Means or Ex- 
Lo Go; RS Go TT 0 OL | 

4. Which Product, to wit, aa -c muſt be equal to 25 3 
the Product in the ſecond ſtep ; hence this Equation ar- * 35 
les, to Wit, 5 F 5 Ws 2 8 * 1 

5. From which Equation after due Reduction there ariſes Tae =c 


gives this following 1 %%% 
e An 


To the given ſum of the Squares of the Means add the Square of the Quotient that 


ariſes by dividing the ſaid ſum by the given ſum of the four Proportionals, and out 


of the ſum made by that Addition extract the 8 Root; then this ſquare Root 


% 
[ 


added to the aforeſaid Quotient gives the Sum of the Mean Proportionals ſought. 


eſolution of Queftions' BOOK 11, 
Z Which Analogy, by comparing the Product made by the mutual Multiplication of | 


/ 


/ 


Then the Sumof the Means being given, as alſo the Sum of the Extremes. (for the 
Sum of the Means found out being ſubtracted from the given ſum of all ann Pro- 


ortionals leaves the Sum of the Extremes) tlie four Proportionals will be di ed 
* the Canon of the ſixth Queſtion of this Chapter. P ; will be diſcovered 


WT, 


There 


. | # 


CHAP. 7. about Continual Proportional. 
Therefore if 30 be given for the ſum of four Continual Proportionals, and 80 for 

the ſum of the Squares of the Means, the four Proportionals are alſo ſeverally given; 

to wit, 2,4,8,16, by the Canon above expreſs d. . 


— 


N | 2 UE N T. I O. 5 | 
The ſum (6) of four Quantities continually proportional being given. as alſo (c 
the ſum of the ſquares of the Extremes, to find out his Proportional g © 
1. For the ſum of the Means put . . , .. , 4 
2. Which ſubtracted from (6) the given ſum of the four Pro- * 

portionals leaves the ſum of the Extremes, to wit, + 5 
3. Therefore the ſquare of the ſum of the Extremes is bb—2ba+aa 
4. From which Square if (c )the given ſum of the ſquares of) | 
the Extremes be ſubtracted, there will remain the double ( bb—2ha+ aa 


2 | 


8 * . 
* — 


td et 


Product made by the mutual Multiplication of the Ex- 
tremes or Means; therefore the Product of the Means is 
5. And becauſe if from aa the ſquare of the ſum of the Means 
there be ſubtracted bh—2ha+aa—c.the double Product of [ LY! 
the Means, there will remain the ſum of the ſquares of the 20a—bb+c 
Means; therefore * ſum of 1 Parr 3 Means is ( 
6. And becauſe by eor. T2,1nt Ee prece ing ap. 6. the ſum of the ſquare WE 
Means is to the Product of the Means, as the mof all the 4 Proporrionals i 8 90 
ſum of the Means; therefore from the premiſes this following Analogy ariſes, vis. 
F 5 


83 
7. From which Analogy by comparing the Product of the Extremes to the Product of 
the Means, this Equation ariſes, vin. 8 e 
e TED 2bba+b ag—bc 
8. Which Equation after due Reduction gives _ following Equation, viz; 
- — — 


ent” an. 3 6, 
Whence (per Canon in Sect. 6. Chap. 15. Book 1.) there atiſes this following 
EL ay Þ #4 a 

Divide the given ſum of the ſquares of the Extremes by the triple of the given ſum 
of all the four Proportionals, and to the ſquare of the Quotient add one third part 
bf the exceſs of the ſquare of the ſum of the four Proportionals above the Sum of the 
ſquares of the Extremes; then from the ſquare Root of the Sum made by that Addi- 
tion ſubtract the Quotient firſt found out; fo ſhall the Remainder be the deſired ſum 
of rhe mean Propottionals. | OE! 
| Then the ſum of the Means being given, as alſo the ſum of the Extremes, (for the 
ſum of the Meaiis being ſubtracted from the given ſum of the four Proportionals 
leaves the ſum of the Extremes) the four Proportionals will be diſcovered by the Ca- 
non of the ſixth Queſtion of this Chapter. 

1 herefore if 80 be given for the ſum of four continual Proportionals, and 2920 for 
the ſum of the Squares of the Extremes, the 4 Proportionals will be found 2,6, 18,54. 


L, Fn FLESFE 11; 
Theſum (4) of the ſquares of the Extremes of 4 Quantities in continual proportion 
being given, as alſo (c) the ſum of the ſquares of the Means, to find out the Proportionals. 
Fo» Ho Sg ng on 
1. Add the two given ſums into one that you may have? _ 
the ſum of the ſquares of the four Proportionals ſought, d 
for which laſt mentioned Sum put . . . . . . .Y 
2. Then for the ſum of the Squares of the firſt and ſecond 
e We RA SEAS HP SA E Fo 
3. Therefore the ſum of the Squares of the third and fourth } 3 


Proportionals is 


1 4. Then 
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' Reſolution of Queſtions 
4. Then becauſe (by Theorem 13. of the preceding Chap. 6) 
the ſum of the Squares of the two Means is a mean Pro- / : 
FI portional between the Sum of the Squares of the firſt and >a . & :: c. da 
a ſecond, and the ſum of the Squares of the third and 


fourth, this Analogy is manifeſt, vin. 
5, Therefore by comparing the Product made by the Mul- 
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tiplication of the Extremes of that Analogy to the Pro- da- aa cc 
duct of the Means this Equation ariſes, vix. OE 
6. Which Equation being reſolved by the Canon in Sed, 10. Chap. 16. Book 1. gives 


this following 0 


Add the given Sum of the Squares of the Extremes to the given Sum of the Squares 
of the Means, and reſerve half of the ſum. From the ſquare of this half ſum ſubtract 
the Square of the ſum of the Squares of the Means, and extract the ſquate Root of the 
Remainder; add this ſquare Root to the half ſum before reſerved, and alſo ſubtract it 
from the ſame half ſum, ſo the ſum ſhall be the ſum of the Squares of the firſt and ſecond 
Proportionals, and the Remainder ſhall be the ſum of the Squares of the third and fourth. 

I) hen (according to Theor. 3 of the preceding Chap. 6.) add ſeverally the ſum of the 
Squares of the firſt and ſecond Proportionals, and the ſum of the Squares of the third 
and fourth to the ſum of the Squares of the Means, and out of each ſum extract the 
ſquare Koot; ſo ſhall one of theſe Roots be the ſum of the firſt and third Proportio- 
nals, and the other ſhall be the ſum of the ſecond and fourth. Which two laſt men- 
tioned ſums being added together give the ſum of the four Proportionals tought. 
Laſtly, the ſam of four Proportionals being given, as alſo the ſum of the Squares of 
the Means, the Proportionals ſhall be given ſeverally by the ninth Queſtion of this Chap. 
Therefore if 260 be given for the fum of the +quares of the Extremes of four con- 
tinual Proportionals, and 80 for the ſum of the Squares of the Means, the Propor- 
* tjonals will be found 16,8,4,2. | 


- 


. 85 e | 
The ſum (6). of the Extremes of four Quantities in continual Proportion heing gi- 
ven, as alſo (c) the ſum of the Cubes of the Means; to find out the eroportionals. 
- 5 RESOLUTION. | 
1. For one of the Extreme Proportionals, put . . . . . a 
2. Then the other Extreme (by ſubtracting (a) from () the gi- ; 
ven ſum of the Extremes) ſhall be . . . .. . 5 3 
3. Therefore the Product made by the mutual Multiplication Nl 
JJ ee re ; i: 
4. And becauſe (per Theorem 21. of the preceding Chap.6 ) rhe 
Product made by the Multiplication of the — or Ex- 
tremes into the ſum of the Extremes, is equal to the ſum of e Fo ng 
the Cubes of the Means; therefore if you multiply ba—aa by — 


b, this Product ſhall be equal to (c) the given ſum of the 
Cubes of the Means; hence ariſes this Equation, viz. . .} ' 
5. And by dividing every Term of that Equation by (6,) there as 
J 31 Fü aa = 


Which laſt Equation being reſolved (by the Canon in Set. 10. Chap. 15. Book 1.) 
gives this following „ 1 | 


6. From the Square of half the given ſum of the Extremes ſubtra& the Quotient that 
ariſes by. dividing thę given ſum of the Cubes of the Means by the ſum of the Ex- 
tremes, and extract the ſquare Root of the Remainder, . then half the ſum of the Ex- 
tremes being increaſed, and alſo leſſened by the ſaid ſquareRoot, gives the Extremes 
ſeverally. Then you may find out the Means by a new Work thus; 

7. Let the greater Extreme found out as above be . . . . f © 

%% VM ̃ V ß IRRIE__+ 
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10. Therefore by dividing (aa) the ſquare of the greater Mean 7 22 


the greater Extreme (J, the Quotient ſhall be the leſſer 7 
. * 


by 
1 N 0 . EEE. 0 


nl N 11. But 
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2. Therefore the Cube of that ſum ia . . ; aad 
3. Then becauſe by Theor. 22. of the preceding Chap. 6. if four 
Quantities be continually proportional, the ſum of the Cubes 
of the Extremes more by the triple of the Cubes of the Means | Ace 


48 
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about Continual Proportionals. 


11. But the ſquare of the leffer Mean is equal to the Product of ) 3 . 
the leſſer Extreme multiplied by the greater Mean; therefore - ga 
from the three laſt preceding ſteps this Equation ariſes, viz. \ H 
12. Which Equation after due Reduction gives aaa f 
13. Therefore by extracting the Cubic Root out of each part } _ * 
of the laſt Equation the greater Mean is made known, viz. 5 * 
Which laſt Equation, together with that in the tenth ſtep, will give this 


- San 
14, Multiply the ſquare of the greater Extreme by the leſſer, then the Cubic Root of 
the Product ſhall be the greater Mean. Laſtly, the Square of the greater Mean di- 
vided by the greater Extreme gives the leſſer Mean. 755 | 
Therefore if 18 be given for the ſum of the Extremes of four Numbers in continual 
proportion, and 576 for the ſum of the Cubes of the Means, then by the firſt Canon 
of this Queſtion the Extremes will be found 16 and 2. And laſtly, by the latter Ca- 
non the Means will be found 8 and 4. Wherefore the four continual Proportionals 


ſought are 16, 8, 4, 2. 


? 


3B „ 

The ſum (h) of the Cubes of the Extremes of four Quantities in continua! proportion 

being given, as alſo (c) the ſum of the Cubes of the Means, to find the four Proportionals. 
JJV . 
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if to (b) you add 3c, it gives the Cube of the ſum of the Ex- | 

tremes,which Cube muſt be equal to aaa; hence this Equation 
4. Therefore by extracting the Cubic Root out of each part of Is eee 

that Equation, the ſum of the Extremes is made known, =, Gr 

Which laſt Equation in words is this following I 
Fo VVV . 

Add the triple of the given ſum of the Cubes of the Means to the given ſum of the 

Cubes of the 3 and out of the ſum made by that Addition extract the Cubic 


Root, which ſhall be the ſum of the Extremes ſought. 


Then the ſum of the Extremes being given, as alſo the ſum of the Cubes of the 
Means, the four Proportionals ſhall be ou ſeverally by the Canon of the preceding 
twelfth Queſtion. As for Example, if 157472 be given for the ſum of the Cubes 
of the Extremes of four Numbers in continual proportion, and 6048 for the ſum of 


the Cubes of the Mean.; firſt, by the Canon of this Queſtion the ſum of the Extremes 


will be found 56, and then by the Canon of the preceding twelfth Queſtion, the four 


Proportionals will be found 2, 6, 18, 54. 3 


| r HJ CR; 3 
The ſum of the Extremes (6b) of five Quantities in continual Proportion being gi- 1 
ven, as alſo (c) the ſum of the three Means; to find the five Proportionals. 1 
| RESOLUFION. +: | 
1. For the third Proportional, that is, the middle Term of * 
%%% m In 
2. Then ſubtract that middle Term (a) from (c) the given 
ſum of the three Means, and there will remain the ſum of >c—a 
r TITS, 
3. And becauſe by Theorem 29. of the preceding Chap. 6: the 
ſum of the Extremes of five continual Proportionals, toge- OS 
ther with the double of the Mean, the ſum of the ſecond / 2a.c—a::c—a. a 
and fourth, and the Mean, are alſo in continual proportion; 


therefore this Analogy is manifeſt, vin. 5 
| A a 2 4. From 


- 


' 


TN | Reſolution of Oueſtions 


—— 6— ——_ „ 


4. From which Analogy, by comparing the Product made, 2 
by the Multiplication of the Extremes to the Product of ba 24a c .- 2c aa 
the Means, this Equation is produced, viz. . . . .\) 

5. Which Equation after due Reduction gives aa+ba+ 2ca ccc 
Laſtly, by e m= gr cnn iy accord ing to the Canon in Se&,6. Chap, 15. 

there will ariſe this followin $ 

3 1 

Add the ſum of the Extremes to the double of the ſum of the three Means, and 
take the half of the ſum made by ſuch Addition; then to the Square of the ſaid half 
ſum add the ſquare of the ſum of the three Means, and out of this ſum extract the 
ſquare Root; from which Root ſubtract the halt ſum firſt taken, and the Remainder 

ſhall be the middle (or third) Proportional of the five ſought. | 805 
Then by ſubtracting the ſaid third Proportional from the ſum of the three Means, 
the Remainder is the ſum of the ſecond and fourth; by which ſum and the third 
Proportional, the ſecond and fourth ſhall be given ſeverally, (by the Canon of Queff. 4. 
Chap. 16. Book 1.) Then the ſquare of the ſecond Proportional being divided by the third 
gives the firſt, and the Square of the fourth being divided by the third gives the fifth. 

5 Therefore if 34 be given for the ſum of the firſt and fifth of five continual Propor- 

tionals, and 28 for the ſum of the three Means, the five Proportionals ſhall be given 

kverally, viz. 2, 4, 8, 16, 32 *. EL | 


5 RL” 15 > 5, Yu” | 
The Sum (Y) of the firſt, third, and fifth of five Quantities in continual proportion 
being given, as alſo (c) the ſum of the ſecond and fourth, to find the five Proportionals. 
RESOLUTION. 8 
1. For the third Proportional, that is, the middle Term of the 5, put a 
2. Then ſubtract that middle Term (a) from the given ſum (b,) Nl 
and the Remainder is the ſum of the firſt and Sfih, a” F * 
3. And becauſe (by Theorem 27. of the preceding Chap. of the? 
Product made by the Multiplication of the third or middle Term | 8 
of five continual Proportionals into the ſum of the firſt and fifth, 5 
is equal to the Squares of the ſecond and fourth; therefore * 
(from the firſt and ſecond ſteps) the ſum of the Squares of the | 
ſecond and fourth Proportionals inn 
4. The ſquare of the third Proportional (a) is equal to the Pro- 97 
. duct of the ſecond multiplied into the fourth, therefore the & 2aa 
5 0 (( eee; 
J. Therefore from the two laſt ſteps the Aggregate of the Squares ; 
and the double Product of the ſecond and fourth Proportional is aa ba 
6. But the Aggregate of the Squares and the double Product of 
the ſecond and fourth Proportional is equal to the Square of 3 
their ſum, therefore the Aggregate in the fifth ſtep muſt be equal ( au- ba 
to the Square of the given ſum (c) via. 
Which Equation being reſolved by the Canon in Se@. 6. Chap. 15. Book 1. will 
give this following 2 „„ 5 


Add the Square of half the given ſum of the firſt, third, and fifth Proportionals to 
the Square of the given ſum of the ſecond and fourth, then from the ſquare 
Root of the ſum made by that Addition ſubtract the faid half ſum, and the Remain- 
der ſhall be the third Proportionlll. e e ” 

Then by ſubtracting. the ſaid third Proportional from the given ſam of the firſt, 
third, and fifth, the Remainder is the ſum of the firſt and fifth; by which ſum and 
the third (or mean) Proportional, the firſt and fifth (to wit, the Extremes) ſhall be 
given ſeverally by the Canon of Quęſf. 4. Chap. 16. Book 1. Then the third Proportional 
being multiplied into the firſt and fifth ſeverally, and the ſquare Root being extracted 
out of each Product, theſe Roots ſhall be the ſecond and fourth Proportionals. 
Therefore if 42 be given for the ſum of the firſt, third, and fifth of five Numbers 
in continual proportion, and 20 for the ſum of the ſecond and fourth, the five Pro- 

| portionals will be found theſe, to wit, 2, 4, 8, 16,32. F 
| = . Quel. 
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CHAP. 7. about Continual Proportionals. 18 9 

„ 3 LUEST. 16. e _ 
The third Proportional (5) of ive Quantities in continual proportion being give 

as alſo (c) the ſum of the other four, ro find out the five Proportionale OY 5 : 


, R E SOLUTION. 
I. For the ſum of the ſecond and fourth Proportional put 4 
2. Then ſubtract that Sum (a) from (e) the given ſum of the 
firſt, ſecond, fourth, and fifth Proportionals, and there will C 
remain the ſum of the firft and fifth, to wii. : 
3. The ſquare of the third (that is, of the mean) Proportional (b) : 
is equal: to the Product of the {econd multiplied into the fourth, & 2b 
therefore the double of that Product is. 
4. Which double Product (2% ſubtracted from (aa) the Square 
of the ſum of the ſecond and fourth Proportionals, leaves for aa 205 
the ſum of the Squares of the ſecond and fourth, n. 
5. And becauſe (by Theor. 33. of the preceding Chap. 6.) the ſum 
of the Squares of the ſecond and fourth of 5 continual Proportio- | 
nals is equal to the Product of the third (or mean) multiplied by 2225 
the ſum of the firſt and fifth, therefore if (aa—2bb) the ſum = 
of the Squares of the ſecond and fourth be divided by the mean | 
(b) the Quotient ſhall be the ſum of the firſt and fifth, viz. } 
6. Which Sum found out in the laſt ſtep muſt be equal to the? ,,—-þ 
ſum of the firſt and fifth Proportionals found out in the ſecond 75 
ſep z hence this Equation m + , . . 
7. Which Equation after due Reduction gives . . . aa+ba=2bb-+bc 
* Wherefore by reſolving the laſt Equation (according to the Canon in Se. 6. 
| Chap. 15. Book, I.) there will come forth this following 8 


| . TH h 
To the ſquare of the half of the given third (or mean) Proportional add the dou- 
ble of the ſquares of the ſaid Mean, as alſo the Product of the ſaid Mean multiplied 
into the given ſum of the other four Proportionals, and out of the ſum of that Addi- 
tion extract the ſquare Root; this Root leſſened by half the given Mean, gives the 
ſum of the ſecond and fourth Proportionals. „ 
Then from the given ſum of the firſt, ſecond, fourth, and fifth Proportionals ſub- 
tract the ſum of the ſecond and fourth (found out as above) and the Remainder is the 
ſum of the firſt and fifth; by which ſum and the third (or mean) Proportional, the 
ſaid firſt and fifth ſhall be given ſeverally by the Canon of Que 4. Chap. 16. Book 1. 
Laſtly, the ſquare Roots of the Product of the firſt multiplied into the third, and of 
the Product of the third into the fifth, ſhall be the ſecond and fourth Proportionals. 
Therefore if 8 be given for the third of five Numbers in continual proportion, 
and 54 for the ſum of the other four, the five Proportionals will be found theſe, to 
wit, 2,4,8, 16,3 2. | | 5 | | j 


be o 
= L N ys _ O 1 * : * 
* + * . . - — — 42 Et eee = x 2 
. — 9 * . r — . : 
< 3 — J KT 
8 * — - 22 
=> = 2 7.000 !. Se oy en — —— ono py mouy _ oy 


———— S — PR * — _ FY _ ** * . % 


QUEST. 17. 
The ſum (b) of the Extremes of five Quantities in continual Proportion being given, Þ 
as alſo (c) the ſum of the Squares of three Means; to find the five Proportionals, ' 


„ X E SOLUTION. 

1. For the Mean (or third Proportional put . . . . . . 2 

2. Then (by Theor. 33. of the preceding Chap, 6.) the Mean (a)? + 
multiplied by (5) the given ſum of the Extremes, produces the >ba 
ſum of the Squares of the ſecond and fourth Proportionals, viz. 7 

3. Therefore if to (aa). the K nſ of the Mean you add (ha) the 
ſum of the Squares of the 1econd and fourth, there will come Fa 
forth the ſum of the Squares of the ſecond, third, and fourth  * * 
%% a es ts aa +8. 

4. Which ſum found out in the laſt ſtep mult be equal to the gi- Vas PS 
ven ſum (c;) hence this Equation ariſes, vin. «3 Þ © 
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' Reſolution of Queſtions BOOK II. 
' Wherefore by reſolving that x paar (according to the Canon in Sec, 6. Chap. 15. 
Book 1.) there will ariſe this fo * 5 Wo 


Add the ſquare of half the given ſum of the Extremes to the given ſum of the 
Squares of the three Means, and out of the ſum of that Addition extract the ſquare 
Root; this Root leſſened by half the ſum of the Extremes will give the Mean (or 
third) Proportional. 5 

Then the rnean (or third) Proportional being given, and the ſum of the Extremes, 
(viz. of the firſt and fifth) the ſaid Extremes ſhall be given ſeverally by the Canon 
of Dneft. 4. Chap. 16. Book 1. | ME ” 

Laſtly, the ſquare Roots of the Products of the firſt into the third, and of the 
third into the fifth ſhall be the ſecond and fourth Proportionals. | 

Therefore if 34 be given for the ſum of the Extremes of five Numbers in continual 
proportion, and 336 for the ſum of the Squares of the three Means, the five Propor- 
tionals ſhall be alſo given, to wit, 2, 4, 8, 16, 32. TS 


— Py —_ . — . 
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; F E # & & 6. : * 0 
The Sum (6) of the Extremes of five Quantities in continual Proportion being given, 
as alſo (c) the Sum of the Squares of the ſecond and fourth, to find the 5 Proportionals. 
oa 5 RESOLUTION. 
1. For the mean Proportional pt +. .3 
2. Then (by Theorem 33. of the preceding Chap. 6.) the Mean 
(a) multiplied by (6) the ſum of the Extremes, produces > be 
the ſum of the Squares of the ſecond and fourth, viz. . . 
3. Which ſum muſt be equal to the given ſum (c,) therefore Bac 
4. Wherefore by dividing each part of that Equation by (ö,) . c 
the mean Proportional will be made known, viz. . : . = 7 
Which laſt Equation in words is this following 
ED „ i CANON. . 
Divide the given ſum of the Squares of the ſecond and fourth Proportionals by the 
given ſum of the firſt and fifth, ſo ſhall the Quotient be the mean or third Proportional. 
Then the mean (or third) Proportional being given, as alſo the ſum of the firſt 
and fifth, theſe ſhall be given ſeverally by the Canon of Queſt. 4. Chap. 16. Book t. 
_. Laſtly, the ſquare Roots of the Products of the firſt into the third, and of the 
third into the fifth, ſhall be the ſecond and fourth Proportionals «© | 
Therefore if 34 be given for the ſum of the Extremes of five Numbers in continual 
proportion, and 272 for the ſum of the Squares of the ſecond and fourth, the Pro- 
portionals will be diſcovered ſeverally, viz. 2, 4, 8, 16, 32. . 
l fp” SEES 4 Is 2 
A Vintner having a Veſſel full of Wine containiug 16 (or h) Gallons, draws out 4 
(or c) Gallons, and then pours into the Veſſel as much Water as he drew out Wine 
then out of that mixt Quantity of Wine and Water he draws out the ſame number 
of Gallons as before, and pours in the 2 of Water. Again, he makes a 
third draught of the ſame quantity as at firſt. The queſtion is, to find how much 
pure Wine remained in the Veſſel after the third draught. 3 
| . RESOLUTION. 
1. The Number of Gallons of Wine in the Veſſel at firſt was 5 
2. Out of which Quantity (c) Gallons being drawn, there re- 5 1 


* 


5 


mained of pure Wine in the Veſſel . l.. 
3. To which remaining quantity of pure Wine (c) Gallons of” 
Water being added, the Veſlel is again full, and contains (b) | 
Gallons of Wine and Water together ; out of which draw- 
ing _—_ ( a ) DO, mn ſeek how ng pure Wine | : 
was in this ſecond draught, ſaying by the Rule of Three, | 
mixt Wine niet : Wine ce 
F == +. 

Whence it is found, that the quantity of pure Wine in the ſe- 
JJ 8 
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4. Which Quantity — being ſubtracted from . the 1 5 
2 x bb—2bc+cc 


b 
Quantity of pure Wine in the Veſſel before the ſecond > —— 7 
draught was made, there remains for the Quantity of pure | | 
Wine in the Veſſel after the ſecond draught . . . ..... 
5. To which remaining Quantity of pure Wine add (c) Gal-* 
lons of Water, ſo the Veſſel is again full, and contains (6) | 
| Gallons of Wine and Water together; out of which draw- !- 
ing again (c) Gallons, we muſt ſeek how much pure Wine 


was in this third draught, ſaying, blc—2bcecoc 
1. > one Vine mixt | „ 1 
1 — r 1 to a wan e 

portional or Quantity of pure Wine in the third draught, 
%%% y y 5:0 148. 

6. Then by ſubtracting the ſaid fourth n or Quanti- 

1 ye =" 
ty of pure Wine in the third draught, from — 382 the FF 
Quantity of pure Wine in the Veſſel when the third draught 8 bb HE 


was made, there remains for the defired Quantity of pure 
Wine in the Veſſel after the third draught . . . . F-- £7 
Which Quantity laſt found out is the Anſwer of the Queſtion; and if it be reſolved 
into Numbers it gives 64 for the number of Gallons of pure Wine that remained in 
the Veſſel after the third draught. Moreover, if the firſt, ſecond, fourth, and fixth 
ſteps of the Reſolution be well examined and compared with Sec. 2, 5, and 6 Chap. 5. 


of this ſecond Book, it will he-maniteſt that the Quantity of pure Wine in the Veſſel 


5 at firſt, and the ſeveral Quantities of Wine remaining in the Veſſel after each draught 


are in continual Proportion: | | 5 

N Ti bk. bb—2bcbcc M bbh—3bbc-F Zb ccc 
Viz. 5 pH L : bb 355 

63. ns » 


C = 


© &# 
— 
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Of which continual Proportionals the firſt is the given Quantity of Wine in the Veſ- 


ſel at firſt; the ſecond is the Exceſs of the ſame Quantity above the given Quantity 
dran out at each draught; and then the fourth continual Proportional is the Quan- 
tity of pure Wine remaining in the Veſſel when three draughts have been made, accord- 
ing to the import of the Queſtion; but the fifth continual Proportional when fourdraughts, 
the ſixth when five draughts, the ſeventh when ſix draughts, ſhall be the remaining 
Quantity of pure Wine ſoughr by the Queſtion. Laſtly, the firſt and the ſecond Terms 
of a rank of Numbers in continual proportion being given, any of the following Terms 
ſhall be given by the Rule in Sec. 5. and 6 Chap. 5. of this ſecond Book. 


b 


SUVEFEF. 26 


A Vintner having a Veſſel full of Wine containing 16 (or h) Gallons, draws out a 
certain quantity, and then pours into the Veſſel as much Water as he drew out Wine. 
Again, our of that mixt quantity of Wine and Water he draws out the ſame quantity 
as before, and pours in the ſame quantity of Water. Then he makes a third draught 
of the ſame quantity as at firſt, and after this third draught there remained 6 (or d) 


Gallons of pure Wine. The Queſtion is, to find what quantity of pure Wine was 


drawn out at the firſt draught, or what quantity of Wine and Water together at the 
ſecond or third draught, (tor the three draughts were equal quantities.) 


„ RESOLUTION. 
I. For the Number of Gallons of Wine in the Veſſel at firſt was 5 
2. For the Number of Gallons of Wine drawn out at the firſt 
LV Eg gs eg re i og cg 
3. Then the quantity of Wine remaining in the Veſſel after the 
LETS Een ee ß e | 
4. By proſecuting the ſearch as in the preceding nineteenth Queſtion, ſaving that (a) is to 
1 5 be 
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Concerning Aliquot Parts. BOOK II. 
be uſed here inſtead of (c)there,you will find thisQuantity,viz 2/23/24 3baa—aaa 


to be the Number of Gallons of pure Wine remaining in the Veſſel after the third. 
draught, and therefore it muſt be equal to the given Quantity 64 (er d;) hence 
is this Soaation, #8... | f 
wh 03 aan bbb—3bbaf 3bag—ada _ 1 
5. Therefore by multiplying each part of that Equation by the Denominator b, thete 
will come forth this Equation in Integers, viz. 
3 bbb—3bba-+ 2baa—aaa = bbd. 


- 


6. And by extraQting the Cubic Root out of each part of the laſt Equation, there 


ariſes mn baamy(3)bbd. 5 on 
7. Wherefore from the laſt Equation after due Tranſpofition the Value of (a) will 
be made known, viz.  a=b—v(cbbd= 4. 1 


Whence it is manifeſt, that four Gallons were drawn out at every one of the three 
draughts. But if the Reſolution had been wrought out at large, as in the preceding 
nineteenth Queſtion, then it would appear, that if berween (b) and (d,) viz. the 

uantity of Wine firſt given, and the quantity of Wine remaining after the laſt draught, 
there be found the greater of two mean Proportionals when three draughts are pro- 
poſed, or the greateſt of three Means when four draughts, and ſo forwards; then 


the Mean fo found out being ſubtracted from the greater Extreme (b) leaves the 


Quantity drawn out at each draught. The manner of finding out mean proportional 
Numbers between any two Numbers given for Extremes, | has already been ſhewn in 
Sect. 14. Chap. 5. of this ſecond Book. = Sacks, | 

If the Reader defires more variety of Queſtions about Quantities in continual Pro- 
portion, he may conſult the Algebra of Fac. de Billy, intituled Nova Geometris Clavis, 
and the firſt Part of our Learned Dr. Vallis his Mathematical Works. 


R 0 - * . ccc 3 + 

„ CHAP N 

The manner of fiueling out all the Aliquot Parts both of Numbers 
and Algebraical Quantities, as alſo the ſmalleſt Numbers that 
ſhall have given Multitudes of Aliquot Parts. 3 


I. 1 the Reſolution of knotty Queſtions about 7 77 there is oftentimes great 

I uſe of finding out all the Aliquot Parts, or juſt Diviſors, as well of Numbers, as 
of Quantities repreſented by Letters; and therefore in this Chapter I ſhall ſhew how 
that Work may be done; as alſo how to find out the leaſt Number that ſhall have a 
given Multitude of Aliquot Parts, according to the Method of Fran. van Schooten, in 
Sed. 2, 3, and 4. of his Miſcellanies, and in his Principia Matheſ. Univerſal. 

II. A Prime or Incompoſit Number is that which can only be meaſured or divided 
oy it Lal or by Unity, and leave no Remainder ; as 2,3,5,7,11,13, c. are Prime 
Numbers. 5 | = 

III. A Compoſit Number is that which may be divided by ſome Number leſs than 
the Compoſir it ſelf, but greater than Unity; as 4, 6, 8,9, 10, Cc. are Compoſits. 

IV. Fuft Diviſors are ſich Numbers or Quantities as will divide a given Number or 
Quantity, and leave no Remainder ; every one of which Diviſors, except that which is 
equal to the given Quantity is called an Aliquot Part, becauſe if it be taken Aliquoties, 
that is, certain-times, it will preciſely conſtitute the given Quantity: As if 6 bea Num- 
ber propoſed, its juſt Diviſors are 1, 2,3, and 6; but the Aliquot Parts of 6 are only 

1, 2, and 3; for 6 cannot be a part of 6, but it may be a Diviſor to it ſelf, that is, 6 may 
be divided by 6, and the Quotient is Unity. Hence it is manifeſt, that the juſt Divi- 
ſors of a Number are more in multitude by one than the Number of its Aliquot Parts. 

V. The Aliquot Parts of a whole Number may be found out in this manner, viz, Firſt, 
if the Number propoſed be even, divide it by 2, and reſerve the Diviſor. Again, if 
the Quotient be even divide it by 2, and reſerve the Diviſor; and continue the — 2 | 
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of every following Quotient by 2, until the Quotient be an odd number. But if ei- 
ther the number firſt N or the Quotient reſulting from ſuch Diviſion by 2 be 
odd, divide it by 3, it it will give an Integer Quotient, and continue the Diviſion by 3 
in like manner as before by 2, ſo long as the Quotient is an Integer without any Fracti- 
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Concerning Aliquor Parts. 


on ; likewiſe when the Divifion by 3 ceaſeth, divide by 55711, 13,17, 19, c. that! 

by every prime Number, until you find a Quotient leſs than the Divitor ; 5 if * 
Diviſor will give an Integer Quotient before the Quotient is leſs than the Diviſor you 

may conclude the number firſt propoſed to be Incompoſit, (viz ſuch as has no Divi- 
ſor but it ſelf or Unity) and that laſt Diviſor to be greater than the ſquare Root of the 
propoſed Number. Then by the help of the prime Diviſors to the given Number. all 
the reſt may be found out by the Operation directed in the following Examples. 


% 


Example 1. 


Suppoſe it be deſired to find out all the Aliquot Parts and Diviſors of 360; fitſt, 1 
divide 360 by 2, and the Quotient is 180; this divided by 2 gives 90, which divided 
by 2 gives 45; this being an odd Number the Di- N = 7 
viſion by 2 ceaſes. Then I divide the ſaid 45 by 36011809045 15 511 
3; and the Quotient is 15 ; this divided by 3 gives © 2 2ʃ 2 3l 35 
the Quotient 5, and ſo the Divifion by 3 ceaſes ; 
then I divide 5 by it felt, and the Quotient is Unity. Now by the help of thoſe Di- 

viſors or prime Numbers, which (as may eaſily be proved) are ſuch, that if they be 
continually multiplied will produce the given number 360, all the reſt of the Juſt 
© Diviſors of the ſaid 360 may be found out thus. 7 
Firſt, I ſet every one of the ſaid prime Diviſors 2.2,2,3,3, and 5, at the head of a 
Columel, as you ſee in this Table; then I multiply the firſt Diviſor 2 by the ſecond 
Diviſor 2, and ſer the Product 4 under 2 in the ſe- : | 


—cond Columel. Again, I multiply the faid 4 by 2, [2 T 2 2 37 3 Þ 57 
(which ſtands at the head of the third Columel) and VV 
ſet the Product 8 under 2 in the third Columel. | 11211820 
Then I multiply every one of the Numbers in the 24 3640 
firſt, ſecond, and third Columels, by 3, which ſtands 17215 
at the head of the fourth Columel, and write the | _ 1 30 
Products under 3 in the ſaid fourth Columel; ex- E + Wh 
cepr ſuch Products which happen to be the ſame 7+ 5 
with any of thoſe before written, (for one and the 45 

ſame Product muſt not be written twice; ) ſo mul- | | * 
tiplying 2, 4, and 8, by 3, J ſet the Products 6, 12, 180 
and 24 under 3 in the fourth Columel. Again, I | 3 | 260 | 


multiply every one of the Numbers in the firſt, fſe- — | 
cond, third, and fourth Columels by 3, (which ſtands at the top of the fifth Columel) 
and ſet the Products under the ſaid 3; except (as before) ſuch Products which hap- 
pen to be the ſame with any of thoſe before written in any of the precedent Columels : 
Jo the Products written under 3 in the fifth Columel are 9, 18, 36, and 72. Laſtly, _ 
I multiply every one of the Numbers in the firſt, ſecond, third, fourth, and fifth Co- 
lumels by 5, (which ſtands at the head of the laſt Columel) and write the ſeveral 
Products (except as before excepted) under the ſaid 5. So at length all the juſt Di- 
viſors to the ven Number 360 are found theſe, to wit, 1, 2, 3,4, 5, 6, 8, 9, 10, 12, 15, 
18, 20, 24,3 0,6, 40,45, 60, 72,90, 120, 180, and 360; every one of which Diviſors 
(except the p:-ateſt, which is always equal to the Number firſt propoſed) is an Aliquot 
part of 360, which (as you ice) hath 23 Aliquot parts and 24 Diviſors. 
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Concerning Aliquot Parts. 
| 8 . 1 1 ; 
2 ind out all the Aliquot Parts and Diviſors of 2319, 
ig ” bo 2 Fob 1. For, firſt the prime Diviſors will be 
wo FE found theſe, to wit, 2, 3, 5372115 then after 
38507711 11 the ſaid prime Diviſors are ſet at the heads of ſo 
23102 II many Columels, as you ſee in the Table in the 
| 1 2 7 Margin, the reſt ri the a e * be found 

5 ; the foregoing directions; which in ſum amounts 
out by 1 Darier landing as the head of every Columel following the 
to this, vix. each pri firſt, is to be multiplied by every one of the Numbers 
ws ——T | in the foregoing Columels, (except ſuch which make 
2 35722 te ſame Products as were before produced) and the 

16 1423 Products are to be ſet under each prime Diviſor re- 
| 195 4 =* 33 p;pectively by which they were produced. So all the 
1391 1 59 iviſors to the given Number 2310 are diſcovered to 
| BE 35 110 be theſe, to wit, I, 2, 35 95 65 7, To, II, 14, 15, 21, 
| 13 165 | 22, Cc. as you ſee in this Table; every one of which 
Tow 330 Diviſors, except the greateſt, to wit, 23 10, (which 
5 6 77 is the ſame with the Number propoſed ) is an Aliquot- 
3 154 part of the ſaid 2310, which has 31 Aliquot parts, 
| 231 | but 32 Diviſor s. : 3 a 
1 162 Upon the fame foundation the Diviſors of Quan- 
| | 285 | tities expreſt by Letters may be found out, as will ap- 
| WD 770 | pear by the following Examples. But this work re. 
| | 1155 | quires that the Analyſt be well exercis'd in the 
I 2-316 | Rules of Algebraical Multiplication, Divifion, and 
EI — the Extraction of — for the rg; out ” the 
3 Diviſors, when the given Quantity is compos d of many large 
Members ＋ 5 different Signs, is oftentimes both difficult and laborious J 


Again, 11 
the Operation 


. ke +e-115red to find out all the Diviſors and Aliquot parts of this Quantity 

4 it 2 1 = ſaid aaabbc by a, and the Quotient is aabbc, which divided 

aaabbc. VIM, L ar = ; by a gives __ C_ ided by a gives bbc; 

iabbebbcbelclT = and fo the Diviſion by a. ceaſes. Then I di- 

—— - 7 7 P - wa vide hc by b, and the Quotient is bc, this di- 

. 4 vided by bgivesc, which beinga Primitive or 

tity I divide by it ſelf and the Quotient is x. So all the primitive Di- 

emp f e ky aaabbc are found a, a, a, b, b, and c ; which are mani- 
kelty ſuch as being multiplied continually will produce the given Quantity aaabbc. 


thoſe Diviſors, after they are ſet at che heads of ſo many Columels as 
Lewin Tal I ſearch out the reſt of the Diviſors by Algebraical Multiplicati- 
en, ET OP. on, in like manner as in Example 1.' So 


* 


—_— 


PT TIT VF cj all the different Diviſors to the given 
#141 aaa | ab #0: ac | Quantity aaabbe are found theſe, - to 
SE UT aab | abb aac ] wit, 1, a, aa, aaa, b, ab, aah, aaab, V, 
| | {nab| aabb] aaac | abh, aabb, aaabb, c, ac, aac, aaac, be, 


1-4 $9 | aaablh | be | abc, aabc, aaabc, bbc, abbc, aabbc, aaabho; 
C | I abe every one of which Diviſors, except the laſt 
T2 { |[- -{ aabc | and greateſt is an Aliquot part of the given 


BD © aaabc | Quantity aaabbc, which has 23 parts, and 24 

| —— bbe Diviſors. 
EEE abbc | Note, That this third Example dit- 
3 | | fers not from Example 1. faving that 
E WORE: aaabbc | Algebraical Divition and Multiplication 
: : is uſed here inltead of vulgar Divifion and 


„ Att. 


Multiplication in Numbers there, 
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Example 4. 


Quantity abode, viz. 1. a, b, ab, c, ac, bc, ale, a, ad, bd, ke. as you ſez them expreſ 


in the following Table. 
| abcde | bede | cde | dee 1 
Primitive Diviſors, a [ fe [d [e 


* 


— 


JEWEL 4 5b «| 11 

| ab ac ad ge | | 

+4 -] | 6] 8bd| ate] 
| = | cd ce | 
1 acd | ace 

bed | be | 


| | 
| | |} abcd| abee (Compare this Example 
EZ de with the precedent Ex- 
| | | * 4 | | ade | | ample 2. | | | 
f 1.49} 

| | abde f 
1 5 | cde 13 Tg 
3 acde Z 
1 | 1 | bede © | 
J 13 


6 —_ 


Example 5. 


Again, to find all the Diviſors of this compound Quantity acakc—abbhe, firſt, I 


| 2abc—bbbc | aac—bbc | aa—bb | a+b | 1 


a F are | 
Then (as in the foregoing Examples 1 ſt the ſaid primitive Divifors at the heads 


wit, 1, a, b, ab, c, ac, bc, abc, a—b, aa—ab, ab —bb, &c, as you ſe them expreſt 


in the following Table. . 


— 
8 

1 

A 

＋ 

8 

+ 
JV 

— 


| = aa—bb a 
1 a + Cl PRs | aaa—abb | 
| | aaab—abbb 
I | aac——bbc 
: . I aaac——ebbc 
4 | u 17 
1 — 2 
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Concerning Aliquot Parts. BOOK II. 
Example 6. | | 

Again, to find out all the Diviſors bf this Quantity agabbc—2aabbbc+ abbbjc , firſt, 
(4 before) I ſearch out all the primitive Diviſors, viz. I divide the Quantity propoſ. d 
y a, and the Quotlent is aabbc—2abbbc-+bbbbc, which divided by b gives the Quoti- 
ent aabe—2abbc-+ bbbc ; this divided again by þ gives aac—2abc+ bbc, which divided 
by c gives aa—2ab+bb. This laſt Quotient being a Square whole ide is either a—b 
or b—a, according as a is greater or leſs than 6, I ſhall ſuppoſe a to be greater than h; 
and then dividing the ſaid Square aa—2ab+bb by its ſide a—b the Quotient is alſo 
«—b. And laſtly, by dividing a—b by it ſelf (becauſe tis a Primitive Quantity) the 
Quotient is 1. Thus the primitive Diviſors of the Quantity propoſed are found a, b, 
b. c, a—banda—b. Then every one of them being ſet at the head of a Columel, and 
Multiplication made.according to the Operation in the precedent Examples, the reſt 


of the deſired Diviſors to the Quantity aaabbc—2aabbbc+abbbbc will be found out; 


and at length all the Diviſors to the ſaid Quantity are diſcovered to be theſe, viz. I. 
a, b, ab, bh, abb, e, ac, bc, abc, bbc, abbr, a—b, aa—ab, ab—bb, &c. as you ſee them 
expreſt in the following Table. 


< ® 
, * 
4 4 - . \ 8 — 
— nod. —— — ”_ „* 
x — N " ; 
\ 


fO[8 9 HF. FOOT; J-_} 
ab bb | ac | aa—ab aa—2ab+bb 
abb | be | ab—bb aaa - 2aab abb 
| | abc | aab—abb | aab—2abb+bbþ. 
Þ bb c | abb—bbb aaab—2aabb-+ abbb 1 
|} abbc | aabb—abbb | aabb—2abbb+bbbb | 
| | ac=be aaabb-— 2aabbb-+ abbbb | 
aac—abc aac—2abc+ bbc | 
= | | abc—bbc aaac—2aabc+abbc N ; 


- | aabc—abbe | aabc—2abbc+bbbc | 
I - | abbc—bbbc aaabc—2aabbc+ abbbe | 
II aabbec-abbbe | aabbe—2abbbc4bbbbe | 
| aabbbc—28aabbbc+abbbbc 


_ 


1 


2 * 


— 


In like manner, if it be deſired to find out all the Diviſors of this Quantity aaaaa. 
zaaaacc & aacccc, that is, a. T 2a ae, I divide it firſt by a, and the Quotient is 
85+ 2a3cc+ac#, this divided again by a gives a 2aacc-+ct, Now 'tis evident that 


this laſt Quotient cannot be divided by a or by c, or the like quantity, but becauſe 


(by Se@. 4. Chap. 8. Bool 1.) the ſaid a- 2aacc+c+ is 4 Square, whoſe Root is aa ꝙ ce, 
I divide the Square by its Root aa cc, and the Quotient is alfo the ſame Root ſaid 
aa cc, which being a primitive Quantity I divide it by it ſelf, and the Quotient 
is 1. So the Diviſors to be reſerved are a, a, aa cc and aa cc. wy 


— — A 


JJ 


Then after thoſe Diviſors are ſet at the heads of ſo many Columels, (as you ſee in 
the following Table) I proceed to find out the reſt of the Diviſors by Multiplication 
according to the directions in Example 1. v7z. I multiply each primitive Diviſor ſtand- 
ing at the head of every Columel tollovring the firft by every one of the Quantities in 
the preceding Columels, and ſet the Products under the reſpective primitive Diviſor 
with this caution, that one and the ſame Product be not written down twice. So At 
length I find all the different Diviſors to be theſe, viz. I, a, aa,aa-+ cc, a3-þ acc, a+ aacc 
a++ 2aacc+c4, a5+2a3cÞact, and af aa. aact; all which Diviſors except the 
laſt are Aliquot parts of the propoſed Quantity a®-+ 2a4cc-þ aact, | 

[af aac aa cc — 
I. aa fa ae | a*+Þ2aac-þd# 
Ia Taacc af 2a cc ac. 
. Bl HED 1 en dee 1 a* + zac aact [ | 


— 


—— — 


as + 2a+cc+aac4 | as + 2436+ act | 444 zdacc c aa+cc| 1 


— — 
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ncerning Aliquot Parts. 
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VI. By this skill of finding out all the Diviſors of Quantities we may reduce two or 
more given quantities, when they are not prime between themſelves, to others in the 
ſame Reaſon (or Proportion) with thoſe given, and in the ſmalleſt Terms. As to re- 
duce thoſe three Quantities aaa ahb, aab bh, and aaa+aah—abb—b)b, to the 
ſmalleſt quantities in the ſame proportion with thoſe propoſed, firſt, I ſeek (by the 
Method before delivered) all the different Diviſors to every one of thoſe three given 
quantities, ſo I find the Diviſors of the firſt quantity aaa—abb to be theſe, 17a, a+ þ 

a—b, da Tab, aa—ab, aa—bb, aaa—abb,; and the Diviſors of the ſecond quantity 
aab—bbb to be theſe, viz. I, b, a—b, ab—bb, a+b, ab+bb, aa+bb, and aab bb; 

alſo the Diviſors of the third quantity, aaa aah—abb—bbh, to be theſe, to wit, I. 
a—b, a+b, aa—bb, aa+2ab+bb, and aaa+aab—abb—bbb, Now becauſe among 
thoſe three companies of Diviſors theſe three a—b, ab, and aa—bb are found in 
each company, we may by the help of any one of thoſe three Diviſors reduce the 
given quantities to others more ſimple, and in the ſame proportion with thoſe given. 


But to find out the ſmalleſt Terms I divide the propoſed quantities aaa abb, aab—bbb, 
and aaa+aab—abb—bbb, ſeverally by aa—bb, to wir, ſuch of the ſaid three Diviſors 


which has moſt Dimenſions, and there ariſe a, b, and a+b; which three quantities 
are the ſmalleſt Terms that can be found in the ſame proportion with the three 
quantities firſt propoſed. = A SETS 

Mote, The Quantities propos'd to be reduced are ſaid to be Prime the one to the 
other, when they, have no common Diviſor beſides 1, (to wit, Unity) in which caſe 
the quantities propoſed are already in their ſmalleſt Terms, 1 


VII. The finding out of Diviſors may be very fitly be applied to the reducing of 
Fractions to their ſmalleſt Terms; as to abbreviate this Fraction. | 
| gf, aaa + aabh—abb—bbb 
8 „„ aaag—abb | KY ” 
Firſt, the Diviſors of the Numerator (by the precedent Method) are found 1, a—4 
ab, aa—bb, aa 2ab bb; and aaa+aab—abb—bhb, Likewiſe the Diviſors of 
the Denominator are 1, a+b, a—b, aa Tab, aa—ab, aa—bb, and aaa—abb. Then 


4 


becauſe among thoſe Diviſors theſe three, to wit, ag, a—b, and aa—bb, are common 


both tothe Numerator and Denominator, I divide the Numerator and Denominator 
ſeverally by aa—bb, to wit, that common Diviſor which has moſt Dimenſions; ſo 
there ariſes ab for a new Numerator, and à for a new Denominator, which gives 


this Fraction —— (or 1 +2 ) equal to that propoſed, and in the ſmalleſt Terms, as 


was deſired. 
OP ana—abb 


In like manner to abbreviate — becauſe the greateſt Diviſor common 


aa Za Tb 
to the Numerator and Denominator is a, I divide the Numerator and Denomi. 


nator ſeverally by a b, and there ariſes 7 
+ a 


VIII. Ohhervations upon the Examples in the foregoing Sect. V. 


Fir, When two, three or four of the foremoſt Letters (towards the left hand )of 
a ſimple quantity are equal to one another, (vix. expreſt by one and the ſame letter) 
then mark well how many equal letters ſtand foremoſt together, for ſo many Aliquot 
parts they will give. As in Example 3. in Sect. 5. where the quantity propoſed is aaabbc, 
the three firſt letters a, a, a, (that is, aaa) give three Aliquot parts, to wit, 1, a, aa; 
but four Diviſors, 1, a, aa, aaa. In like manner, if four equal letters ſtand foremoſt 
togecher, as a, a, a, a, or aaa, they will afford theſe four parts, 1, a, aa, aaa; but 
five Diviſors, to wit, I, a, aa, aaa, aaaa, The like property enſues, when five or 
more equal letrers ſtand foremoſt together. Ay 
Hence it is evident, that every Power has ſo many Aliquot Parts as there be Di- 
menſions in the Power; as the Square aa, whoſe Index (or number of Dimenſions) 
is 2, has two parts, to wit, 1 and a; likewiſe the Cube aaa, or as, has three parts; 
the fourth Power aaaa, or a4, has four parts; and ſo forwards. 3 
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poſed, and in the ſmalleſt Terms. 
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oncerning Aliquot Parts. BOOK II. 

Secoudhꝭ It is evident from all the precedent Examples in Set. 5. that when among the 
primitive Diviſors (which are ſer at the tops of the Columels) a following Diviſor dif- 
fers from the next precedent primitive Diviſor, then the multitude of Diviſors in the Co- 
lumel of the ſaid following Diviſor is more by 1 than the multitude of all the different 
Diviſors in the precedent Columels. As in Example 3. in Sect. 5. where the quantity pro- 
poſed is aaabbc, the letter(or primitive Diviſor) b, which follows and is different from 
the next d oregoing primitive Diviſor a, gives four Diviſors, to wit, i, ab, aab, and aaab; 
vhich are more in multitude by 1 than all the foregoing different Diviſors a, aa, & aaa. 
Again, in Example 4. Seck. 5. where the quantity propoſed is abede, the Diviſors 5 
and ab in the ſecond Columel are more in number by 1 than a in the firſt. Likewiſe the 

Diviſor c, ac, bc, and abc, in the third Columel, are more in multitude by 1 than a, b, and 
ab, to wit, all the Diviſors in rhe firſt and ſecond Columels. Alſo dad, hd, aba, ad, acd bed, 
and abed in the fourth Columel, are more in multitude by 1 than all the Diviſors in the 

firſt, ſecond, and third Columels, and fo forward. The reaſon is manifeſt, for every primi- 
tive Diviſor which ſtands at the top of a followingColumel, is multiplied into all the diffe- 
tent Diviſors ſeverally in all the foregoingColumels; & therefore if that multiply ing pri- 
mitive Diviſor be added to the number of thoſe Products, the total multitude muſt neceſſa- 
rily beggore by 1 than the multitude of different Diviſors in all the foregoing Columels, 

_ Third, It is alſo evident, that when the ſaid primitive Diviſors are all different, 
than the numbers which expreſs the multitude of Diviſors in every Columel are in con- 
tinual proportion increaſing from Unity in a duple Reaſon. As in the fourth example 
in Seck. 5. where the primitive Diviſors a, h, c, de, are all different, there is one Diviſor in 
the firſt Columel, two in the ſecond, four in the third, eight in the fourth, and ſixteen 
in the fifth, which numbers of multitude, to wit, I, 2, 4, 8, and 16, are manifeſtly in duple 

Proportion. Therefore when all the primitive Diviſors of a quantity propoſed are 
different or unlike, then if ſo many of the foremoſt Terms of the ſaid continual 
Proportionals 1, 2, 4, 8, 16, Cc. be added together, as there be primitive Diviſors, 
(to wit, thoſe Incompofſit quantities, which being continually multiplied will produce 
the quantity propoſed) the ſum ſhall be the number of Aliquot parts contained in 
that quantity, and the number of Diviſors ſhall be more by x than that ſum. | 

As for Example, if the number of Aliquot parts in the quantity ab be deſired, I add 

1 and 2 together, (to wit, the two firſt Terms of the faid Geometrical Progreſſion 1, 2, 

4, 8.16, Oc. and the ſum 3 ſhews that ab contains three Aliquot parts, and four that is, 
3+1 )Diviſors. Likewiſe if there be propoſed the ry abc, (which conſiſts of 
three different letters) the ſum of 1,2,4, (to wit, of the three erk Terms of the ſaid 
Geometrical Progreſſion)is 7; which ſhews, that abc contains ſeven parts, but eight 
(or 7+1) Diviſors. Again, if abcd (which conſiſts of four different letters) be pro- 
poſed, the ſum of 1, 2, 4, 8, (the four foremoſt Terms of the ſaid Progreſſion)is 15; 

vrhich ſhews that the quantity abcd contains fifteen Aliquot parts, and ſixteen(ori5＋1) 
Diviſors, and ſo forward. But becauſe the faid Proportionals proceed in a duple reaſon 
from Unity, the ſum of any number of Terms may be found out by this brief! Rule, viz. 
the third Term(or Proportional) leſſened by Unity (the firſt Term) gives the ſum of 
the firſt and ſecond Terms. Likewiſe the fourth Term leſſened by x gives the ſum of 
the firſt, ſecond, and third Terms; and the fifth Term leſſened by 1 gives the ſum of 

the firſt, ſecond, third, and fourth Terms, and ſo forward infinitely, All which may 

| be further illuſtrated by the ten 2 and their reſpective multitudes of Aliquot 
parts, expreſt in the following Table. 5 1 

| Quantities | Multicude of] Sums of Terms in continual Proportion, proceeding } 

__ given. _ N Parts from t in duple Reaſon. | | | 

his 1= | 

| 


a — 
4 EY LS A | | I+2 
F_ abc]... 7= | I+2+4 
abcd Wing 152  I+2+4-+8 | | | 
Aude 3I= | I+2+4+8+16 © | 
| abcdef | . 63= | I+24+4+8-+16+32 
| abcdeſg |. 127 | I+2+4+8+16+3a+64 
F abcdefgh | . . 255= | i+2+4+8+16+32+64+128 
 abcdejght | . . 511= | 1+2+4+8+16+32+64+128+256 
_abcdefghik . 1023= | 1424+4+8+16+32+64+128-+256+51 
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Fourth, When two, three, or more equal Letters ina fimple quantity ſtand 3 
and follow ſome different foregoing letter or letters, then as many Aliquot parts as the 
firſt of thoſe following equal letters produces, (according to Obſervat.2.) ſo many parts 
every one ot the reſt of the ſaid following letters will produce. As in Example 3. in 
Seck. 5. where this quantity, agabbc is propoſed, the three firſt letters a, a, a. (or aaa) 
gives three parts (by Obfervat. I.) And the firſt following letter b, in regard it differs 
trom the next 55 letter a, gives four parts (by Obſervat. 2.) Now I ſay, the ſe- 
cond b ſhall alſo give four parts, and if there had been 4third b, or 2 fou Th 5 25 
every one of them would give four parts, to wit, as many as the firſt b produced. 

In like manner, ifthis quantity abbbb5 or abs be propoſed, the ſirſt letter a gives one 
part; then (by Obſervat. 2.) the next following letter & (in regard it differs from a) 
gives two parts. Now I ſay, every 6 following the firſt þ will alſo give two parts, 


- bs 4 


and ſo bbb will give ten, (to wit, five times two) parts, which added to one part 
noted for a makes 11 parts Whence I conclude, that the quantity ab5bbb contains 11 
Aliquot parts and 12 ivifors. All which may be produced particularly by the Rule 
in. the foregoing Seck. 5. „ Ov 5 
Again, if this quantity abcddd be propoſed, firſt, (by Obſervat. 3.) abe will give ſeven 
pete, and (by Obſervat. 2.) the next following letter d glves eight parts; therefore by 
this fourth OGervar. every d following rhe firſt dgivesalſoeight parts, and conſequent- 
ly ddd gives 24 parts, which added to the ſeven parts before noted for abc, makes 31 
arts. So that the Quantity acddd has 31 Aliquot parts, and 32 Diviſors ; and the 
ame number of Parts and Diviſors will be found in the Number produced by the 
continual Multiplication of theſe five prime Numbers 2, 3, 5, 7, 7, 7. 
Fifthly, From what has been ſuid in the precedent Obſervations ris eaſie to diſcover 
how many Aliquor partsargcontained in any fimple Quayrry ! 


out producing the particular parts. As if aaabbc be propoſed, firſt, three parts are to be 


noted for aaa (according to Obſervat. I.) and eight parts more for bb (by Obſervat. 4.) 
which eight parts added zo the three parts before noted make eleven parts; then for c 


twelve partsare to be noted, (to wit, 114 1, according to Ohſervat. 2.) which added to 


the ſaid 11 parts makes 23 parts. Whence I conclude, that the quantity aaabbe has 


23 Aliquot parts and 24 Diviſors, which are particularly expreſt in xample 3. Sec. 5. 


In like manner we may diſcover, that this quantity aaaaabbbbeccdd, or asbic de has 
259 Aliquot parts, and 360 Diviſors. For firſt, I note 5 parts for a5 (according ro 
Obſervat. I.) then (by Obſervat. 4.) bbb or b gives 24 parts, which added to the 5 
parts before noted makes 29 parts. And becauſe one ſingle c gives 30 parts, to wit, 
29-þ 1 (by Obſervat. 2.) ccc or c3 will give 90, to wit, three times 30 parts (by OHer- 
vat. 4.) which added to 29 parts before noted, makes 119 parts. Laſtly, becauſe the 
lerter d is written twice, and one fingle 4 gives 120, to wit, 119+1 parts, (by O6- 
ſervat. 2.) dd will give 240 parts (by Oe ſervat. 4.) which added to 119 parts before 


noted, makes 359 parts, which is the multitude of Aliquot parts the propoſed 


— 


quantity has, but its number of Diviſors is 360. 


- 
by 


And with the like facility we may diſcoyer the multitude of Parts and Diviſors of a 


4 


given number, after its primitive Diviſors are found out. As for Example, to find how 


many Parts and Diviſors 15876000 has, I ſearch out by Divifion (in like manner as in 


the Examples in Seck. 5. ) all the primitive Diviſors, which being continually multiplied 
will produce the ſaid given Number, and find them to be theſe, to wit, 2, 2, 2, 2, 2, 3, 
2, 3, 3, 5, 5, 5, 7» 7, Which may be noted by a3b+c3dd ; but this quantity (as before 
has been ſhewn) has 359 Aliquot 5 360 Diviſors, and therefore the ſaid 
15876000 has the ſame Number of Parts and Diviſors, which may be particularly 
found our hy the Method in the precedent Examples in Se, 5. 
_ * SixtblyIf a quantity be compoſed of different Letters or Powers, and Unity be added 
ſeyerally to the Indices of thoſe Powers,that is, to the numbersexprefling howoft each 
Letter is found in that quantity, then the Numbers reſulting by thoſe Additions being 
multiplied one into the other continually,will produce a Number greater by Unity than 
the number of Aliquot parts that quantity has. As for Example, if aaaabbb or a+h3 
be propoſed,] add 1 to 4 and 3 ſeverally, (becauſe the Indices of aaaa and bb are 4 and 


3) and it makes 5 and 4 ; theſe multiplied one into the other make 20, which is great- 
er by 1 than 19, the number of 1 * parts that the propoſed quantity a+ b3 has. 
The reaſon of this Property is not ditficult to be conceived ; tor ſince (by Obſervar. 1.) 
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BOOK II. 
aaaa hath four parts, that is, five parts wanting one part; and 50 following 4255 has 


thrice five parts (by Obſervat, 4.) therefore the whole Quantity aaaabbb (or a+b3 Jhas | 
4X5 parts wanting one part, Viz. 19 parts; which numbers 4 and 5 exceed 3 and 4 
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the Indices of bbb and aaaa ſeverally by Unity. | 
Again, if aaaabbbcc be propoſed, the Indices of aaaa, bbb, and cc, are 4, 3, and 2, 

- which increaſed 8 1 make 5, 4, and 3; theſe multiplied continually produce 
60, which is greater by Unity than 59, the number of Aliquot parts which the propo- 
N ſed Quantity aaaabbbec has. For ſince (for the Reaſon in the laſt preceding Example) 
5 aaaabbbß has 4x5 parts wanting one part, and cc following aaaabbb has (by Obſer- 
vat. 4.) 2x4X5 parts, the propoſed Quantity aaaabhbec has conſequently 3x4x5 parts 
wanting one part, that is, 59 parts; which Numbers 3, 4, and 5 do ſeverally exceed 

the Indices of cc, bbb, and aaaa, by Unity. 3 
Sevent hy, From the preceding OHervat. 6. it follows, that if a Compoſit Number be 
reſolved into any two or more of ſuch of its Factors, the leaſt of which exceeds Unity; 
and if from every one of thoſe Factors Unity be ſubtracted, the Remainders ſhall be 
Indices of ſo many ſeveral Powers expreſſible by different Letters, that being joy ned 
together ( that is, multiplied one into the other) will give a Quantity having a number 
of Aliquot parts leſs by Unity than the Compoſit Number propoſed, As for example, 
8 if 20 be propoſed; foraſmuch as 5 and 4 multiplied one by the other produce 20, 1 
ſubtract 1 from 5 and 4 ſeverally; ſo the Remainders 4 and 3 do ſhew, that if the 
fourth Power of ſome Quantity a, as aaaa, be multiplied into the third Power of ſome 
other Quantity b, as into hb, the Quantity produced, to wit, aaaabbb has 19 Aliquot 
parts, which 19 is leſs by Unity than 20 the Number propoſed. Again, becauſe the 
Product of 10 into 2 does alſo make 20, I ſubtract 1 from 10 and 2 ſeverally, ſo the 
Remainders 9 and 1 do ſhew, that if the ninth Power of ſome Quantity a, as a, be 
multiplied by ſome other different Quantity &, the Quantity produced, to wit, a9, has 
alſo 19 Aliquot parts. Hence it is manifeſt, that often times many Quantities may be 
found out, every one of which ſhall have a given multitude of Aliquot parts, as 

will appear in the next following Section. 


IX. The manner of finding out all ſuch Quantities as ſhall have a 
given Multitude of Aliquot Parts. 5 


. = If the multitude of Aliquot parts deſired be any of the Numbers of the ſecond Co- 

| lumel of the Table in Obſervat. 3. Seck. 8. the Quantity there ſtanding on the left 
hand of that number, and on the ſame Line with it, has the number of parts deſired. 
As if it be deſired to find a Quantity that has 63 Aliquot parts, that Table ſhews that 
abcdef has 63 parts; and therefore if fix prime Numbers, ſuppoſe 2, 3, 5, , 11, 13, 
be taken for the values of thoſe fix Letters a, b, c, d. e, f, the Product made by the 
continual Multiplication of the faid prime Numbers, to wit, 30030, ſhall have 62 
Aliquot parts, and 64 Diviſors. 1 5 i 

But without reſpect to that Table, by the help of the Obſervations in the forego- 

ing Seck. 8. many Quantities for the moſt part, and always one Quantity may eaſily 
be found out, that ſhall have a given Multitude of Aliquot parts, as will be made ma- 
nifeſt by the following Examples. 

Example 1. 


may every one of them have 15 Aliquot parts and 16 Diviſors. . 
I. To the ſaid 15 I add 1 and it make 16, this I divide by 2 and the Quotient is 8, 
which divided by it ſelf gives 1; then from each of the Diviſors 2 and 8 (the Product 
of whoſe Multiplication makes the firſt Dividend 16) I ſubtract 1; 
16|8|T ſo the Remainders 1 and 7 do ſhew, that if ſome letter, as a, be 

2]8| written once, and next after it another different letter þ ſeven 

| times, the Quantity ſo Compoſed, to wir, abbb5bb (or ab? ) ſhall 

have 15 Aliquot parts, and 16 Diviſors, as was defired. 85 

2. Again, I divide the ſaid 16 (to wit, 15 T1) by 2, and the Quotient is 8; this 
divided again by 2 gives 4, which divided again by 2 gives 2, which divided by it ſelf 
gives 1; then from every one of the Diviſors 2, 2, 2, 2, I jubtract 
168 421 1 ; ſo the Remainders 1, 1, 1, 1 do ſhew, that if four different 
dis Quantity ſhall have 


act. 


2222 ſingle Letters be ſet together, as abcd, 
15 Parts and 16 Diviſors, as before, 


— , 2 * 
4 7 * 
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2. Again, 1 divide 16 by 2, and the Quotient is 8; this divided by 2 gives 
which divided by irſelf gives 1; then from every one of the Diviſors "ys 1 fbtra 
x, and the Remainders 1, 1, and 3 do ſhew, that if two different Let - 
ters a and þ be joined together, and next after them a third differ- 16 181401 [| 
ent from each of them (as c) be written thrice, the Quantity ſo 2 FIFIN 
compoſed, to wit, abccc, ſhall have 15 Aliquot Parts, and 16 Div: 4 | 
ſors; . , a he 2 8 3 1 

4. Again, I divide 1 4, and the Quotient is 4; this divided by it ſelf gi k i 
wal Ho each of the Divifors 4. and 4 I bent I, and the K 1 Slves 1: | 
mainders 3 and 3 do ſhew, that if ſome Letter a be written thrice, as 16 FLEE 
aaa, and next after the ſame another Letter different from a (as h) be © Ta} ” 
likewiſe written thrice, the Quantity ſo compoſed, to wit, aaaböb, 44 
or a3h3, ſhall have 15 Aliquot Parts and 16 Diviſors, as before.. 

5. Laſtly, I divide 16 by it {elf and the Quotient is 1; then from 16 I | 
ſubtra& 1, and the Remainder 15 ſhews, that ifſome Letter a be writ- 16 14 | 
ten 15 times, as aaaaanaaanaanaa, or a, this Quantity ſhall have 15 18 — 
Parts and 16 Diviſors, as before. 5 1 , | 

Hence becauſe 16 cannot be divided by any other ways than thoſe five before ex- 
preſs d, we may conclude that the five Quantities found out, and thoſe only, to wit, 
ab? abcd,abc3,a3V3,and aß, have each of them 15 Aliquot Parts and 16 Diviſors. Al] 
which Operations do clearly reſult from Osſervat. 6, and 7. in the precedent Seck. 8. 
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0 5 Example 2. 
Let it be required to find out all ſuch Quantities expreſſible by Letters, which may 
every one of them have 23 Aliquot Parts and 24 Diviſor s. = Pe | 
Firft, as before I add 1 to 23, and it makes 24; this may be divided by its Factors | 
in a ſevenfold manner before the Quotient be Unity, as here you ſee, | 


24|8Jeſ2fn e _a4[4[2[r 

fr 4191905 WEE -: 1 
el „ 
355 8431-- 

Whence I conclude that ſeven different Quantities may be produced, every one of 
which ſhall have 23 Aliquot Parts and 24 Diviſors; now to find out the ſaid Quantities 
I ſubtra&t+ (to wit, Unity) from every one of the Diviſors of the foregoing ſevenfold 
Diviſion, ſo the Diviſors 3, 2, 2,2, of the firſt Diviſion being ſeverally leſſened by Uni- 
ty give 2,1, 1, 1; whence according to the precedent directions in Example 1 of this 
Sect. 9. this Quantity may be compoſed, to wit, aabcd ; and by proceeding in like 
manner with the reſt of the Diviſors ſeven different Quantities, every one of which i 
has 23 Aliquot Parts and 24 Diviſors, are diſcovered, and may be expreſs d either 
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\ aabed ?  Ta*%bd | | 
| aaabbc a3b?c | 
| aaaaabc 5 a5bc | | 
Thus, & aaaaabbb | Or thus, < a5b3 
| aaagaaabb —_ | | a7þz 
aaaaaaaaaaah [ 11 | 
| anagaaanaaaaaanazaanaaa 3 | (az a ! 
Fxample 3. 


Let it be required to find out a Quantity which has 42 Aliquot Parts. 

Firſt, as belbcel add 1-to 42and it makes 4.3, which being a prime Number (that 

is, ſueh as cannot bedivided by any Number but by itſelf or Unity ) does ſhew,that there 

is only one Quantity can be found that has 42 Aliquot Parts, viz, ſome Letter (as a) 
being written 4.2 times one after another, or a ſingle a with its Index 42, as a4, does 
| expreſs a Quantity \ to wit, the forty ſecond Power of a) which has 42 Aliquot Parts, 
; and 43 Diviſors. The like is to be underſtood of other Quantities, when the multi- 
tude of Aliquot Parts defired being increaſed with Unity makes a prime Number. 
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For furthet Uluftrarion of the Premiſes, the Leatner may view the following Table, : 
which ſhews all the various Quantities expreſs/d' by Letters, that have a given multi- 
tude of cn uot Parts not exceeding 50; and upon the grounds before explained he 

Table may be continued as far as mow _—_— 
* Quantities. bay ameY 71016-41420 S1ER hit a9 Auge Parts. 
„% A IG. . 4 „ og. a7 
bas bf offs £6 bag e ee 
CCF Sc. 2 e 
"abs A e eee eee 
46 | ey 5 l . | 75 © 5 EY = |» 
4h, abe a⸗ ee en WO) ee I / 
- ? ach a 1 | ine | 3 * of 
aloe Cs 624 | ORE | 
2 ä abc, ab, 5b, e ee MEIETy 51 = | 
l al „ 9 39 
3 i Ja%b,a'3 „ . 17 
| : gab, a4 | | +7, | oaks i 
ſa he, abed ash, a7, at : 3 
4216 8 {4 Low 
abc, aß be, ab, ar I a 
fat? = 
3 8 ſa abc, 44055 a9, ao . | . 
| | ache 20 85 * * my J's 
Fora oem PR oor 18 e 
| a | 9 | EC poten con, 
ij _ bc © bed, gt, ab, aut, 4 LIEN 
| 3 babe 7 3 TT.. ĩͤ 
la 120. a8 5 TA. 3 EEE 
| 4% 259, 48h, s © k RO a Ss wb TS 
j 4 /c achs, 430 — EEE * 
228 | 
a+h2c,a5b4+,a9b* , 4²⁰ | 
(439 | 5 - 
4 22 la#bcd,a b3*., a"be, abcde, 47h, 7 45 | 
| | | a*h2 ant | 
i 4160, a3? 
| : 4⸗)4, VEL. | | 
I 7, hd whoa . fob, a*bz, a5bs 41h 290, a3 
1 - 7 er fg: | N 
| 418537 
| abe, a5 
il tbcd, a#h*c,AI. 41. a9? 155 4s 
i 
arohc, arohs, 1h, a4: 
J Yo OO. 
a**b. a45 15 
18 a | 
azbꝛcd, bell hie ,a*bcde ihe gnhe,s ic, abs, a 1055 41502, a? 55 47 
46, 148 
+þ4c,a9þ4, a "4b, a49 
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X. . How to find out the ſmalleſt Number that ſhall have a given multitude of 
20 3 10 NT Fes. - SLE Ae 
Firſt, by the foregoing Se@. 9. ſearch out all the Quantities expreſſible by Letters, 
every one of which may have the Number of Aliquot Parts defired ; then to the dif. 
ferent Letters by which every one of thoſe Quantities is expreſs'd,. aſſign the ſmalleſt 

rime Numbers, and find out by continual Multiplication the Products of thoſe prime 
Numbers correſpondent to the faid Quantities. Again, let the values of thoſe Letters 
be expreſs'd by the ſame prime Numbers varied as many ways as is poſſible, and find 
out their reſpective Products, as before. Laſtly, all thoſe Products being compared 
to one another, the leaſt of them ſhall be the ſmalleſt Number that has the preſcribed 
multitude of Aliquot Parts. . I 
Fes, 1. 8 
Let it be required to find the ſmalleſt Number that has 15 Aliquot Parts. 
Firſt, all the different Quantities that can be found to have ſeverally 15 Aliquot 
Parts (as appears by the precedent Sec. 9) are theſe, to wit, abcd, a3bc, a3b3, ab, 
ars; then by aſſigning to a, h, c, d the ſmalleſt prime Numbers 2, 3, 5, 7, for abcd there 
will be found 210, (by multiply ing 2,3, 5, one into the other continually ;) for a3bc 
120, for a3þ3 216, for a7 384, and for a'5 32768; the leaſt of which Products is 120. 
But before we can determine whether 120 be the leaſt Numhep or not that has 15 Ali- 
uot Parts, enquiry muſt be made by exchanging the values of thoſe Letters with the 
aid prime Numbers all manner of ways, viz. we may ſuppoſe a=3, b=2, c=5, and 
d=); or a=5,b=2, cg, and d=7: or again, a =, b=2, cg, d=5.' And many 
otherways the values of a, b, cd may be expreſs d by the ſaid prime Numbers 2, 3,5, ); 
and conſequently from thoſe Variations the Quantities abed, abe, b3b3, ab, aus will 
be expounded by various Numbers, which muſt be compared together, and then the 
leaſt among them all is the Number ſought. So after all Variations are made, it will 
appear that a3bc is that Quantity by which 120, the ſmalleſt Number having 15 
Aliquot Parts and 16 Diviſors, will be found out © 

5 5 Example. 

Again, if the leaſt Number that has 23 Aliquot Parts, ör 24 Diviſors, be deſired. 

Firſt, by Sec. 9. all the Quantities which have ſeverally 23 Parts will be found theſe, 
to wit, a*bcd,a3bbc,a5bc;a5b3,a7b*,a"*b, and a3. Then by aſſuming for the values of 
a, b.c, d the leaſt prime Numbers 2, 3, 5,7: for a*bcd there will be found 420, for ah 
360, for ash 480, for 4503 864, for a7b* 1152, for ah 6 144, and for a*3 8388608. 
And after all other poſſible Variations made with the ſaid Letters and prime Numbers, 
by taking ſometimes one, ſometimes another of the ſaid Numbers for the value of a, 
b, Oc. it will at length appear that a3b*c finds out 360, the leaſt Number that has 
the deſired multitude of 23 Aliquot Parts and 24 Diviſors. | 

If there be not occaſion to find the leaſt, but any Number that has a given multi- 
tude of Aliquot Parts, ſuppoſe 15, then you may indifferently uſe any one of theſe five 
Quantities abcd,a3bc,a3b3,a7b,a"5, by aſſigning to a, b, cd prime Numbers at pleaſure, and 
taking ſometimes one, ſometimes another of thoſe Numbers, or always new prime 
Numbers for the values of a, %, c, d; whence innumerable Numbers may be found our, 
every one of which ſhall have Aliquot Parts. As if we ſuppoſe a=2,b=3,and c=5, 
there will be found for abc 120; but by putting a=3,b=2, and c=5, there will be 
found for as 270. Or alſo by aſſuming a=7,b=11, and;c=13, there will be pro- 
duced for a3bc 49049. Or if we put a=17,b=19, and c=25, then a3bc=2146981. 


„ 


and a'5. The like alſo is to be underſtood of every one of theſe ad. abc, abe, aßbs, 
b, a, and 423, for the finding out innumerable Numbers, which have ſeverally 23 
Aliquot Parts and 24 Diviſors. o Es 
_ Laſtly, to find the leaſt Number that has 42 Parts and 343 Diviſors; foraſmuch as a 
Quantity having this multitude of Parts and Diviſors can be deſigned only iff one 
manner, viz by writing 24; let the leaſt prime Number 2 be taken for the value of a, 
and then ſeek the forty ſecond Power of the Root 2, by writing down 2 forty two times 
ſeparately, and multiplying thoſe Numbers one into another, according to the Rule 
of continual Multiplication, ſo the laſt Product will be 4398046511104, which is the 
leaſt Number that has the ror qr ns: Parts. And fo of others 
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— the Learner may view the following Table, which ſhews the 
e my has any given multitude of I Parts under 5 1. Note, That the 
number of Diviſors to any number is always more by one than its number of Aliquot 
Parts; for albeit a number cannot properly be called a Part of itſelf, yet tis contain- 
ed in it ſelf once, and therefore may be faid to be a Diviſor to itſelf 
Each number in the firlt of theſe Columels is the ſmalleſt that can be found to hays 
ſuch a multitude of Aliquot Parts as is expreſs d in the latter Columel. 
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The Arithmetic both of Surd Numbers and Surd Quantities expreſ#'d 


by Letters. I heConflitution and Invention of ſix Binomials in num- 
bers, agreeable to thoſe expounded in Prop. 49, 50,5 1, 5 2, 5 3.84. 


Elem. 10. Euclid. with Rules to extract the Square Root out of 


every one of them; as alſo what Root you pleaſe out of any Bi- 
nomial in Numbers, having ſuch a Binomial Root as is deſired 


Sect. I. Definitions concerning Surd Roots, and their Fundamental Operations: 


on, or a whole Number with a Fraction annex'd to it, is called Rational - As 1, 


2,3, 4, Cc. alfo 43,4, 47, Cc. and 2+ (or .) 57 (or <5) 20, Oc. are called Ras * 
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tional Numbers; fo alfo 451 1 Fc. repreſent Rational Quantities. 
But vrhen the Square Root, Cubic Root, or any other Root, cannot be perfectiy ex- 


trated out of a Rational Number, that Root is called Irrational or Surd; and becauſe 


it cannot be exactly expreſs d by any Rational Number, it is uſual to ſer ſome Cha 12 — 
(which is called the Radical Sign) before the Rational Number out of which the Root 
ought to be extracted, to deſign or ſignifie the ſame Root: As y/ or V2) prefix d be- 
fore any Rational Number, ſignifies the * Root of that Number; y(3) the Cubic 
Root, (4) the Biquadratic Root, / 5) the Root of the fifth Power, Ec, 
Hence /(12) or (2) 1 2 denotes or repreſents the Square Root of 12, which Root is 
called Irrational or Surd, becauſe it cannot be perfectly N by any Rational Num- 
ber; for 3 multiplied by itſelf produces 9, which is leſs than 12; and 4 multiplied 
by itſelf produces 16, which is greatet than 12: and altho there be innumerable 
mixt Numbers confiſting of 3, and ſome FraQtions which fall between 3 and 4, yet 
none of them multiplied into itſelf quadraricaly can produce the whole Number 12. 
In like manner (3) 5, Which repreſents the Cubic Root of 5, is called an Irrational 
or Surd Number, becauſe no Number can be found, which being multiplied into itſelf 
cubically will produce 5 exactly: ſo alſo Va,ybc,v/(3)bb, c. repreſent Surd Quantities. 


| There are two ſorts of Itrational or Surd Numbers, Simple and compound: a Sim- 


ple Surd Number is expreſs d by one ſingle Term; ſuch are 75, / 10, (3) 16, /(4)8, 
£7c. but a Compound Surd Numbet confiſts of many ſimple or fingle Terms, and is 
formed by the Addition or Subtraction of Simple Terms, ſuch are /5+v 2,vy5=—v 2, 
/8+V6—vV2,V(2):7+v2: which laſt is called an Univerſal Root, and fignihes the 
Cubic Root of the Sum of 7, and the ſquare Root of 2. (See Sec. 28. Chap. I. 
Book 1. concerning the defigning of Surd N RS 
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The Arithmetic of Surd Numbers, and Surd Quantities deſign'd by Letters, de- — 


© pends chiefly upon theſe fix primary or fundamental Operations in Simple Surds, viz. 


1. The Reduction of Rational Numbers and Rational Quantities expreſs'd by Let» 


ters, to the form of Surd Roots, which ſhall have a given Radical Sign. : 
2. The Reduction of Simple Surd Roots having different Radical Signs, to otherSurds 


which ſhall have one common Radical Sign, and be equal in value to the given Surds. 


3. Multiplication in Simple Surds. | 
4. Divigon-in Simple Sur. 
F. The Reduction of a given Surd Number or Quantity to another more fimple, 
„%% ũ᷑ꝶ᷑ i — 
6. How to diſcover whether two Simple Surd Numbers or Quantities be Commen- 
Faun or not, viz. whether their Neaſon or Proportion can be expreſsd by Rational 
Numbers ox Quantities, or not. Theſe fix Operations I ſhall handle if order. 
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Very Abſolute (or Ordinary) Number, whether it be a whole Number or a Fra&ti- 
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Seck. II. Ham to reduce Rational Numbers and Quantities defigned by Letters to 


, the form of Surd Roots, which ſhall bave the ſame Radical Sign with any Surd 
FS me ro po 6 
\.. Multiply, the given Rational Number or Quantity into itſelf, ſo often as is requ fa 
ſite to produce a Power of the {ame degree with that Power which is denoted by the 
Radical Sign of the preſcribed Surd, and then ſer the faid Radical Sign before the 
As to reduce 6 to the form of a. ur Root which ſhall have the ſame Radical Sign 
with 12 (or V(2)12,) J multiply 6 into it ſelf quadraticaly, and it makes 36; then 
536 (that is, 6) and 12 have the fame Radical Sign, to wit, / or V(3). 
Again, to reduce 5 to the ſame Radical Sign with Y(3)12,' I multiply 5. into itſelf 
cubically, (vix. 5 into 5, and the Product into 5) and it produces 125; then y (23. 
125 (that is, 5) and (3) 12 have the ſame Radical Sign, to wit Y(3). 
Likewiſe to reduce 3 to the ſame Radical Sign with V(4)12, I ſeek the fourth Power 
of 3, which (by multiplying the Square of 3 into itſelf) will be found 81; then 
v(4.)81 and V(4)12 are of the ſame kind. And ſo of others. e e 
By the help of this Rule, when the Radical Sign of a Simple Surd Fraction has refer. 
ence only to one of its Terms, we may reduce the Fraction to another, whoſe Radical 
Sign ſhall refer both to the Numerator and Denominator: As if - be propoſed, which 


then that Fraction will be reduced to this Y, whoſe Radical Sign refers as well to 
the Denominator as the Numerator, viz. Y fignifies that y/2 is divided by 725. 


' 


Namerator inſtead of 5, and the Radical Sign v(3) againſt the middle of the Fracti- 
on; ſo that /(3)*+ (which fignifies that V(3)125 is divided by y(3)4) imports as 
much as 7 55, that is, 5 divided by V (3) 091 372510908 1.2) 1 (21) : = 
ents Tree vo vd Dab3oi y og] IC TORTS all, AO 1 CIO3C3 ITE 
l Nor will the Operation be otherwiſe; in reducing 


EEO 1430-03 44.3 
| | n; be other x ational Quantities deſigned by 
Letters to the form of Surd Quantities z (reſpedt being had to the Rules of Algebrai- 
cal Multiplication before delivered.) As to reduce the Quantity a, ſo as it may have 
the ſame Radical Sign with V, I multiply a into itſelf quadraticaly, and it makes 
aa; then yaa (that is, a) and vb. have the ſame Radical'Sign. - i '"( / 
Again, to reduce a to the ſame Radical Sign with bc, I ſquare:a+b, and it 


1 


akes aa 2b Hb; then v:aa-+ 2ab+bb:/ (that is, a and be have the fame 


Likewiſe-ro reduce hᷣ to the fame Radical Sign with (3) ab, I multiply & into itſelf 
cubically, and ir makes %; then y ( 3)bbb (thar is, b) and (3)ab have the ſame Ra · 


dical Sign, to wit, /- 39 l 


Hence alſo j may be reduced to VE, and dd 29 65 * 
. e S 10-0007 eier eee 0: 3 
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Sect. III. How to reduce two ſimple Surd Numbers or. having different 
Ry 5 e An enn | 129484 6s $2.4 Bot. th ER 
HKadlical Signs, to two others that may hape d common Radical Sign. 
This Reduction is like that of reducing Vulgar Fractions to a common Denomina- 
tor; but how 'tis wrought I ſhall ſhew. by Examples, firſt in Surd Numbers, and 
then in Surd Quantities expreſs d by Letters. CC 
Let it be required to reduce V(4.)10 and V(6)7 into two other Roots that may 
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Quantities 


s 


- 


F.-Y ( 


have 4 common Radical Sign, and be equal in value to thoſe given. 
Firſt, divide the given Indices (4) and (6) by their greateſt common Diviſor (2), and 
tet the Quotients (2) and (3) under their reſpecłiv 
(a2) ) v(4)io No vC6)7: ividends as here you ſe; then multiply croſs- wife. 
: or C2) © fr Ninn )] wn om the firſt Dividend or Index (40. by the ſecon 
| V(12)Ioo0 Y(12)49 Quotient (3), (or the ſecond Dividend (6 7 1 
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* 3 


by 4, 
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which is to be reſerved for ie common radical Siga ſought. Fhen multiply the Powers 
ot the given Roots according to the altern Quotients, viz. multiply the firſt Power 10 

cubicaliy,;þecante the ſerond Quotient is (3) 3 and the latter Power 7 quadraticaly, 

1 becanſe the firſt Quotient is (2): ſo the Products will be 100 and 49, before each f 
which prefixing (12) the common Radical Sign before found, there ariſe /(12)1000 
and (12349, the two Surd Roots ſought, which are equal in value to the given Surds 


oy * — — — — — 6 — — 
..... . ——— 


and the Surds found out have a common Ra ign, as was required. 25 | 
Fein Tady cy | 3 Bir eh D690. een WB ene en ä Fi 
af of Hig „ At: 0! : 91s ne ac 39 Honky i 01 10 1 
In like manner (25 and /(3)6 will be reduced to V6) 125 and Y(6)36; and the 'q 
Work will ſtand as here you ſee underneatu. e ary | | 
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Again, if 7 and —2— be propoſed to be reduced to a common Radical Sign, 


hob © +4 .1NS V(2)4 Ls 
firſt by the Rule in the preceding Seck. 2. I reduce them to 2. (or V(2)Z) and / 3 | 
| which according to the Rule in the firſt Example of this Section will be reduced to bl 


theſe, to wit, Y) and V(6)73+, and the Work will ſtand as here you ſee. 
0 8 3 RR {od 
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The like Work is to be done in red ucing two Surd Quantities ex preſod by Letters, 
which have different Radical Signs, to two others which ſhall have a common Radi- 
cal Sign, as will appear. in the following Examples. 3 


n 


- x4 . "a. n 
— . A x25, > * 
Ctr bon So ng nn 
* > — 
i Eo! 22 
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. Suppoſe it be defired to reduce V(2)a and VE) aa toa common Radical Sign. 

Firſt, Idivide the given Indices (2) and (6) ſeverally by their greateſt common Di- 

viſor (2) and ſet the Quotient (1) and (3) un- Fi is 
der their reſpective Dividends, as here you ſee; (2) ) 2) a b 4 V(6)aa 

then I multiply croſs-wiſe, viz. the firſt Divi- (1): (3) 

dend (2) by the ſecond Quotient (3), or the V) aa Y(6)aa 
latter Dividend (6) by the firſt Quotient (1), - ʒ, BAS 

and the Product is (6); before which ſetting / it gives /(6) for the common Radi- 
cal Sign ſought Then I multiply the Powers of the given Roots according to the 
alternate Quotients, viz, the firſt Power a cubically, becauſe the latter Quotient is (3), 
but the ſecond Power aa, becauſe the firſt Quotient (1) is a lateral Index, is not to be 
multiplied into itſelf at all. So the Products are aaa and aa, before each of which 
prefixing v6), (the common Radical Sign before found) there ariſe /(6 )aaa and 
aa the two Surd Roots ſought; which are equal in value to the given Surds re- 
ſpectively, vix. V(6 )aaa is equal to /(2)a, and V(6)aa is equal to Y(6)az; and the 
Surd Roots found out have a common Radical Sign, to wit, /(6). Therefore that 


» 


is done which was required. 


Example $ 


After the ſame manner Y(4) 3b and V(10)5ac will be reduced to V(20)243bbbbb 
and y(20/25aacc, and the Work will ſtand as here you ſee. | 


(2) ) V(a)3b Ne vOo)5as 
ECO: ile ak (81 
V.20) 243 b (20)25aace 
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Before Addition and SubtraQtion can be performed in Surd Quantities, the manner 
of their Multiplication and Diviſion muſt aſt 8 I ſhall therefore begin with 
Multiplication, which requires that the Surd Roots propoſed to be multiplied be of 
the ſame kind; and therefore if they be of different kinds, they muſt firſt of all be 
reduced to the ſame radical Sign, (by the Rule in the foregoing Sec. 3.) Then, 
I. Multiply the Numbers or Quantities ſtanding next after their common radical 
Sign one into another, without any regard had to the ſaid Sign; and to the Product 
of that Multiplication prefix the common radical Sign: ſo this new Root ſhall be the 
Product ſought. 


As for Example, to multiply Y by . 3, I multiply 5 by 3 and it makes 1 5; to 


which I prefix /, (the radical Sign of each of the Surds given to be multiplied) and 
then ariſes / 15 for the Product ſou hglt. e 
Likewiſe if 6 be multiplied by v5 it produces Y30. 
Alſo 4 multiplied by V4 makes 77. 
And V2 (or V+) into v 24+ (or V4) gives VS. 
Again, Y/(3)4 multiplied by Y(3)5 produces v3 )20. 
et, be i into V(4.)2 produces Y{(4)5. „ 
And if y? 2)5 be to be multiplied into V(3)6, . the Product will be /(6)4500; for, 
_ firſt, the given Roots being of different Kinds are reduced to theſe, towit,'/(6)125 and 
 V(6)36, which multiplied one into another make /(6)4500. OO © | 
After the ſame manner Multiplication in ſimple Surd Quantities expreſs by Letters 
is performed: as if Va be to be multiplied by V, the Product will yah. . For (ac- 
cording to the Rule of Algebraical Multiplication) the quantity a multiplied by the 
uantity b produces ab, to which I prefix the given radical Sign y, and it gives yab 
p ETD N 
Likewiſe yab into Vcd produces Vabcdd. 


Again, to multiply V(2)d by Y/(3)ab, firſt, {by the Rule in the foregoing Se8. 3.) 
I reduce them to V(6)ddd and (Ga, which multiplied one into another give 
v(6)dddaabb for the Product required. | EE 
2. When any Surd Root is. to be multiplied into it ſelf according to the Index of its 
own Power, viz. if a Surd ſquare Root be to be ſquared, or a Surd cubic Root to be cu- 
bed, caſt away the radical Sign, and take the number or quantity remaining for the Pro- 
duct ſought, which in this caſe is always rational: as to multiply V. into it ſelf I caſt 
away the radical Sign v, and take 5 for the Product or 8quare of 5, (or 5 into vg 
makes y 25, that is, 5.) Likewiſe the Square of 8 is 8, and the Square of V4 is 4 3 
In like manner to multiply V(3)5 into it ſelf cubically, I take 5 for the ; ProduR, 
to wit, the Cube of /(3)5 : for * (3)5 into /(3)5 makes Y(3 )25, and this again into 
v (3)5 produces V(3)125, that is, 5. 1 eee 5 LEY. 
Again, V(4)12 multiplied into itſelf biquadraticaly produces 12; for V(4)12 
into V(4)12 makes Y(4)144, (which is the Square of V(4)12;) then v 40144 
again into 9/4) 12 makes (4) 1728, (which is the Cube of 04012.) Laſtly, 
401728 again into (4) 12 produces Y 4) 20736, that is 12, which is the fourth 
Power of /(4) 1 2 the Root propoſ een. LE 
The like is to be done in Surd ge expreſs d by Letters; as if Vab be to be 
multiplied into itſelf, or ſquared, I caſt away the radieal Sign, and write ab for the | 
Product or Square of Yab. Likewiſe if (3)bcd be to be multiplied into itſelf cubi- 
cally, the Product or Cube thereof will be bcd. | | 
3. When aSurd Quantity is given to be multiplied by a Rational Quantity, reduce the 
Rational into the form of a Surd of the ſame kind with the given Surd. (by rhe forego- 
ing Rule in Se. 2.) and then multiply according to the firſt Rule of this fourth Secti- 
on; as to many v8 by 2, Ifirſt reduce 2 to v4, then 9/8 into V4 gives 32, the Pro- 
duct defired. Likewiſe J) multiplied by 5, that is, by v 25, gives the Product 175. 
Again, if /(3)6 be to be multiplied by 2, I reduce 2 to Y/(3)8, (by multiplying 
2 into it {elf cubically;) then /(3)6 multiplied by /(3)8, gives V(3)48 for the Pro- 
duct deſiret. | ä N Like- 
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CHAP. 9. The Arithmetic of Surd Quantities. 


Product ſought. FD SO 5 
After the ſame manner to multiply the Surd quantity Va by the Rational quantity þ 
I firſt reduce h to V, then Va into V, makes Vabb the Product ſought. Lie 
wiſe /(3 )a into ù makes y(3)abbb,, (b being firſt reduced to y(3)bbb:) | 
Again v3 into 4a gives the Product v 48aa. | | 
4. But when a Surd quantity is given to be multiplied by a Rational quantity, it will 
oftentimes be very convenient to omit their Multiplication, and only to connect 
them ſo as that the Rational quantity may ſtand on the left hand of the given Surd, to 
ſignifie the Product of their Multiplication; as to „1 v8 by 2, I write 28 for 
the Product, which ſignifies twice the ſquare Root of 8. Likewiſe 2003 repreſents the 
Product of the Multiplication of 3 by 20, vix. itimportsy 3 to be taken 20 times.which 
amounts to as muchas v 1200, found out by the preceding third Rule of this Section. 
Again, / fignifies the Product of V) multiplied by 2, (or £ by 7;) and 2/7 de- 
notes the Product of 4 multiplied into V, (or V+ into +; ) alſo 4 into 20% makes 
8003, that is, 20v3 taken four times. Likewiſe 2V(3)6, fignifies twice the Cubic 
Root of 6, and is of equal value with V(3)48. Likewiſe (3,80 denotes the Pro- 
duct of the Cubic Root of 8e multiplied by 3, or + of /(3)80, which is equivalent to 
Y G Dee; and 3v(3)5 multiplied by 6 makes 18v(3)5, that is, /(3)29160., _ 
The like may be done in Surd quantities expreſt by Letters; as if Va be to be multi- 
plied by b, I write a to ſignifie the Product; allo 5 into Ma makes 50a; and c into 


Ma gives the Product cha; likewiſe 4a into v 3 makes 4av3. 
Again, if ab be to be multiplied by h- d, the Product may be expreſt thus, 
dx Val, or thus, b—dyab. „„ = 

Alfo if V 7 be to be multiplied by d, the Product may be expreſt thus, dy(3 2ab 


and V(3)a into b, makes b/(3)a, which is equivalent to V(3)abb. 


5. When two Rational quantities, whether they be equal or unequal, are multiplied © — 


ſeverally into one common Surd Square Rot, according to the method in the preceding 
fourth Rule, and it is deſired to multiply thoſe Products one into the other, (which 
Products are called Commenſurable Quantities, for the reaſon hereafter given in Se8. 7.) 
multiply the Rational by the Rational, and that which is produced multiply by the 
ſaid common Surd, omitting its Radical Sign; ſo the laſt Product is that which is 
ſought, and will be intirely Rational. F 
A As for example, to 3 305 by 27/5 I multiply 3 by 2, and the Product by 5, 
ſo it makes 30, which is the Product of 35 multiplied by 2/5, (or of Y 45 into v 20.) 
Likewiſe 2/3 multiplied by 2/3, (viz. the ſquare of 27/3) makes 12; and 20% 
into 87/3 makes 480, (by multiplying 20, 8, and 3, one into another continually ;) 
again, 3/12 into 5/12 produces 160. N 8 
After the ſame manner to multiply avc by e, I multiply a by h, and the Product 
ab by c; ſo there ariſes abc for the Product ſought. The Reaſon of this Rule is evi- 
dent, for Vaac, (that is, ayc) multiplied into vbbc, (that is, Me) makes V aabbce, 
(that is, abc,) as before. | 3 „ „ 
In like manner 5% into 5% produces 25, to wit, the Square of 5b and 2478 
into a/b gives the Product Ioaa. Allo 012d multiplied by 4ay 12d produces 
1 60aad. — | 5 2 1 : Si 5 | =: — e 
But here is to be noted, that this fifth Ruleof Multiplication takes place only when 
the common Surd Root into which Rational Numbers are e is a Surd ſquare 
Root; ſo that if 40/3) 5 be to be multiplied by 2/(3)5, the faid fifth Rule will be 
ineffective, and the Product is to be found out by the following fixth Rule. 
6. When two Rational Quantities, whether they be equal or unequal, are multiplied 
into two unequal Surd Roots of the ſame kind, or into one common Surd above the qua- 
dratic kind, according to the Method in the foregoing fourth Rule of this Se and 
it is defir'd to multiply thoſe Products one into another, multiply the Rational by 
the Rational and the Surd by the Surd, and joyn theſe Products together, ſo as the 
Rational Product may ſtand on the left hand; then thoſe 2 Products ſo connected 
ſhall be the Product fought. _ En TS 4, wr Tong 
As for Example, to multiply 378 by 27/3 1 multiply 5 by 2, and the Product is 10; 
alſo 78 into 73 makes 74; then thoſe 2 _ cn makeToy 24, 25 00 


* 
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ths 


240) the Product ſought. In like manner 28 into 2v 3 makes 4y 24, that is, 384. 
Again, 20% multiplied by 18v 3 produces 3600 15; and 8727 into 2/3 makes 
16/81, that is, 144; alſo 5/3) 4 into 3V(3)5 produces 15/3) 20, that is, 
0 ap, z0Jikewiſe 4V(3)5 into 2V(3)5 makes 8/3025 and 3v(4)5 into 
4 - makes 6 3 5 15 n * 
Alfter the fame manner to multiply avbc into gVad, firſt I multiply a by g, and it 
makes ag; then ybc into Yad produces v bcad. Laſtly, ag into v bcad gives agy bcad, 


the Product ſought. 


ultiplied by 307 be produces EcVabbe; and 2a into 2 b makes 


Likewiſe 2vab m 
4vab. 18 85 N ot 
Alſo , multiplied by —Vae, gives the Product alyacddd; and by(3 )ddinto 


(3) F makes bcv(3)ddf ; again, av(3)c into by(3)c makes aby(3)cc. XN 
7. When a ſimple Surd Quantity whoſe Radical Sign has for its Index ſome even 
Number greater than 2 is to be ſquared, prefix a Radical Sign whole Index is half the 
given Index, before the Power of the given Surd; ſo ſhall this new Surd be the ſquare 
of that given. As if /(4)s be to be ſquared or 5 1 85 8 into it ſelf, takey(2)5 or 
v5, for the Square or Product ſought. Likewiſe the Square of /(6)10 is V(3)10, 
and (8) 10 into /(8)10 makes V(4) 10 OO . 
Alfter the ſame manner to multiply Y/(4)bc into itſelf 1 I write /(2)bc 
or Vbc for the Product or Square of y(4)bc. Likewiſe the Square of / 8) lobe is 
VA) robe, and MIO) a into V(10)a makes Y(5)a. Moreover, 2aby(4)d into 
3y(4)d makes 6abvd; for 2ab into 3 makes 6ab and y(4)d being ſquared makes 
 V(a) rye. © 7 Go EN RY 
; * when a ſimple Surd Quantity, whoſe Radical ſign has for its Index ſome Ter- 
nary Number greater than 3, as 6, 9, c. is to be multiplied into itſelf cubically, 
prefix a Radical Sign with an Index that may be a third part of the given Index be- 
| fore the Power of the given Surd Root, ſo ſhall this new Surd be the Cube of that gi- 
ven; as if /(6)64 be to be multiplied into itſelf cubically, then /(2)64 or V4 ſhall 
be the Cube ſought. Likewiſe the Cube of (9)512 is V5 i. 


More Examples toexcerciſe the precedent Rules of Multiplication in 
S. timple Surd Numbers. EY 2 


er gre be Des e ee 

Con ont We Go) ee or I os ob ol WS =: 

Product vio | WY | T4) that -. 
„ 


Mlultipy v32 Multiply theſe three continually, & y(3)50 
„„ % OR ne ade 4, 
„% ne VVV 

M.ultiply /27 0 
5 TEE BN 7 0 


1 


CTR, NT ONS 
Product 7972 - es 
roduct 6y27 or 972 _. 12V(3)5 or 30/8640 
2 3 | EA | . 1 r 1 US 
TTT PET TS (Wh „ 7 
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re Examples to Exerciſe. the precedent Rules of Multiplication in 


Simple Surd Quantities expreſt by Letters. 


Multiply /122 


| 1 1 
a til 4 34 5 THIF SI Bows Vac 


Product VVãGaa or Ga 


n. ” 


= aaa or 207 2 


The certainty of the firſt Rule of this fourth Section, (upon which all the reſt de- 


AT T_T. 1 VEhaa , } 
Yr ee, FAB] (tram 1 

= Product . 3 5 Cf PT. 9 | « 6 „ V(6)a7 in 
Multiply 27 Mulciply theſe three continually, 75 * k 
e aa 15 | 
Product 27a a 1 
. en 8 — | . 1 
Multiply 306 55 0 

- Product 2v236bc or / 126bc F. D of VJ Y | 
Multiply 3avs5 - 908 | Jay be | | 
by 2 „** i 
Product 3oab © r „ #1 
CONDO One ITY Tr OP wo " 3 - _ a 
- Multiply 5vab 35 | 7 vd. i 
by 3/4 Ie oF — * bi 
TG.» br | 2. 14 
Product ISV ase bab 30 e 6 
; | 2 EL 1 R ' 


pend) for the Multiplication of two ſimple Surd Numbers of the fame kind, may be de- 
monſtrated in manner following: Firſt, let there be two ſquare Roots given to be mul- 
tiplied, ſuppoſe 5 and V3, then (by the ſaid Rule) the Product oftheir Multiplicati- 


eine — Ha w— Is 22 — 
— — — —EUñ—w4—ẽ — 
1 — 
e — 


By the Definition of Multiplication 


Demonſtration. 


. on is Y15; now we mult prove that 15 is the true Product of y 5 multiplied by Y. 


o 


_ theſe are Proportionals, viz. . . 5 e x Product. 

Therefore their Squares ſnall be alſo ß 1 El. 

Proportionals, (per 22 Prop. 6 1. 55 :᷑ 2 4 quare of the 
Elem Euclid.) viz. i © Product. 

But theſe are Proportionals, (per 19 3 

Prop 7 Elem. Euclid ) 8 5 FVV. 15 


Therefore from the two laſt Analogies 15 is equal to the Square of the Product, 
; and conſequently V 15 is the Product of /5 into 3 ; which was to be proved. 

_ Likewiſe: in Cubic, Roots, if /(3)5 be to be multiplied by /(3)4, the Product 
(by the a n For, ES e 
By che Definition of Multiplication? e 6111715 
25 " heſs are Proportionals, v2Z.. . 5 3 V(3)5 23 V(3)4 : Product. 
Therefore their Cubes are alſo Pro- —— e ee 

Product. 


portionals (per Prop. 37. Elem, > 1 . 
But as o A TEES ty 3 4 1 


2 
D d 2 There 
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ded by 5, (that is, by /(4)625) gives the Quotient Y(4)8. - 
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Err 


Root of 20, to wit, 
was to be proved. e ard Yeats SAN? 

Moreover, (becauſe (by Seck. 11. Chap. 5.) if four Numbers be Proportionals, their 
fourth Powers, fifth Powers, &c. are alſo Proportionals, this Demonſtration may be 
extended to prove the certainty of the ſaid Rule tor multiplying any two. ſimple Surd 


(3 )zo, is the Product of * (305 multiplied by /(3)4; which 


Numbersof the ſame Kinde. Pn 


* * , et p * 
. — 1 — _— 4. *s 2 2 FY 


— — _— 


Sect. V. Diviſion in ſimple Surd Quantities. * 


As before in Multiplication, ſo here in Divifion, if the given Surd Roots, to wit, 
the Dividend and Diviſor be not of the fame kind, they muſt be reduced to a com- 


mon Radical Sign by the preceding Sec. 3. Then, 


1. Divide the Number or Quantity following the Radical Sign of the Dividend, 


by the Number or Quantity following the ſame Radical Sign of the Diviſor, with- 


out any regard to the Sign, and to the Quotient prefix the ſaid common Radical 
Sign; ſo this new Root ſhall be the Quotient ſought. e 
As for Example, to divide YI5 by 3, I divide 15 by 3, and there ariſes 5, before 


which I prefix y, (the Radical Sign common to the given Surds) fo V5 is the Quo- 


tient ſought. = 
Likewiſe if 30 by divided by V5, the Quotient 7/6. 
Alſo y divided by V gives the Quotient c. 
And 7/5, or V, divided by, on/, gives the Quotient: 


Again, (3) 20 divided by Y(3)5, gives the Quotient Y(3)4; for 20 divided by 5 
gives 4, before which ſetting (3) the Radical Sign belonging to each of the given 


Surds, there ariſes /(3)4 for the Quotient ſought. | 

Likewiſe V(4)s5 divided by V4), gives the Quotient /(4)2. 

Moreover, if /(6)4500 be given to be divided by /(2)5, the Quotient will be 
V(3)6 ; for firſt; the given Roots being of different kinds are reduced to theſe, to wit, 


5 6045 X and V(6)125 ; then by dividing Y(5)4500 by Y(6)125 there ariſes 


y{6)36, whoſe ſquare Root being extracted, (becauſe 36 is a ſquare Number, and the 
Index (6) an even Number) it gives /(3 )s for the Quotient ſought. | 
After the ſame manner Diviſion is performed in ſimple Surd Quantities expreſt by 


Letters. As to divide ab by Va, I divide ab by a and there ariſes b, then ſetting V 


before ö it gives b for the Quotient ſought, to wit, the Quotient that ariſes by divi- 


ding Vab Va. : e 
Alſo yb divided by Va gives the Quotient 12 


a 


Likewiſe Yabcd divided by ah gives the Quotient vcd. 


 Alfo y 3aad qivided by y = gives the Quotient = 
TIRE i 6 2 | | 
Again, to divide /(6)dddazabb by Y(3)ab, I firſt reduce them to V(6)dddaabb, and 


'v/(6)aabb, then I divide y(6)dddaabb by Y(6)aabb, and there ariſes /(6)ddd, that 


is, V(2)d for the Quotient ſought. 


2, When a Rational Number or Quantity is to be divided by its ſquare Root, that 
Root is the Quotient; as if 5 be divided by its ſquare Root, to wit, by 5, the Quo- 


tient will be V5. Alſo 8 divided by /8 gives v8 for the Quotient. 

In like manner if the Quantity bc be divided by its ſquare Root, to wit, by ybc, the 
Quotient will be Vc. And 5a divided by 52 gives the Quotient v/ 59. 

3. When a Surd number or quantity is to be divided by a Rational number or quanti- 


ty, or a rational number or quantity by a Surd, reduce the rational into the form ofa. 


Surd, (by Sect. 2. of this Chap.) and then divide according to the firſt rule of this Sec. 5. 
As to divide 32 by 2, I firſt reduce 2 to V4; then by dividing /32 by V4 there 
ariſes 8 for the Quotient. SE SOIT: 2 


Likewiſe 175 divided by 5, that is 25, gives rhe Quotient x. 


Alſo 12, that is / 144, divided by y/ 3, gives the Quotient 748. 3 
Again, if V(3)48 be to be divided by 2, I firſt reduce 2 toy(3)8, then by dividing 
V(3)48 by V(3)8 there ariſes /(3)s for the Quotient ſought. Alſo y(4)5 000 divi- 


Therefore 20 is N r to the Cube of the Product, and conſequently the Cubic 


3 


After 


U 


© 


' Likewiſe to divide the Rational Quantity 


by Y(3)12 gives the Quotient 1 
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1 „ 


and then by dividing /ab by bb, there ariſes Va the Quotient ſought. Again, 


; ded by b, thatis by V( 3)bbb, gives the Quotient V(3J)e, - oo (344000 _ 


be 
| a 


aaa 


VG) then I divide V(3)** by (3 )bbce, and there ariſes VG) = or 


bc 
aaa 


e the Quotient ſought. 


4 When the Product of a Rational Number or Quantity multiplied into a Surd 
Number or Quantity is to be divided by the ſame Surd, the Quotient will be the 
ſaid multiplying Rational Number. r, Quautiry. As 543 divided by v3 gives the 


Quotient 53 alſo 20 V(3)4, gives the Quotient 20. 


In like manner 5a divided by Yb gives the Quotient 5a; and 45% 3) 12 divided 


5. When the Dividend and Diviſor are the Products of two Rational Numbers or 


Quantities multiplied ſeverally into one common Surd, according to the fourth Rule 


of Multiplication in Seck. 4. (which ProduCtsare called Commenſurable Surd Roots, 
as hereafter will appear in Sed. 7. of this Chap.) divide the Rational. part of the Di- 
vidend by the Rational part of the Diviſor, and that which ariſes ſhall be the Quo- 
tient ſought. As for Example, to divide 60/3 by 2/3, Idivide 6 by 2, and there ari- 


ſes 3 the Quotient ſought ; (for 27/3 multiplied by 3 produces 6y 3. ) 


Again, 5% divided by 2/6 gives the Quotient £ or 22. | 

Alſo 2/6 divided by 5/6 gives the Quotient 3, and 2/5 divided by 25 gives the 
Quotient 1. e | 55 5 1 
So alſo 8Y(3)7 divided by 4Y(3)7 gives the Quotient 2; and 3Y/(4)5 divided by 
av(4)5 gives + for the Quotient. 3 3 8 . 

In like manner to divide 4a 7 by 2/7, I divide 4a by 2a, and there ariſes 2 the 
Quotient ſought; (for 2ay7 into 2 produces 447: alſo 3b divided by 5/5 gives 
the Quotient +, and 2 diwided by 2% gives the Quotient 1. . : 
Again, 5av 36 divided by 3av 36 gives the Quotient . 

And 7aby(3 )dd divided by 3bv( 3 dd gives the Quotient 74. 


6. When the Dividend and Diviſor are the Products of two Rational Numbers or 


Quantities multiplied into two unequal Surd Numbers or Quantities, according to the 


fourth Rule of Multiplication in the preceding Sect. 4. (which Products are called In- 
commenſurable Surd Roots, as hereafter will appear; ) divide the Rational part of 


the Dividend by the Rational part of the Diviſor, and the Surd part by the Surd parr, 
then connect the Quorients ſo as the Rational Quotient may ſtand on the left hand, 
and this new Quantity ſhall be the Quotient ſought. 

As for Example, if 3/15 be to be divided by 2/5, firſt I divide 4 by 2, and there 


ariſes 2; alſo I divide 15 by 5, and there ariſes V3 : then thoſe two Quotients 


Joyned together make 2/3 (or V12) the Quotient fought. 
In like manner 4/12 divided by 3/2 gives the Quotient 4/6; for 4 divided by 3 
(to wit, the Rational by the Rational) gives &; and 7/12 divided by 2, (to wit, 
the Surd by the Surd) gives 6 : then by joy ning together thoſe two Quotients there 
ariſes 2/6, or 1:46, (or 2+) for the Quotient ſought. . 
Again, 2v7 divided by 3y 5 gives the Quotient 4; and 2y 3 divided by 2/5 gives 


the Quotient 1v4+ or 7. 


Likewiſe to divide 4V{3 )64 by 27(3;)8, I divide 4 by 2, and it gives 2: alſo 


(3 )64. divided by Y(3)8 gives V(3)8, then thoſe two Quotients joyned together 


make 2V(3 )8, that is 4, the Quotient ſought. Moreover, 5/(3) 20 divided by 3Y(3)4. 


gives the Quotient . . a ; 
After the ſame manner 4avfb divided by 2ayf gives the Quotient 2vb , for 4a 


divided by 2a gives 2, and /b divided by / gives b ; then connecting thoſe two 


Quotients there ariſes 27/5 for the Quotient ſought. 
So alſo 6abycd divided by Ef gives the Quotient by 


C 


7 


* 


Afier the fame manner to divide the quantity Vabb by 4, I firſt reduce þ to 755, 


by /(3)bbee, T firſt reduce © to 
* 


. 5 | And 


2 
— -- —— — 5 * 
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Aa av( 3 Je divided by 1 0 3 Jad, gives the quoten: 0 


The Demonſtration. of the aforeſaid firſt Rule of Diviton ( hich is ; the riſtof all 
the reſt.) may be formed like that of Multiplication in the preceding Se“. 4.if there 
be laid as.a ground-work this Analogy, viz. As the Diviſor is to 1 (or Unity) ſo 
is the Dividend to the Quotient. But waving the Demonſtration, I ſhall give more 
Examples of Diviſion in __ Surds, both in FR and Quantities expreſt by 


Letters, - 
More Examples to exerciſe Divifess in f imple Surd Number gt: ; 
Dividend /117 V(3)167 or V(3)52 V. 40256 . 
Diriſr 6 ) 01 JC) [( 4015 f 
Quotient vis 7 . ot * 3); 555 45 | 
5 Dividend V(12)6125 VaaWi2; 15 V(6)8192 = 
Diviſor v(4)5 that i, V(12)125.. _ V(2)8 8 
Quotien n.. v(12)49 or N ον * (304 
Dividend TL 578 | 1 16783025 = 
— ̃7 u. ̃ĩ˙ EE - 23925 
Quotient 12 ' oy, 246 
Dividend v 245 = | | „65023328 SE | 
Diviſor 37 | ; 6 : 
Quotient /20 Ve 12  V(5)3 
Dividend 20014 Wis +  5(3)3 | 
Diviſor 27/14 7 
Quotient 10 FC 
8 Dividend I5V18 | 37 8 bg 6V(2)24. : 
, Divi 36. = 6 9304 
Quotient 53 | 7 + We 
More Examples to Exerciſe Divifon : in fi imple Surd Quantities 
expreſt by Letters, 
Dividend v15hc | V(2)ahbdtl © | © Via i 
Diviſor v3a BE Ay. V(gNzan __ 
Quotienty5 3 | 0 3 Add or d 96 6 or 2 
: | Dividend 7 (6)67 5aagaabbbbb V(6)675a5bs 5 
Diviſor SN Z — that is Lc 
Quotient 5 .. +» « YV(6)25aabborv(3)5ab © 
__ Dividend 7 3 TT hed (or V Brbbccds) NE 7 
Diviſor 4ab (ot / 16aabb) V ⁊qbed — 
Quotient v5ab  Vabcdddl fe 
333 by 47 eue, a EIT 8 
ECC „ rn 
FI og n ST. F725 208 Y 1 * PF s | - 


Quotient VV en 
a Diri- 
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. . — 
Dividend 12vdc N 47037 

Diviſor 3 de 12 = „„ a 
F 8 | nn” 

9 3 3 

Dividend 2bcvd | ä ban (j ODU! 
Diviſor cya e | „ 
Quotient 20 - 27 1 | VNV 


Note, By the help of Diviſors Surd Quantities may oftentimes be reduced into o- 


thers more fimple,which being a very uſeful Work I ſhall explain it in the next Section. 


— 


Sect. VI. ow to reduce a Surd Quantity to another more ſimple, 
when it may be done. 5 


When the Power of a Sued Quantity, the Radical Sign being omitted, can be divided 
juſt without any Remainder, by a Power which has a Rational Root of the ſame kind 
with that which 1s denoted by the ſaid Radical Sign; then divide the Surd Quantity 

ropoſed by that Rational Root, and prefix this Root before the Quotient; ſo you 
Jars a new Surd Quantity equal to that propoſed, and in more ſimple Terms. 

As if 63 be propoſed, becauſe 63 may be divided by the ſquare Number 9 with- 
out any Remainder, I divide y63 by /, (that is, by 3) and it gives the Quotient 
V7, before which I ſet the Rational Diviſor 3, and it makes 3V7, (that is, 3 into the 
{quare Root of 7, or thrice the ſquare Root of 55 which is equal to 63 firſt propo- 
ſed; (for the Quotient // multiplied by the Diviſor 3 makes the Dividend e 3 3 


2 


Jo that inftead of 63 I write 37. 


Likewiſe inſtead of V 50 we may write 5/2, (which ſignifies five times the ſquare 
Root of 2 ;) for in regard 50 divided by the Square 25 gives 2, I divide 50 by 25, 


that is, by 5, and the Quotient is /2 : and becauſe every Quotient multiplied by the 
Diviſor, produces. the Dividend, therefore 5Y2 thall be equal to the Dividend y50. 
Alfter the ſame manner inſtead of 1 or, we may write 273; for 25 divided 
by the ſquare Number 25 gives the Quotient 3 ; and conſequently * 2s divided by 
24, that is, by 2, gives the Quotient 3 : Therefore / ſhall be equal to 175 
Again, inſtead of (3 )40 we may write 2V(3 5, (which ſignifies twice the Cubic 
Root of 5 ; ) for 40 divided by the Cube 8 gives the Quotient 5; and coriſequently 


V(3)40 divided by y(3)8, that is, by 2, gives /(3)5 ; Therefore 2 Y(3)5 thall be 


1 


equal to (3040. ! Ss erty je Bt : 
Likewiſe for V(3)-5, (or 19 54) we may write 2 (3) 5 for +4 divided by the 
Cube 27 gives 2 ; and conſequently /(3)-4 divided by »(3):3, that is, by 2 will 
give v(3)2: Wherefore 2 y(3)z ſhall be equal to C3 . . 
The like Operation is to be done in reducing Surd Quantities 


expreſt by Letters to 


others more ſimple: as if /75aa be propoſed, foraſmuch as 75a divided by the 


is, by 5a, will givey/; ; therefore the Diviſor 5a multiplied into the Quotient yz, 
produces 573, equal to the Dividend /75aa, and therefore inſtead of V/ aa, we 
may write 5ay 3. — s — — — 


Square 2 3aa gives the Quotient 3, and conſequently y 75aa divided by V25aa, that 


After the ſame manner y 10aabb may be reduced to al 0, alſo V 5aa to av 5, and 


v(3)4ddd to dV(3)4 33 — 

Again, foraſmuch as aaa aabb may be divided by the Square aa, and there ariſes 
ab-+bb, and conſequently /: aaab-Taabh: divided by yaa, that is, by a,” gives the 
Quotient v: af: therefore a into V: abr: ſhall be equal to V: aaab+ aabt : 
So that inſtead of /: aaab-+aabb ; we may write a into y; ab-+ b ay : CIV: 
<4" 1 8 . 
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© Likewiſe for v:aabbc+2afbbc+ffbbc: we may write a+f into Vlbe, or 
a+fvbbc; for adbbc-+ 2afbbc+ffbbc divided by the Square aa+ 2af-+ ff gives bbc, 
and conſequently v: aabbc-+ 2afbbc++jjbbc : divided by V: -f 2af+ff; that is, 
by a+f, gives the Quotient Vc. Therefore a+fy/bbc imports as much as 


Viaabbc T zafhbhe- Hoc: Kinn 
After the ſame manner inſtead of (3) = we may _ into V( 0 —5 
or 345% (3 We ; for fince the Power of the Surd propoſed is produced by the Multi- 


b—a 


plication of — into the Cube _— whoſe Cubic Root is 32 and conſequent- 


b—a | 
„ Zyaanabbb x... by SHORT LE I ores he Ononto- 
ly V(3)-2, g divided . a IS, ol * = the Quotient 
1 3% 3). ſhall be equal to (33279999299. 
VG), —- Therefore VO) all be equal tc Fo 8 85 
So alſo for Y A;, we may write 
F ETSY on 2 
er of the Surd propoſed bedivided by the Square == the Quotient will be oo+4mp; 
and conſequently if the Surd propoſed be divided by V _ that is by, the 
Quotient will be /: 00-+ 47p-: therefore the Diviſor = multiplied into the Quotient 
much as .: aacomm + gan 
a Fry 


* 


— — — 


V,,00-+ 4mp: for if the Pow- 


V. 00+ 4mp: 1 V :00+4mp : denotes as 
the Surd propoſet. 


Likewiſe for v : we may write — Vr oo Eb: 


But when a Square or Cube, c. by which the Diviſion neceſſary to ſuch Contracti- 
on is to be performed, cannot be readily diſcerned, firſt, (by the Rules of the preced- 
ing eighth Chapter) ſearch out all the Diviſors of the Power of the Surd Quantity 
propoſed, and then ſee whether any of them be a Square or Cube, c. to wit, ſuch 


a Power as the Radical Sign denotes, which if you find you may uſe in the aforeſaid 
manner to free the Surd Quantity in part from the Radical Sign. | 


As if 288 be propoſed, becauſe among the Diviſors of 288 there are found the 
Square Numbers 4, 9, 16, 36, and 144, which dividing 288 will give the Quotients 
72, 32, 18, 8 and 2 inſtead of 288 we may write 2/2, or 3V32, or 4/18, or 
6y8, or laſtly F T7ꝰ pt. oy IT, 

In like manner if /;aaab-+ aabb : be propoſed, becauſe among the Diviſors of the 
Quantity aaab++ aabb, there is found the Square aa, the {aid /: aaab-+ aabb: may be 
reduced to a/: ad+bb :: as before. Lo 85 . 8 
Again, for as much as a3b—aabb+ 2aabc+ abcc—ab3 + bbcc—2bic fh is produced 
by the Multiplication of ab- Y into the Square aa 2ac+cc—2ab—2bc+ bb, whoſe 
Root is a+c—b, we may inſtead of V. a*b—aabb+ zaahc+ abcc—ab3+bbce—< 
2b3c+6* write a+c=b into V: NY: or aFc—b Va: 3 
Likewiſe, becauſe among the Diviſors of 1 200 abb there are found the Squares 
gaabb,” 16aabb, 25aabb, Iooaabb, and 40oaabb ; which dividing the ſaid 1 200aabþ. 
will give the Quotients 300, 75, 48, 12, and 3, we may fory1200aabb write 


 2aby3oo, or 45075, or 5aby 48, or Io. 12, or laſtly 20aby3. 
© Set. VII. Two Surd Roots being given, to find whether they be EEE. 
Commenſurable or Incommenſurable. | 
Commenſurable Surd Roots areſuch whoſe Reaſon or Proportion to one another may 
be expreſt by Rational Numbers or Quantities ; and thoſe Surd Roots whoſe Propor- 
tion cannot be expreſt by Rational Numbers or Quantities, are called eee 755 


The Arithmetic of Surd Quantities. 
— —0 


- 


: 2 . 1, and (by Diviſion as above) /12=2y3, and Vv3=1y;; therefore y12 . 
3 :: 2. I. Otherwiſe thus: VV | | 
Foraſmuch as 12 and 3 divided ſeverally by their common? 
Diviſor 3 give the Quotients 4 and 1; therefore as * 29 
Wherefore the ſquare Roots of thoſe Proportionals ſhall } 712 71 


be Proportionals alſo, (per 22 Prop. 6. Elem. Euclid.) vix. 
Which was to be demonſtrated. 


After the ſame manner V18 and 8 will be found Commenſurable; for the former 
is to the latter as 3 to 2, to wit, as a Rational Number to a Rational Number: for if 
518 and v8 be ſeverally divided by their greateſt common Dixiſor y 2, the Quotients 
will be V9 and v4, that is 3 and 2. Therefore V18 is to / as 3 to 2, and inſtead 
of y18 and V8 we may write 3V2 and 2/2, to wit, the Products of the Rational 
Quantities 3 and 2, multiplied into the common Diviſor yz 
Again, 48 andV75 (that is, 3/3 and 5/3) are Commenſurable; for the former 
is to the fatter as 4 to 5, to wit, as a Rational Number to a Rational Number: for 
48 and 75 being ſeverally divided by their greateſt common Diviſor v3, give the 
ge; vV16 - 5725, to wit, 4 and 5. Therefore Jas vV35 : 4 5. 
:: 4V3 F573. 1 | 55 
Moreover, /(3)3 20 and V(3)135 (that is, 4V(3)5) and 30(3)5) having ſuch pro- 
ortion one to the other as 4 to 3 are Commenſurable; for /(ö3)3 20 and (30135 
ing ſeverally divided by their greateſt common Diviſor /(3)5, will give the Quo- 
tient 99755 12 FEATS to wit, 4 and 3. Therefore y(3)320 . V(3)135 :: 
J TIA 3 
? 80 alſo ( 4)3 888 and V(4.)243 (that is, 27( 4) 243 and 19(4) 243) are Commen- 
ſurable, the former having ſuch proportion to the latter as 2 to 1 ; for if they be ſeve- 
rally divided by their greateſt Common Diviſor Y(4)243, the Quotients will be 
4 16 and vV(4)1, to wit, 2 and 1. Therefore Y(4)3888 . Y(4)243 :: 2. :: | 
))) b F 
If two Surd Fractions, or mix d Numbers ſtanding Fraction-wiſe, be propoſed, and 
have not a common Denominator, reduce them to their ſmalleſt common Denomina- 
tor, and then try (in like manner as before) whether the new Surd Numerators be 
Commenſurable or not; for if theſe be Commenſurable, the Surd Fractions firſt pro- 
poſed ſhall be alſo Commenſurable. As if + and V be propoſed, I reduce them 
to Vs and Y; then I divide the new Numerators only, to wit, /50 and V72, by 
their greateſt Common Diviſor y 2, and the Quotients 25 and y 26, thav is, 5 and 6 
are Rational Numbers. Therefore Y and / firſt propoſed are Commenſurable, 
and the former has ſuch proportion to the latter as 5 to 6. For, | 


* 


8 
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is | „ $0 «72: 2 36 of” 
Tharefore Ye .v5+ ;:v50 «vga 1: $$, 6 


, oo Gentoo 
But if either the Numerators or Denominators of two Surd Fractions or mix'd Num- 
bers ſtand ing Fraction- wiſe, (the Radical Sign being neglected) be Squares or Cubes, 
tc, viz, Powers of that kind which is denoted by the Radical Sin then you need not 
reduce the Surd Fractions to a common Denominator, 7 whether their Numera- 
tors or Denominators be Commenſurable 1 not; for if tfleſe be Commen cabs, 3s 
— = a | | our 


9 
T 1 . 


— — 
9 „ 


.. 4 
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* + Surd Fraftions propoſed ſhall »mmenſurable. 
ſed, becauſe the Denominators (the Radical Sign being neglected) are Squares, (to wit, 
he Radical Sign denotes) and the Numerators / 50 and 72 
are Commenſurable; {for if theſe be divided by their common Diviſor y2, the Quoti- 
ents ate rational, to wit 5 and 6.) Therefore the Surd Fractions propoſed are alſo Com- 


Powers of thatkind which t 


menſurable, and have ſuch pro ortion as < to 4, (whole Denominators 4 and 5, to wit, 


16 and 25, are the given Denominators) or as 25 to 243 and (according to the 
preceding Se. 6.) the Sutd Fractions propoſed may be expreſs'd thus, 2 and £y2.. 


ced to a common Radical Sign, (by the preceding Sect. 3, of this Chap.) before the 
Rules aforeſaid be uſed, to try whether they be Commenſurable or not. As if V(6)64. 
and (3) 2) be given, they may be reduced to 6) 64 and y(6)729, which divided 
by theit greateſt common Diviſor V(6)1, the Quotient will be the fame with the Di- 


When two Surd Roots propoſed be of different kinds, they muſt firſt of all be redu- 


vidends Now if /(6)64 and (6)729 be Rational, then the Surds firſt given are 


Commenſurable ; but V(6)64. is 2, and 7/6729 is 3. Therefore the Surd Roots 
propoſed are Commenſurable, and have ſuch proportion as.2 to 3, + EE 
But if the Quotients arifing by the Diviſion of two Surd Roots by their greateſt com- 
mon Diviſor as aforeſaid, happen to be Irrational or Surd, then the Roots propoſed 
are Incommenſurable; ſuch are v4.8 and v8, for if they be divided ſeverally by their 
greateſt common Diviſor y8, the Quotients are / and 1 : but v6 is Irrational, there- 
fore the proportion whichy/48 has to v8 15 not as aRationalNumber to aRationalNum- 
ber, and conſequently, /48 and v8 are Incommenſurable, and ſo are all other Surd 
Roots whoſe proportion cannot be expreſs d by Rational Numbers. 3 
I ſhall now ſhew how by the help of the preceding Rules we may diſcover whether 
two Surd Quantities expreſs d by Letters be Commenſurable or not. As if y 27aa and 


v1 2aa be propoſed, they will be found Commenſurable; for if they be ſeverally divi- 


ded by their greateſt common Diviſor y/3as, the Quotients yg and V4, that is 3 and 
2, are Rational Numbers, and ſhew that v27aa is toVIzae as 3 to 2, to wit, as a 
Rational Number to a Rational Number; whetefore /27as and y 12aa are Commen- 
ſurable, and may be expreſs'd thus, 3y 3aa and 2y 3aa. „„ 
Note, If two Surd Quantities be divided by ſome common Diviſor. though it be not 


the greateff, yet if there come forth Rational Quotients, we may thence conclude thoſe 


Surd Quantities to be Commenſurable, and oftentimes expreſs them various ways. As if 
V2 Jaa and /I 24a be again propoſed, by dividing them ſeverally by their common Divi- 
ſor 3, there will come forth the Quotients / gaaand / aa, that is, 3a and 2a; whence 
it is evident, that Y 27aa is to VI 24a as 3a to 2, to wit, ASA Rational Quantity to a Ra- 
tional Quantity, and conſequently Y 27aa and y 12aa are Commenſurable. Moreover, 
according to this latter Diviſion we may write 3av 3 for Y 27aa, and 2ay3 for V12aa. 
Again, v:aaaa+aabb: and . aabb-+bbbb : are Commenſurable; for each of 
them being divided by y:aa-+bb: there ariſe Vaa and vbb, that is à and-b, which 
are Rational Quantities, each of which being multiplied into the common Diviſor 
Vraa bb: will give, inſtead of the Surds propoſed, ay aa+bb and by aa+bb, which 
have the ſame proportion to one another as there is between a and b. | 
Likewiſe J and EE 5 bare Commenſurable, for each of 
them being divided by their common Diviſor y : o 4mp: there will ariſe += and 


3 that 18, Z and . (to wit, Rational Quantities) each of which multiplied 
S I, RB uh e 
into the common Diviſor y :00+-4mp: will produce / ;60-F amp: and V Amp: 
+ .. SY pe 7 
which are equal to, but more ſimply expreſs d than the Surd Quantites propoſed, 
and have that proportion one to another as is between. and = e 
55 %% — a F 8 
So alſo :aaaa-+ Ga 21aa+ 724+ 108: and v:aaaa—Ioaaa D 1204. L. 300: 
are Commenſurable, for if they be ſeverally divided by their common Diviſor y:aa-+ 12: 


4 


there will ariſe vf Gap 9: and V 109-425; that is a++3 and as, each of 


ties. BOOK II. . 
be alſo Commenſurable. AS if 7/4 and / 2g be prope = 


eV 
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which multiplied into the common Diviſor Vaa 


6— Woe a" 


a+3-toams, and are of the fame value with the Surd Quantities fir ropoſed. 


Again, V(3)81abbb and (3)24abbb are Commenſurable, for if each of them be di- 


vided by their common Diviſor J(3)3a, there will ariſe (>): 
that is, 36 and 23; therefore the Surds propoſed may be 8 2 
2by(3)3a, the former of which is to be the latter as 35 to 25: and ſo of others. 


— 


EE OT . + 12 will produce it V: aa+ 12: 
and a V: aa 12: which have the ſame proportion between themſelves, as that of 


Sect. VIII., Addition and Sabtraction in fimple Surd Quantities. 
When two or more equal Surd Roots are to be added together, multiply one of them 


by the Number which expreſſes the Multitude of the Roots propoſed 

duct ſhall be their ſum: as the ſum of /6 and 76 is /24; for 55 e 

that is by V4, produces 24. Alſo V(3)s, V(3J6, and V(3)s, added into one make 

v(3)162 3 for /(3)s multiplied by 3, that is, by (3 )27, makes /(3)162. 
But when two unequal Surd Roots of the ſame kind, that is, ſuch as have the lame Ra- 


dical Sign prefix d before each of them, be to be added together; alſo when the leſſer is 


to be ſubtracted from the greater, obſerve this Rule, viz. Firſt, (by th 7 
of this Chap.) you mult try whether they — of ot * pr gre G 


7 


Commenſurable, that is, if after they have been ſeverally divided by their greateſt com. 


mon Diviſor, the Quotients be Rational Quantities, multiply the ſum of thoſe Rational 


Quantities by the ſaid common Diviſor, and the Product ſhall be the ſum of the Surd 


Roots propoſed; but if the Difference of thoſe Rational OuotientSde multiplied | 


ſaid common Diviſor, the Product ſhall be the Difference of the Roots propoſed. 


As tor Example, it the Sum and Difference of 50, and ys be deſire d, firſt, 1 di- 


vide each of them by their greateſt common Diviſor Yz, and the Ouoti 
and Va, that is 5 and 2, (which are Rational Numbers 1 1 
the given Roots one to the other; whoſe ſum 7 multiplied by the common Diviſor 
i/2 produces 72, or if you pleaſe 98, (for 7, to wit, 49 into 72, makes 79s z) 
which is the deſired ſum of the given Roots V5oand 8. And if ny ary / 23) 
Difference of the Rational Quotients before found) be multiplied by the ſaid common 
Diviſor 2, the ProduCt will be 3v/2, that is 18; which is the defired Difference 
of V50 and v 8, 2 Ron 1 propoſet. 6 
Likewiſe the ſum of v(3)5o00 and V(3)108 will be found 87 that i 
v(3)2048; and their Difference 2V('3)4, that is /(3)3 2, as will —4 4 rar 
lowing Work, viz. firſt, 1 divide each of the given Roots (3)500 and V(3 )108 b 
their greateſt common Divifor /(3)4.,: and the Quotients are (3)125 and „(3 5 


: 


that is 5 and 3; then by multiplying 8 (to wit 5+3, the ſum of the Rational Guo 


tients) by the common Divifor (334, the Product 8y(3)4, that is, 70 

| . ? 374. 3)2048; 
(for 8, to wit, V(3)512 into (3 )4 makes /(3)2048) which 
and V ($7306, Roots propoſed. 3) 49) 5 ſum of Y3) 500 
And by multiplying 2, (that is, 3—z the Difference of the Rational Onori 
the faid common Diviſor /(3)4, the Product is 2v(3 )4, that A 7 2 


(3) 108, the Roots propoſ ec. 


Here follow Contrattions of the Work, in the' two laſt preceding Examples, with 
others of like nature, to uluſtrate the Rule ; ver for the Add; 
Subtraction of ſuch ſimple Surd Roots as are Commenſurable.. | 
= Example 1. | 
What is the Sum and Difference p.. : . vV5oandyg8? 
VV The G -i. 
V2) V5o (25, that is, 3. Therefore 5/2 o. 
2) / 8 ( 4, that is, 2. 


Therefore 2V2=y ͤ 8. 
The Sum, 7V2=V50+v8. 


Or,  vog8=vV50+v8. 
Ihe Difference, 3V2=v50—vS. 
eee Or, 18 8750-8. 
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to wit, V(3)8 into /(3)4 makes y/ (3)32) which is the Difference of y/(3 )500 and 


efore gi ven for the Addition and 
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e Example 2. 85 
Wat is the Sum and Difference of . . . . © v(3)500 and YC) 1082 
i ( in 
I. 4/(3)4) VG)so0 (VG)rzs, that is, 7. 
II. / 304) (30108 V3) 27, that is, 3. eee, 


From Diviſion I, 5/(3)4 3) 5 0 . 
25 From Diviſion II. 30(3 42) 18. 


The Sum, V3 A N. 


Or,  v(3)2048=v(3)500+v(3)108. 1 


The Difference, 2vV(3)4=v(3)500—v(3)108. 
Or, . 5 8 V3) 32 30700 3) 108. 


> "GER * 9 4 e i 11222 
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: Example z. e I 
What is the Sum and Difference . . . V4) and Y1a 
e e The Operation. . 5 
73) v147 (49, that is, 7. Therefore 7/3 147. 
V3) V 12 Wa, that is, 2. Therefore 2y3=v 12. „ 
ET The Sum, g9/3=v147+v12. | 
Or, V243=V147+v12. be 
The Difference, 5y/3=v 1479—v12. 
Or, 11 VI3=vV147=v12. 


8 * 
jy" _ 
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— — 


2 5 175 Erample "ns 5 
What is the Sum and Difference og. . vV(3)1715 and (3040 
| en The Operation. | . 

I. Y)5) (3) 71715 (Y(3)343, that is, 7. 

Il. /(3)5) Y(3) _ 49 (V(3) 8, that is, 2. 


From Diviſion IJ. 7v(3)5=v(3)1715. 
From Diviſion II. 2/(3)5=v(3) 40. EE 
The dum, gv(3)5=v(3)1715+v(3)40. 
Or., V(3)3645=v(3)1715+YG)40. __ 
The Difference, 5V(3)5=V(3)1715—v(3)40. 


; ˙ . 


Wete, When two Commenſurable Surd Roots propoſed to be added or ſubtracted 
are Fractions, or mix d Numbers reduced into the form of Fractions, if they have not 

a common Denominator, reduce them into others which may have a common Denomi- 
nator in the leaſt Terms, then to find out the Rational Quotients divide only the two 
ne Numerators ſeverally by their greateſt Common Diviſor, and continue the Proceſs 
as before. The Practice of this Note will be evident in the two following Examples, 
| ET ITE. 


- 


oY. as mat od alt 
T yh gy 1 0 * 24 2 
Difference fn 4 0 „and V2. 


S 75 a „V and V,. 
deer ee 1. i 4 EY 
2 V3) V3 V 36, that is, 6. Therefore 6Y/,53=v7+. 
5 VF) N (V2, that is, 3. Therefore 3) =*. — 
l 1 ih : TEN The Sum, l > #94 — 7 2 Fo 


IT tf IV gp Var TY 37. 
Or.. Y23=v+v%H45 


S464 15 2 
What is the Sum and 
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* 0 8 : 
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'l: CHAP. 9. The Arithmetic of Surd Quantities. 
: 5 Ko "7 A ele 712 and 2? 
is the Sum and Difference of . . , 4, Y 74 
What is OR Or, / and 27 7 
Ib _— The Operation. 13 

v3) , (V16, that is, 4. Therefore 47 . _ 

27 N = 1 A y 7 : | ' 

v2) Ve (v 9, that is, 3. Fheretore W I 

. 8 . The Sum; d i YYY 
» „ ST 4 . 
. X 1 Or, 3 = I =V/43+V=L. 
The Difference, , . 
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Difference is V(3)40—v(3)I2. - 
But Incommenſurable ſquare Roots may be added or ſubtracted by this following 
Rule, (which is deduced from Prop. 4. & 7. lib. 2. Euclid.) ww 
To the Sum of the Squares of the given Surd ſquare Roots, add the double Product 


ol the Multiplication of thoſe Roots one into another; ſo ſhall the ſquare Root of the 


Sum be the Sum of the Roots propoſed to be added. But if the ſaid double Product 
be ſubtracted from the ſaid ſum of the Squares, the ſquare Root of the Remainder ſhall 
be the Difference of the given Surd ſquare Roots. As if the Sum and Difference of v6 
and y3 be defired, their Sums ſhall be Y: 9g4+y72: and their Difference /: 9g—v72 : 
for the Sum of the Squares of the given ſquare Roots y6 and, /; is 9, and. the double 


Product of their Multiplication is V72, which I add to and ſubtract from); fo the 
ſquare Root of the ſum, to wit, V :9+y/52 : is the Sum deſired ; and the ſquare Root 


of the Remainder, to wit, /: 9-772: is the Difference. 5 
After the ſame manner the Addition and Subtraction of ſimple Surd Quantities ex- 
preſs d by Letters may be performed; as to add Ya and y 27aa, firſt, (by the pre- 
ceding Sect. 7.) I find them to be Commenſurable; for if /75aa and y/ 27aa be ſeveral- 
ly divided by their greateſt common Diviſor Y 3aa, the Quotients are 25 and vg, 
that is, 5 and 3, whoſe ſum 8 multiplied into the common Diviſor V 3a« makes 
By 3aa, (that is, V192aa) for the ſum of 75aa and V2 7aa. But if the Difference 
of the ſame Rational Quotients 5 and 3, to wit 2, be multiplied into the ſaid common 
Diviſor y 3aa, it makes 2v 3aa, (that is, /12aa) for the Difference of y75aa and 
da, the Roots, firſt propoſeſce. T0 | 
r we may write 8 3 (inſtead of 8 3aa) for the Sum, and 243 inſtead of 
2y 3aa) for the Difference of Va and V27as before propoſed; for theſe divided 
ſeverally by their common Diviſor 3, give Rational Quotients, to wit V 25aa and 
Vaa, that is, 5a and 3a; whoſe. Sum 82 multiplied into the common Diviſor v3, 
gives 8av3 for the Sum of /75aa and y27aa; but if the Difference of the ſaid Ra- 
tional Quotients 52 and 3a, to wit, 2a, be multiplied into the ſaid common Diviſor 
3, the Product 24/3 is the Difference of the ſaid V75aa and vV 27aa. f 
Again, to add /(3) 25 C and (3) 3 2aaa, firſt, (by Seck. 7.) I find them to be 
Commenſurable, for if each of them be divided by their common Diviſor ( 30)4, the 
Quotients are Rational, to wit, /(3)64aaa and 3 that is, 4a and 2a; theſe 
added together make 6a, which multiplied into the common Diviſor y/(3)4, makes 
6/3) 4 (that is, V(3)864aaa) for the deſired Sum of y (3)256aaa and / (30g 2a; 
but if 2a, the Difference of the ſame Rational Quotients 44 and 2a, be multiplied into 
the ſaid common Diviſfor V(3)4, the Product 2av(3)4, (that is, /(3)32aaa) ſhall 
be the Difference of /(3) 25 and (3)32aaa firſt propoſed. 5 
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Quantities expreſs'd by Letters. N 


| ; GER A | Example 1. Sf a : 
What is the Sum and Difference of . . . . :' . v28as and Via 
I. V/) V28as (y4qaa, that is, 24, 3 | 
II. 7) / Jaa (aa, that is, a. . 
From Diviſion IJ. 24 Sa. 
From Divifion Il, av7=v jaa. 
The Sum, Za aa ? aa. 
JF Iube Difference, avJ=y28aa—v7aa. 
- ff 8 
What is the Sum and Difference of . . . . . vV45aabc and Vacaabe? 
OE 100 ran. 5 
I. Y5be) /45aabc (Vgaa, that is, 3a. 
II. Y5be) V20aabc (v 4aa, that is, 2a. | 2 
From Divifion I.  4gay5bc=v45aabc. = 
From Divifion II. 2av5bc=v 20aabc. | O10 
Ihe Sum,  gavV5bc=v 45aabc+y/ 20aabe, = | 
8 The Difference, ay5bc=v 4.5aabc—y 20aabc. 
e | Example 3. | ks OG 
What is the Sum and Difference of . . . . V(3)81abbb and (3 )24abbb > OG 
e The Operation. e n 
I. Y(3)3a) V(3)81abbb (V3) 27bbö, that is, 36. oe na 0b) 


II. Y(3) 24) Y(3)24abbb (Y(3). 8bbb, that is, 22. 

2 From Diviſion I. 36v(3)za=v(3)81abbb. | 

From Diviſion II. 2bY(3 )za=Vv(3 224 bbb. 
The Sum, 5W(3 )za=V(3 )81abbb+vV(3 )24abbh. 
The Difference, bv(3)za=v(3)81abbb—v (3 )24abbb. 


* 
2 


What is the Sum and Difference o . : . 40 V-jaad and Yad. 
| WT | | | ry 552 -zaad and V=ifaa Saad 
The Operation. 4 2D 


I. Vid) VA zaad (V3 aa, that is, 6a. 
II. Vid) v-2+aad (v 25aa, that is, 5a . 
A as xo From Diviſion I. 6av4id=y-I2gad. 
From Diviſion II. Ja TAI ad. 3 
The Sum, | - 334; T7d=V -oaad+v an ” IC 


The Difference, aA = ad-, Saad. 
If two Surd Quantities expreſs d by Letters be Incommenſurable, their ſum 18 given 


* i 


by +, and their Difference by —; as to add /S and V3o, I write /5a+y 
= — and to ſubtra& / 3a from y 5a, I write 36 for the 8 
Ditterence. . ER 855 TO 


— 


— 
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| Sect. IX. Adaition and Subtraction in Compound Surd Roors. 

„ TheArithmetic of Compound Surds depends upon the Rules of the Simple, and 

the Rules of + and — in Algebraical Addition, Subtraction, Multiplication, and 
Diviſion ; but how thoſe Rules are applied to the Arithmetic of Compound Surds, I 
ſhall ſhew in this and the following tenth and eleventh Sections, by Examples both in 

Surd Numbers and Surd Quantities expreſs d by Letters, 5 


Examples 


" Nen * 4 4 1 r 167 a MES * * q " 4 
a n : * q 2 46 l * * a 0 * I 
* 1 e n FP Foes. ett os a "5 * . e 3 9 4 
l Aer : m_ . * 4 - F * \ 1 
© * . 
* 


* n 4 
S 4 2 Ni 2 
1 ee "a 
LE, * 


" 
3 


* 


ah hd > dt _ 


0 oa * * 


cc 


CHAP. 9, The Arithmetic of Surd Quantities. 223 
5 F Sam ples of Addition and S ubtraftion in Commenſurable fimple Surd N. umbers con- 

gelled to Rational Numbers by & or —, as alſo in Compound Surd Numbers 
compoſed of Commenſurable ſimple Surddds. 

To and from 6+v18(3V2) 11920873) T3 

Add and Subtr. 4 ＋ 8022) i'd 75(5YV3)—2 
The Sum 10+v50o(5V2)  Vgoj(I3y3)bo 

Difference a + OT 27 3V3)+6 

To and from +YF 24201 IV 2)—12 |  15-2/2(y8) 

Add and Subtr. —v $o(—5v2)t8_ 2 F4 
Sum +y 724 67% 2)—4 | 22— V2 | | 
Difference +v512(16y 2)—20 -  8=>3V2(v18) | 

: e | 

To and from  vV242+v192 N ilV2+ 873 j 

Add and Subtr. 4 ety 75 ; 8 9 85 1 _Sv2+ 5v3 
Sum 512+V 507 1 I6y 2+13V3. 67 oY 
Difference * 72 N) 8 5 that 18, 1 6V2+ 7 : 

„ vie ta. t wm wm. „ 
Add and Subtr. — 27 $ * j _4vV5— 37% | | 
Sum 720-7243 * 127 ,  *' "2 
Difference V 80—"y 27 | 1 that = $. av Jon Af; 1 | | 
* To and from V320+/108” I th i 1 8/ 5+ 6V3 
i Add and Subtr. _ d 1 22 + that is, 2 == 2 

"Sum = „ 

Difference 5 80+v 243 IF that is, 1 4V5+ 9 

To and from : V(3)2058+v/(3) „ 2 | 8 | V(3)6+3VG)2 

Add and Subtr. _vVG) 162+v(3) 16 ar is, 1 3Y(3)6+2V(3)2. 
Sum V(3)6000+v(3)250 W ne IOV(3)6+5v\3)2 
Difference V(3) 384-3) 2 5 Reg: 1  4vV(3)6+ 792 

To and from Va)1875+v(3)250 J ew 5 SVO@N3+5v(3)2 

Add and Subr. v(4) 48—v(3) 16 F hab is j 2V(4)3—2v(3)2 
Sum V(4)7203+v(3) 54 J that is. S 7Y(43+3v(3)2 

- Difference 5 V(4) 243+) (3)686 | that is, 1 


3V4)3+7V(3)z 


„„ S % | CE el mu 
In the firſt Example the Rational Numbers 6 and 4 added together make 10, and 
their difference is 2; then foraſmuch as y18 and V8 (that is, 3/2 and 2/2) are 
Commenſurable, (for the former is to the latter as 3 to 2) their Sum is 50 (that is, 
572) and their Difference V2 (by Se#.8.) Wherefore 10+y50(5Y2) is the Sum, 
and 2—y 2 the Difference of the two Binomials 6+y 18 and 4+y8, propoſed in the 
firſt Example. FT pls (4 -. Anas 
Likewiſe in the ſecond Example the two Commenſurable Surd Roots 192 and 
775, (that is, 8/3 and 50/3) added into one ſimple Surd make 507, (that is, 1303) 
but their Difference is 27, (that is, 3v3 ;) alſo +3 and —3 added together make 
o, but — 3 ſubtracted from +3 makes +6. Wherefore y/ 507 (that is, 1303) is the 
Sum, and 27 (that is, 3v3) +6 is the Difference of the Binomial y192+3, and 
the Reſidual y75—3 propoſed in the ſecond Example. How's FER 
Again, in the third Example, where —V50+8. is propoſed to be added to y 242 
12, and alſo to be ſubtracted from the ſame; firſt, —/ 50 added to +v 242 (that 
is, 5/2 to +112) makes -+y/72 (that is, '6/2 ;) but —y50 e 
Nan | | | Om 
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from +y 242 (that is, —5V2 from ++11v2) leaves the Remainder or Difference 
+4572, (that is, 16/2; alſo +8 added to —12 makes —4, but +8 ſubtracted 
from —12 leaves the Remainder or Difference — 20. Wherefore 72 (that is, 

672) —4 is the Sum, and 512 (that is, 16V2)—20 is the Difference of the two 
Reſiduals propoſed in the third Example. The Operation in the reſt of the preced ing 
Examples is after the ſame manner. Crs 


E \camples of Addition and Subtraction in Compound and Surd Numbers, partly 
Commenſurable and partly Incommanſurable. 


* 


To and from 2703/0) fs II VISO) 
Add and Subtr. v12(2V3)+v5__ 3 
The Sum, 750 ) TYS＋ YVio+v23+vy2 ' 

Or, V75(5V3)+v :13+v 160: _V:13+v120: +v2 
The Difference, 3 +/8—v5 I re aivnov 

Or. * V3 +y:13-v160: | V:13—vV120:+v18(3V2) 
To and from V(3)56+vV( 3/110 : vV(4)495—v(3)2 5 : 
Add and Subtr. V3) 73) 12 I VO) SNN ; io 
Sum  3v(3) 7+vV(3)16—v(3)12 SV) J 1 
Difference 73) 7+YVG)16+vV(3)i2 44) 5—6)5—vV(3)2 

EX PLICATIO NM. 15 


In the firſt of the four laſt preceding Examples the dum of the two Commenſurable 
Surd Roots 27 and 12 (that is, 30/3 and 23) is V75, (that is, 50 ;) but their 
Difference is v3 : and the Sum of the evo Incommenſurable Roots /8 and v5 is 
YS NV, or V:13+v160: but their Difference is /8—vV5, or V:13—v160: 
(according to the Rule before given in Sec. 8. for adding and ſubtracting to Incom- 
menſurable ſquare Roots. Therefore 5Y3+v8+v5 , or 5V3+v:13o4v180: 
is the Sum, and 3+ 8—v5, or Y3+v :13—v 160: is the Difference of the two 
Binomials v/27+v/8 and y12+v 5, propoſed in the faid firſt Example, 5 
Again, in the third of the ſaid four Examples, where /(3)56 f “V(3)16 and 
5 33) 72 are propoſed to be added and ſubtracted ; the Sum of the two Com- 
menſurable Surd Cubic Roots /(3)56 and / 307 is 3Y(3)7, and their Difference is 
(3); alſo the Sum of the two Incommenſurable Cubic Roots (3) 16 and 
3) 12 is V(3)16—Y(3)I2; but —V(3)12 ſubtracted from /(3)16 leaves 
V(3)15+v(3)12. Wherefore 3V(3)7+v(3)16—/(3)12 is the Sum, and 
V(3)7-+v(3)16+v(3)12 is the Difference of the ſaid Binomial and Reſidual. propo- 
ſed in the third Example. . | 


Examples of Addition and Subtraftion in Compound Surd Quantities expreſi'd by 


: 
| 
þ 
k 
? 
g 


Letters. 
To and From a- Ev 8b Lois 0 gav3+2bv2 
Add and Subtr. __ Vi2aatv2bb $ "4 2avV3+ bv2 


- The mi B&B Go TR nave Foals - 
.- The Unnerance . nent bra. 
= : 5 EXPLICATION _ 87 K 
| « Firſt, (by Se@. J.) I find that V75ae and / Laa are Commenſurable, and may be 
| reduced to 5ay3 and 2ay3 ; likewiſe 8h and y2bb are Commenſurable, and may 
[be reduced to 2% and 7/2: then the ſum of 5av3 and 2av3 is 7av3; alſo the 
2 Sum of 25% 2 and % is 302: therefore the Sum of the two Binomials propoſed in 
1 the Example is 7ay/3+3bv2. But by ſubtracting 2370/3 from 5av3, the Remainder 
ö is za 3; and by ſubtracting / 2 from 260 2 the Remainder is 372. Therefore the 
| Difference of the two Binomials propoſed is 3ay 3 +bv/2. e 5 


5 


| Example „ 


„ F „ ea * Win ” — ab 
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To OY 
Example 2. 
hatt is the Sum and . * this Binomial Mini vio. 
and Reſidu all . 30 40a%bi—v(3 bed! 2 
dtc | FS 7aW(3)5+v3)bkd, 
Thoſe reduced give hs F — | 2abV(3)5— 8 7 
Fr. ˙ A 


The Difference, 8 Leuch. 


Exanple of 4 dition and Subtrattion in cb Surd N umbers 
altogether Incommenſurable. 


To and from Vio+ v7 
Add and Suhtr. / 23+v2 


Sum, "Vo + v7 + 2 e 
Or, VI VSO Vj Val 

Difference, 10 ＋ - - 2 = 
. ** 17 e Iu YT FOG 


*. o 
a ff 
3 — 


To and from 055 — 007 
Add and Subtr. 3) 3 —V(3)2 


Sum, fo T V% +YG)3 =VGz © : 
Difference, | FLEET 7307 — 303 + V(3)2. 


2 — — 


— — — — 


Sec. X. Of Mul tiplication in Compound Surds, 
| Example OE” 


Multiplicator, 7125 + Fi 12. 55 + 203 
150 + 20v15 GE 
41915 + 8 
6a 150 ＋ J + 24 
| That is, 174 * 1... 
5 r 7 
5 Multiplicand, 6 20 1 
5 81 45 that 18, 2 2 37 5 2 OE 
| 48 — 167 ö 1 
> _ — 185 + 30 
Product, 78 — 347 5 | 
i: Ny Example 2 
Multiplicand | 3 18 — 3 Js 2V 2 * 3 | 
Multiplicator, id g T that1 IS, * oy 2 * 2 
12 — 672 
8 ＋ 672 — 6 
Product, 12 — 6 
That is, 6. 
? E Example 4. 
VMulultiplicand, 47 5 + 3% 775 
* r * 5 + 3V5 that is, 12 ba 
1 | Product, 245 
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EXPLICATION. 5 


(by Se8. 6. of this Chap.) then 6y'5 multiplied by 5/5, (according to Rule 5. in Sed. 4. 
of this Chap.) produces 150; alſo 4% multiplied by 5Y 5 (according to Rule 6. in 
Sect. 4.) produces 20015; again, 6/5 into 23 makes 12/15, and 4v3 into 2973 
produces 24; laſtly, thoſe Products added together make 174+32y 15, the Product 


| ſought. The reſt of the Examples are wrought in like manner. 


— 
a 


hen the Multiplicand has not the ſame Radical Sign with the Multiplier, they 


muſt firſt be reduced to the ſame Radical Sign, (by Sec. 3. of this Chap) and then 
the Multiplication is to be made by ſome of the Rules in S. 4. as will be mani- 
feſt in the following Example. | 
Multiplicand, v(5)6+v(3)7 + 5 
Multiplicator, 3 ; 


SY „ 


Product, . (1008748 + * 551323 + 593. 
. --- ETA 14 


y(10)36 and V(10)243, which multiplied one into the other produce y(1 0)8748. 


2. V(3)7 and Vz are reduced toy(6)49 and (6027, which multiplied one by the 
other produce y (6)1323. VVV | 
3. The Rational Number 5 multiplied into 3 makes 5% or V75. - 
Laſtly, thoſe three ſimple Products added together give the Product ſought, to wit, 
v/(10)8748+v(6)1323+5vV3075.) - Ce 6 
| Three Compendious Rules, very uſeful in the Multiplication of - 
Binomials aud Refiduals. „ 


1. Becauſe a+e multiplied by ate produces aa 2ae+ ee, it is evident that the 
ſum of the Squares of the P rk jt Names) or any Binomial, together with twice the 
Product of the Parts multiplied one into the other is equal to the Square of the Sum of 
the Parts. Therefore to multiply any Binomial by itſelf (or to ſquare it) take the 
Squares of the Parts, and twice the Product of the Parts for the Square ſought, 

2. Becauſe a—e multiplied by a—e produces az—2ae+ ee, it is manifeſt that the 
ſum of the ſquares of the Parts of any Reſidual, leſs by the double Product of the 
Parts, is equal to the ſquare of the difference of the Parts. Therefore to ſquare any 


Reſidual from the Sum of the Squares of the Parts ſubtract twice the Product of the 


Parts, and take the remainder for the Square ſought. FE 
3. Becauſe ae multiplied by a—e produces aa—ee, it is evident that the differ- 
ence of the Square of the Parts of any Binomial, is equal to the Product made by the 


Multiplication of the Sum of the Parts into their difference. Therefore if a Binomial 


want yp 
of the Binomial, take the difference of the Squares of the Parts for the Product ſought. 


2 


Theſe three Rules will be exerciſed by the ſix Examples next following, and by divers 


other Examples in this and the following Sections of this Chapter. 


ren, oh 2—vs : 
Mulrtiplicator, __3 + YV 7 ] _3 — v5 8 
„ OT! ours 
That is, 14 + 6757 14 — 6 
i Multiplicand, 3 + v5 , © 141 V8) 27 + v3) 8 | 
Mulriplicator, 3 — v5 © | - (3) 239 — YO) 3 
That 1s, 4 333 = 3 


__m—_—_ . 
— "— 


* — — — 


— 


| Multiplicand, J — N95 N 0% + Va). 15 
Multiplicator, v(6)7 + /6)5- - 10% % — NI; 


Frodutt, 7% = ⏑ IV GT = 93 © 


— 


E X- 


* 
* — 
o = EA ” 
1 2 


. A " 
3 ay | 
* * i 
* _ 
ay 9 _ * — —— — 


In thefirſt Example, che two Compound Surd Numbets propos d to be multiplied are 
v180+4/48 and /1 2512, which are reduced to 6/5 4/3 and 575 2/3; 


, 
x ad th es ; 


227 
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C The Arithmetic of Surd Quantities, 
, BE 3 | EXPLICATION. . 
In the firſt of the fix laſt Examples the Binomial 34 5 multiplied into it ſelf or 
ſquared, produces 14 6V53 for the Squares of the Parts 3 and V5 areg and 5 and 
twice the Product of 3 into 5 makes 65, to wit V180,; therefore (by the firſt of 
the 5 eee Rules) 9+5+6v5, that is, 146 is the Square of the given 
Binomial 3+v5. © 3 = 3 3 
Ĩn!n the ſecond Example the Reſidual 2—v 5 ſquared or multiplied by itſelf produ- 
c˙.ees 14-36v5, (by the ſecond of the faid three Rules.) OT 
© In the third Example the Binomial 3+v 5 multiplied by its correſpondent Reſidual 
3—V5 produces 4, which (by the laſt of the faid three Rules) is equal to the dif. 
ference of the Squares of the Parts 2 and V5. e 
Lixkewiſe in the fourth Example the Binomial Y(3) 2749 3)8 multiplied by its 
correſpondent Reſidual v(3)27—v(3)8 produces V(3)729—v(3 )64, to wit, the 
difference of the Squares of the Parts of the given Binomial or Reſidual. FF 
And in the fifth Example the Refidual /(6)7—v(6)s, multiplied by its correſpon- Þ 
dent Binomial V(6)7+v(6)s, produces /(3)7—v(3)5 z which is equal to the differ- 
ence of the Squares of the parts of the given Refidual or Binomial. For (by the ſe- 
venth Rule in Sed, 4. of this Chap.) the Square of V(6)7 is (37, and the Square of 
bl dg. DSS Kh ety 
Examples of Multiplication fy Cm Surd Quantities expreſt by Letters. 
Multiplicand wvabb+veff N that is, 85 9 


Multiplicator, Vadd Vc 5 © d C 


CA 
4 
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2-4 | B . 3 411 ©. 433 74 1 2 
Fs, / ¾ ooo ec 
Fane gy. 25 Product, Gbda+fd+baxyca+fac. 
— om ISSOE — — 


Maultiplicator, 30 — 2 ꝓ œ f Lea Fe of 
5 bac Sc rayle 

eee |, + i ma boman ad 1 = 
Product, Sac F -= | © be. Daa . | 


tt... 
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* | Moltiplicand, cr nb, Ve 4 nad 7 
Mioultiplicator, 2 7 Lac vid 1 5 
„ Product, aa 24 av/bc+cy a+vabd+v Ad 
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Multiplicand, 
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he Operation in theſe mples will be familiar to him that underſtands 
Rules and Examples before delivered concerning the Multiplication of Surd 
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fitſt, 21 divided by 7/3 gives the Quotient /), then /15 divided by 73 yi the 
Quotient y5- Therefore /21-+v15 divided by V3 gives Y), the Quotient 
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N LE | Led Ire 12 40 BUNS. £26 304 arr eats 36: F 
© "The rhird Example is wrought according to the fifth and ſixth Rules of Sec. 5. of 
this Chap. For fitft, 1276 divide 6 give the Quotient 4, (by the ſaid fifth 
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| When the Diviſor is a Binomial or Reſidual conſiſting of two Square Roots or Bi- 
| 1uadratic Roots, or of one Square Root or Biquadratic Ro6t/-#nd ofa Rational Num- 


„that is, by the difference of thoſe Roots; or if 


ee. 


— plied by its Eofre He by the dittere OO. 
Iquare Roots connected by —, be multiplied by its 


Y | 2 Refidual confiftits 


Total eee (rh Reba 


F L.ikewiſe Va-+vb myſtipied by Va- gee the Rational Product a—b. | 
| 2. If a Binomial confiſting d s Biquadratfæ fimple Roots connected by +, be 
une by its — —.— Reſidual, to wit, by the difference of thoſe Roots the 
Product will be af a Refdunt ronfiting of twö quare Rbots conntcted by, —, and 
if this Reſidual be multiplied hy the ſum of Its Names (or Parts,) it will give a Pro- 
duct entirely Rational. | 5 . 
As for Example, che Binormilal 4 DF NY (4); multiplied by YC 4)5—#(4)3 makes 
vV5—v3, which multiplied by VS &y 3 gives the Rational Product 2. 
Likewiſe V(4)8H—3 Dr. AS) 16 multiplied by/-/(4)81+Y(4)I6: makes 
V81—y 16, which multiplied by y 14 16 gives the Rational Product 65. 
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. Ifa Trinomialconſiſting bf 1 8 ſimple ſquare Roots connected by +, or by + - 


and —, be multiplied by the ſame I rinomial, after any one Sign+is changed into — 

or any one Sign — into A, the Product will confiſt of two Names (or Parts, 3 
if this Product be multiplied by its corteſpondent Binomial or Reſidual, (according to 

the preceding Prop. 1.) the laſt Product will be entirely Rational. | 
As for Example, the Trinomial /5+4/3+y/2 multiplied by V5 +1/3—»/2 gives 

271576, and this multiplied by 2/15 —6 gives the Rational Product 24. 

Likewiſe /30—v5—v3 multiplied by /30+v5—v3 produces 28—2v 90, 

and this multiplied by 2 8+ 2v 90 gives the Rational Product 8 
After the ſame manner Yar -e multiplied by ya+yb-+yc gives the Product 
2/ab Ta- c, whole Rational Part a+b—c we may ſuppoſe to be equal to ſome 
ſingle Quantity d, and then the ſaid Product will be a Binomial 2 ab d, which multi- 
plied by its correſpondent Reſidual 20 ab md gives a Product entirely Rational, to 
wit, 4abN dd. And ſo of other Trinomials that are W eg as before is ſuppoſed. 

q Ifa anten g of four ſimple ſquare Roots connected by I, or by + 
and —, be multiplied by the ſame Quadrinomial after two Signs I are changed into 


, or two Signs — into, the Product will conſiſt of three Names (or Parts; (then if 


0 | 


this Product bemultiplied by its correſpondent Trinomial(according to Prop. 3) there 
will come forth a Binomial or Reſidual. And laſtly, this Binomial or Refidual mul- 
plied by its correſpondent Refidual or Binomial will give a Rational Product. 


As for Example, the Quadrinomial y 6+y 5+vV 3+v2 multiplied by y 6-+y 5— 


3, produces the Trinomial 6 f 2 30—2v'6 z which multiplied by irs corre- 
ſpondent Trinomial 6+ 2v 30+2v6, (according to the precedent Prop. 3.) gives the 
Binomial 132+24v30; and this multiplied by irs correſpondent Reſidual 132— 
24030, gives the Rational ProduQt 144. 


After the ſame manner the Quadrinomial v Y b+vc—yd multiplied by Va 
DV- gives the Product a+d-—b+H—c—2vad—2ybc, whoſe Rational part 


a+d—b—e we may ſuppoſe to be equal to ſome ſingle Quantity f, and then the ſaid 
Product will be a Trimonial, to wit, f— 2 ad-; this multiplied by it ſelf 


After one of its Signs is changed into & (according to Prop. 3.) will produce a 


Binomial will give a Rational Product. tk. WT 
. U two Numbers 1 given for a Dividend and Diviſor, and each be multiplied by 
dome Number, the fir Product diviged by the later will give the ſame Quotient that 
ariſes by dividing the given Dividend by the given Diviſor. As if 6 be to be divided 


aby 2, if you multiply each by 4, and divide the firſt Product 24 by the later 8, the Quo- 


tient 3 is the ſame that ariſes by dividing 6 by 2. For (by 17 Prop. 7. Elem. Euclid.) 


if a Number a multiplying two numbers þ, c, produce two other Numbers ab and ac, 
the Numbers produced ſhall be in the ſame proportion that the numbers multiplied 


Jͤ TT re | 5 3 5 | 1. NO 
Are, viz, as b . 0 f: ab : ac, and therefote= = E:; allo © = ©, From the fore- 


3 1 AF Jo nk . #3 440 SINAET# 38:4 | AC: 5 S 7! 5 ab x b 
going five: Propolitions the following Rule is defuced, vi. 


14 33 ts * 


Dee en Trinomial of Quadrinomtal of Juch kind as before is declared. 
Z////%%%% e | _— 
Reduce the given Diviſor to a new Diviſor that may be a ſimple Rational Quan- 
tity ; reduce alſo the given Dividend to a ne Dividend, by multiplying the for- 


mer by the ſame Quantity-or/Quantities tliat were Multiplicators in reducing the 


Fiven Diviſor toa Rational Quantity; then dividethe new Dividend by the new Divi- 
fie) a, Votre in the Examples at the beginning of this Sec. 11.) fo 
e ſhall be'the ſame wirk' that whieh would ariſe by dividing the given 
idend l the given Diviſor; 3 5040 VVV „ ba: 25 
As for ERample, t6 divide 78 4% by YA V2, I firſt multiply the Diviſq; 
44.4 2 by us correſpondent Refidual /4—v2, and it produces 2 for a ne Diviſor; 
ello Umiltiply ee Dwidend tte, 6 by the ſaid V4—vV 2, and it gives the Product 
＋ 32 TA 1 —½6—5 1 a new Dividend, this divided by 2 (the Diviſor before 
found) gives VS TVG z V; the Quotient fought, being . to that which 
wor ſe by dividing 78-7 Ye by Y4+y/2, as will be evi 
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vV(4)1250000—v(4)750000-tY (4)450000—v (4)270000, and another new Divi- 


ſor 2; by this I divide the laſt Dividend, and there ariſes /{4)78125—v(4)46875 


+4 (4)28125—v(4)16875 the Quotient ſought ; for if it be multiplied by the pro- 
oſed Diviſor V(4)5+v(4.)2 it will produce the given Dividend 16. 


F Again, to divide 8 by Yz TI, I firſt multiply the Diviſorby 73 T 2—1, 


and it makes 244, this multiplied by its correſpondent Reſidual Y24—4 gives 
the Product 8 for a new Diviſor. Now becauſe the given Diviſor was firſt multiplied 
by y3+v2—1, and the Product by Y 24—4, the given Dividend muſt likewiſe be 


multiplied firſt by /3+v 2—1, and the Product y24+4-v8 by V24=4, and 


there will be produced 8-+v/128—v 192 for a new Dividend; ſo inſtead of the given 
Dividend and Diviſor we have other Numbers in the ſame proportion, viz: 8+ y 128— 
oz and 8. Therefore (by Prop. 5.) the former divided by the latter will give the 
Quotient ſought, to. wit, 1+y 2—y 3 but that this is the true Quotient will appear 


by Multiplication, for if 1-+v/2—v/3 be multiplied by the propoſed Diviſor V3+v2 


the Quotient ſought, which after due contraction makes 24. For 2/9, that is, 244 


as(3)7 tov(3)5, which may be done by the help 


144 


is -r, which added to — , 


the Quotient before founc. 


IS SOS Roo. 


If in the Proportion of the Names (or Parts) of a Binomial or Reſidual, there be 
of the Radical Sign, and that the Radical Signs of the Parts of the Binomial or 


of eg. 8. Chap. 5, of this Book; 


tinual Proportionals, that the firſt may be to the ſecond, and the ſecond. thi third, 


where it has been ſhewn, that aa, ar, and ee, are continual Proportionals in the Reaſon 
of a to e. Therefore if we ſuppoſe y(3)7 to be a, and /(3)5 to be e, then the auen 
; | | 10 | S __ | O 


- 


| 
> 


C * - — - =) E ad: * ha 


: g . 
® 7, * * , * * * het pt 2 * 1 - 3 - 222 2 > = 4 . % 4 > * — rd 00 as . y Fro, .s 1 * 1 - 89899 929 0 r . o 
** — FY — * a * —_— —_— 2 2 * a 
* EA 3 e eur „„ e þ „ " e r LID TOES, * Fr a des 1 « * 
+1 ” P 7 ö | S 7 * $ = - a 4 * ** 4 — 
CG A 4 9. 1 * ö N 11 4 : 7 A " 7 9 23 I 
— TK ; 4 . ” 1 3 RN Py yg * ; * 
— — 8 ra. | T7 


. 
n uw 


of V(3)7, to wit, V(3)49, ſhall be thefirſt Proportional (25), the Produtt of (3), 


into /(3)5, to wit, V(3)35, ſhall be the ſecond Proportional (ae) and the Square of 
Vs os 1 5 „625 ſhall be the third Proportional (ze) : ſo that theſe 555 Sul 
bic Roots, to wit, /(3)49, V(3)35, and 3) 25, are continual Proportionals in the 
Reaſon of y( 377 and 9 (3). ; ow I lay, (according to the Propo ition) if V(3)49 
ay (3)25+v(3)25 be multiplied by Y(3)7-+v(3)5, the Product ſhall be Ratio- 
nal; allo if V(3)49+v(3)35-+v(3)25 be multiplied by y/(3)7—v(3)5, the Pro- 


duc ſhall be Rational, as will appear by the following Operation; 


Multiplicand, v(3)49 — V(3) 35 + V(3) 25 


- Multiplicator, v3) 7 +V(3) 5 _ i us vhs 


7 — YV(3)245 + V(2)175 _ 
+ V(3/245 —vV(3)175 + 5 


The Product, 12 is Rational. 5 
Nultiplicand, v(3)49 + V(3) 35 + 3) 25 9s 
Miultiplicator, YG) 7 —VO)_ 5 __ . ö 
e eee een, LE 


tl 


— — — 
— 


e _—V(3)245 —=vV(2175 = 5 

The Product, 2 is Rational. No f 
But for the greater Evidence of the certainty of this Propoſition in a Binomial and 
Reſidual conſiſting of any two ſimple Cubic Roots whatever, let there be propoſed 


this Binomial YC ) H C3) d, and ſuppoſe b greater than d; then three continual Pro- 


(3) dd; then multiply as before, viz. Gr ge Shes 


| Multiplicand, (3) — V(3)b4 + v(3)dd 


Mulriplicator, v(3)b 3) _ FREE | 9 
1 „ EE (SOR 2 
4X #I6G)Nbd—r(3)bdd +d _ 
The Product, d is Rational. 
Pe PR ; Again, : 
Multiplicand, vV(3)bb + V(3)bd + (3 )dd hs 
Multiplicator, (22 — Vd NN 
„ S VMM dd £6 


— VI Jbld—vV(3 -d 


._ 


dis Rational. 


— 


Product, | Sp 
Whence you may obſerve, that the firſt Rational Product is the ſum of the Names 


Cor Parts,) omitting the Radical Signs, of the Cubic Binomial propoſed ; and the 


latter Rational Product is the difference of the Parts, omitting the Radical Signs, of 


the Cubic Reſidual propoſed : ſo that the Rational ProduQ made by the Multiplica- 


tion of the {91dProportionals and Binomial or Reſidual may be diſcovered without any 
Multiplication. 55 Ot GS re 

8. Now that rhe uſe of the laſt preceding Propoſition may appear, let it be required 

to divide 10 by Y(3)7—vV(3)s 3 firſt, becauſe the Index of the Radical Sign is 3, I | 
ſeek three continual Proportionals in the Proportion of /(3.)7.toY(3)5; which * 


portionals as before has been ſhewn (are V(3)49, V(3)35; and / 3) 25; theſe I 


connect by +, becauſe the Parts of the given Diviſor are connected by —, and there 


ariſes V(3)49+vV{(3(35+V(3)25: then by this common Multiplicator I multiply 


as well the. Dividend 10, as the Diviſor /(3)7—v(3)5, and it produces (3 )490c8 


_+V(3)35000+1(3)25e00 for a new Dividend, and 2 for a new Diviſor. Laſtly, 


= dividing the ſaid new Dividend by the new Diviſor, there ariſes /(3)6125+ 
| (3)4375—9 (3/3135 the Quotient ſought : for if it be multiplied by the great Di- 
viſor Y (3 }J—V(3)5> lt will produce the given Dividend 10. 
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232 be Arithmetic of Surd Quantities, BOOK IL 
In like manner, to divide 10 by this Binomial YC 3)5 TV 3)3, firſt, I ſeek three 
continual Proporridnals in the Reaſon of /(3 )5 to / (303, which Proportionals will be 
found V(3)25,y(3)15, and Y(3)9; theſe I connect by ++ and— alternately, becauſe 
the Parts of the given Diviſor are connected by +, viz. to the firſt Proportional I pre- 
fix +, to the ſecond —, and to the third -+ ; ſo they make y(3)25 — vV(3)15+V(3)9. 
By this as a common Multiplicator I multiply as well the Dividend 10 as the Diviſor 
vV(3)5+v(3)3, and there ariſes a new Dividend Y{3)25000—y( 3)15000+ | 
it v( 3)9o00, and, a new Diviſor 8, by which I divide the ſaid new Dividend, and there 
| comes forth V(3)}3f—vV{(3)324+v(3)-424, the Quotient ſoughr. | 
= The ſame Method is to beobſerved when the Diviſor is a Binomial or a Reſidual 
= conſiſting of two ſimple Biquadratic Roots. | ES 
As for Example, to divide 10 by V(4)5+v(4)3, (which has already been done af- 
ter another manner in the third Example of the Rule in the fixth ſtep of this Section; 
firſt, becauſe the Index of the Radical Sign is 4, I ſearch out four continual Froportio- 
nals in the Reaſon of /(4 )5 to (4); in this manner, viz. Foraſmuch as (by Get. 8. 
Chap 5 of this Book) theſe are continual Proportionals, to wit, aaa, aae, ace, and eee; 
1 ſuppoſe V(4)5 to be a, and 04) 3 to be e, then ! multiply (405 into it ſelf cubi- 
cally, and it gives the firſt Proportional (4) 125, to wit, aaa; ) alſo I multiply the 
Square of /(4)5 into V(4 )3, and it gives the ſecond Proportional y{ 4.)75, (to wit, 
aae ; ) again, I multiply V(4.)5 into the Square of (4 )3, and it gives the third Propor- 
tional V(4 )45, (to wit, ace; ) laſtly, I multiply (43 into itſelf cubicauy, and it 
gives the fourth Proportional /(4)27, (to wit, eee : ) Then becauſe the two Parts of 
the given Diviſor are connected by +, i connect thoſe four Proportionals by + and — 
alternately , fo there ariſes this Compound Number y(4)125—v(4)75+v(4)45— 
y(4.)27, by which as a common Multiplicator I multiply as well the given Dividend 
10, as the given Diviſor V(4)5+vV(4)3, and there ariſcs a new Dividend 
y(4)1230000—v (4 )750000+v(4.)450000—v(4 )27o000, and a New Diviſor 2; 
which are the ſame in every reſpect with thoſe found in the place before cited. 
After the ſame manner, when the Diviſor is a Binomial or a Reſidual having 5 or 6, 
c. for the Index of the common Radical Sign of the Roots, it may be reduced toa 
new Diviſor that ſhall be Rational. But it muſt be remembred, that when the Koots 
are of different kinds they muſt firſt be reduced to a common Radical Sign. 
But when the Diviſor cannot be reduced to a ſimple Rational Number by any of the 
foregoing Rules, (which are all that I have met with in Algebraical Authors) the Divi- 
dend may be ſet as a Numerator over the Diviſor as a Denominator, and the Fraction 
ſo conſtituted ſhall be equal to the Quotient. As for Example, if v48+y(3)3 be to be 
divided by vV15+v(3,6—v3, the Quotient may be repreſented by this Fraction, 


to wit, . 
EN 
715 + vV(3)6 —V3. 
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Examples of Divifion in Compound Surd Quantities expreſt by Letters. 


il Diviſion in Compound Surd Quantities expreſt by Letters depends upon the Ru! 
f of ſimple Surds before delivered; as alſo upon eee | Method of Diviſion in 
Seck. 9. Chap. 5. Book 1. as will appear by the following Examples, ſome of which I 
! ſhall afterwards explain. E IHE 34 

0 iber. 2 : 7 
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In the aſt Example, firſt, ab divided by a gives the Gt 5 hy WIT 1 multi- 


ply the whole Diviſor av bc, and it makes ab; by bc, this ſubtracted from the gi- 


ven Dividend ab-þ by be, chere remains o; ſo the Quotient fought i . 
In the third Example, firſt, ab divided by vab gives the Quotient Yah, by which 1 


multiply the whole viſor V 4a cd. and the Product is ab—vabcd, this fubtracted 


from the given Dividend ab cd, there remains to be yet divided —cd+vabcd; then 
I divide cd by cd, and it gives the Quotient +vcd, by which I multiply the 


whole Diviſor Vab - cd,. and it makes cd Vahcd, this ſubtracted from the remain- 


ing Dividend —cd+v/abed leaves oz ſo the Diviſion | is finiſh d, and the Quotient 
ſought i isYab+viAd.. 


In the fixth and lat Example, furt, 6 divided.by. a gives the Quotient = this mul- 


tiplying the whole Diviſor a—vbc. produces aab—aby bc, which fu brrafted — the 
given Dividend leaves to be 125 divided 1 2e 9% , * *; then I4 divide +2 5 be by 


—he be, and i it gives the Quotient — L b ay, by which L multiply the whole Diviſor 


— be, and it produces ee by bc, which tubirafted from the retraining Di- 
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The Arithmetic of @nrverſal Surd Roots, both in Numleri and Quantities ex- 


preſi d by Letters. 


\ 


| Univerſal Roots are the Roots of Compound Numbers or Quantities. © How to Ex. 
has already, been ſhewn in Se&, 28. 


preſs Univerſal Roots, and to find out their values, 
Chap. 1. Book 1. I ſhall therefore proceed to their Multiplication. 
I. If the ſquare Root of any compound Number to be ſquared, or multiplied into 


itſelf, caſt away the univerſal Radical Sign / of V2), as alſo the Line that is drawn 


over the compound Number, and the compound Number itſelf ſhall be the Square 
of the univerſal Root propoſed. Alſo the Cube of the Cubic Root of any compound 


Number is the compound Number itſelf, the Line drawn over it, and the univerſal 


Radical Signv(3) being caſt away; and ſo of others. : 
As for Example, the ſquare of this univerſal ſquare-Rooty:12+v3:-i$12+4/35 


vV(3)1625. | 


* LES — ao 
_ pon ag 


likewiſe the ſquare of Y: 1273: is 12—v3; alſo the ſquare of Y Iy TVI CV 2: 


— 


is 15+v/3+v2, and the ſquare of / 15—v3—vyz: is 15v3—y2. 


After the ſame manner the Cube of this univerſal Cubic Root y(3):Y25+v9: is 


725 ＋ , that is 8. 


Likewiſe the Squate of Vrad T is aa+bb, and the Cube of /(3) Tec: 


is bbb-+ccc , alſo the ſquare of Y: c= : is c , = u: and ſo of others. 

2. When an univerſal Root is to be multiplied by a Rational Quantity, or by a 
ſimple or compound Surd, or by any univerſal Root; multiply the {quare of the 
Multiplicand by the ſquare of the Multiplier, when the univerſal Radical Sign is Qua- 
dratic; or the Cube of the one by the Cube of the other, when the univerſal Radical 
Sign is Cubic, Qc. then before that Cubic prefix the given univerſal Radical Sign; 
ſo ſhall this new univerſal Root be the Product ſought, _ 


— 


* 


and it makes 40 440% or 40+v640, whoſe univerſal ſquare Root, to wit, 
V 40+4V40: or V:40+v640: is the Product of y: 10+y/40: multiplied by 2, 
or the ſaid Product may be expreſsd thus 27: TO VAIO: VVV 
Likewiſe if V(3): V(3)64+v(3/27: be to be doubled or multiplied by 2, I firſt 
multiply each of thoſe Numbers cubically, becauſe the Radical Sign of the given univer- 
fal Root is V(3), and their Cubes will be /(3)64+v(3)27 and 8; which multiplied 
one into the other make 8/3)64 8/(3)27, to which Product I prefix the univerſal 
Radical Sign V(3) and it gives V(3): 8/(3)64+8y(3 27: that is, V(3): 32+ 24: or 
V(3)56, which is the Product ſought, to wit, the double of /(3):(3)64+v(3)27: 
After the ſame manner if Y(3):V(3)64+v/(2)35 +3 :'be to be multiplied by 5, 


Again, to multiply V VIoUVZ: by Ys, their Squares are * 10 ＋ z and 5, which 


multiplied one into another make g/ 10+ 53, (that is, /250+1/75) whoſe univer- 
ſal ſquare Root, to wit, /:5V1045vY3: (oT Y: V250＋π 5 :) is the Product of 


y:v10+v3: multiplied by VJ. 346 


Likewiſe, to multiply VIIz NV): by V 540 16: (that is, 4 by 3, where the 


Product is manifeſtly 12 ;) the Squares of the univerfal Roots propoſed are 13+v9 
and 5+v16, which multiplied one into another make 65+5Y/9+139/16+v144 3 


whoſe univerſal ſquare Root, to wit, /. 65+ 5V9+13y16+v144: that is, 7/144, 


or 12, is the Product ſought. 


— 


Again, to multiply Y:: into Y:: I multiply their Squares 24 
and r one into another, according to tlie laſt of the three compendious Rules 
in Seck. 10, of this Chap. and there comes forth 4% — 22, that is 5, (to wit, the 
a 5 | difference 


"ny * 7 1. 888 er . n 44 A LS * 8 2 8 | | 1 2 oo 
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As for Example, if it be deſired to double or multiply by 2 this univerſal ſquare Root 
:10+v 40: I take the ſquare of 2 which is 4, and the ſquare of Y: IO VO: which 
(by the foregoing firſt Rule of this Sec) is 10+v/40; then I multiply 104/40 by 4, 


"nd * 
<H FF 


C HAP. 9.) The Arithmetic of Sud Quante: 235 
: difference between the Squares of Zand V=;.) - Laſtly, the Square Root of the faid 5 
| is v5 for the Product ſought. _ 2 CC... © 21DQOW? #56 50h 
ſl So alfs to multiply v 5 V2: by 5 T 02, their Squares 570 2 and 5+ 2/10 
7 multiplied one into another give 35+10V 1047Y/2-+ 27 20, whoſe univerſal ſquare 
4 | Root to wit, /35 T 10/1 ＋ 220: is the Product Totght. 
Moreover, to multiply Y 7144 T4: — WITZ: by / 71 (that is, 


* . 


1 2 by 3, which will produce 6) I firtt multiply the Square of 714447 by the 
11 Square of VI: viz. V144+4. by 7100—1, and it makes /14400%4Y 100 
144-4, before which I prefix the univerſal Radical Sign 7, and it gives 

| VIA F -: which 15 one of the Members of the Produ&t 
fought; then I multiply in like manner —T ): 4 T2: by y :Y 1001: and it makes 


q One Vat - e for the latter Member of the Product ſought. Laſts -— =_ 
5 ly, both thoſe Members being joined together give :14400+ av 100 19777 1 
See 2V160=4—2: that is, 0 144136, that is, 12—6 or 6, for the | 

Product require. / me ol ry 


z. Sometimes the fourth, fifth, and ſixth Rules in Sed A of this Chap: will be 
uſeful in the Multiplication of univerſal Surds. As if it be deſired to multiply 


32 Ty. by /Z: (which are commenſurable Roots, for they ate in pro- 


portion one to the other as 3 to 4) 1 multiply 3 by 4, and the Product 12 into 25; 
ſo there is produced 24+1 2V5 (that is, 24 +v720) for the Product ſoughr. 


- Likewiſe, 5/: 699; multiplied by 2V:5+9: (that is, 15 by 6) produces 
60+zov 9, (that is, 90.) | ES Nie Dov 


* 
o 


——— 


© Moreover, if 5V: 6419: be to be multiplied by 30: 19-7: (that is, 1j by 12) 
I firſt multiply 5 by 3 and it makes 15, then I multiply “: 6+v9: by /: 19-95; | 
and it produces y :105+13v9: which latter Product multiplied into the former | 
product 15 makes i5Y 3105+13v9: (that x 80) the Product ſought, 


c 


4. Sometimes alſo the three Rules before delivered in Sec. 10, of this Chap. concern- 
ing the multiplying of Binomials and Refiduals will be uſeful in the Multiplication of ; 
univerſal Surd Roots. As if this Binomial Root /: I2 TVS: + V:12-V5: be 
to be ſquared or multiplied into itſelf, the Squares of the Parts are 12+v6 and 12— 
v6, whoſe Sum is 24; then the Product made by the Multiplication of the Parts one 
into the other, viz. /: 12: into y :12—v6: is V138, (for the difference of 
the Squares of 12 and 6 is 138, whoſe ſquare Root is 138 ;) and the double of the 
ſaid Product is 2v 138, which added to 24 (the dum of the Squares of the Parts) makes 
24+2v138, which is the Square of y/:12+vV6: + v :12—v6: Moreover, the 
ſquare Root of the ſaid 24+ 2V138, to wit, /:24+2v138: is the Sum of the two 
Parts Y: I2 TV: and /: 12—vV6: For when the Sum of two Numbers is multipli- 
ett into itſelf, the ſquare Root of the Produck is equal to the ſame Sum. 
Likewiſe if Y: 10+v36: — V:10—/36: that is 2, be to be ſquared or multipli- 
ed into itſelf, the Product will be found 20—2vV64, that is 4, and the ſquare Root of 
this 4, to wit 2, is the difference of the two Roots or Parts V: IO V3: and V:10—v 36: 
For when the difference of two Numbers is multiplied into itſelf; the ſquare Root of 
the Product is equal to the faid difference. en ne ET 
Again, if 6+v ; 20—y16: be to be multiplied into 6—wv : 20—v 16 : the Product 
will be found 20; for (according to Rule 3. in Seck. 10. of this Chap.) if 20— 16, 
wich is the Square of /: 20—v16: be ſubtracted from 36 the Square of 6, there 
will remain 16+y/16, that is, 20 the Product ſought. . = 


if ** 
— 


i 


7 » . A 


c n 
Product will be 5. l 8 3 2 5 EET 1 
1 So alſo if Y: 5 T: 20—v16: be to be multiplied by J: 5—v 20e (that is 
aby 1 ) firſt, the Squares of the univerſal Roots propoſed are 5 020i: 


and 5— / 20716: theſe multiplied one by the other, by taking the difference 
of the Squares of 5 and Vr 2 -s: Sie the Product 54 0/16, whoſe univerſal 
a [OM | Wes” ſquare 


i 


niverſal 


w. 3 #2, 6. % a2. a4 
Ft 3s 4 IL3-40% 7 


a 


ores forth aaa I gabb, whoſe uniyerſal ſquare Root v: aaag4anbb:; is the Product 
ſought; which may more compendiouſly be expreſs d thus, ay;zaa+6b:::- - * + 


„ | 9 7 * ti. 2E 5 3 « JOORY 
eee DUO MIR Of oy te Ts 


-- Again, if YT IZ be to be multiplied by a+3, the Product may be ſignified 
by a+3 into V:a2+72%: Or, after the Squares of the Quantities propoſed ate mul- 
tiplied one into the other, and the univerſal Radical Sign prefix d, the Product may be 


or * 4p: 


' 


Erpreſsd thus, /: aaa ,a Ia , D % . 087 £95. 7. 
So alſo bc multiplied into /: aa r: produces /: aabc-+ bbbe: and V: VST Var 


i. bed. dit. 
—_— * 


multiplied by v:vba—vVhbc produces Vea gay b abc: that is * 


V: Vbbca rt abe: 


„ 


multiplied by dy : bb—cc: produces adhh - adec. 15 
And a :e: into d /: -: produces ady : c „ 
Moreover, if this Binomial Root /: Va T Ve: + v :ya—ytc: be to be ſquared 
vr multiplied into itſelf, firſt, the Squares of the Names or Parts of the Binomial are 
vVa+ybc and va—vbc, which added together make 2a; then the double Product 
of the Parts is 20): ar Vc: (for the difference of the Squares of /a and Vbe is abc, 
whoſe. univerſal ſquare Root doubled is 27: a:) which double Product added to 


20a, (to wit, the ſum of the Squares of the Parts firſt found) makes 2 a+2v :a—bc; 


Again, after the manner of the preceding third Rule of this Section ay 20 cc: 


a. 


which is the Square or Product deſired; and if the ſquare Root of this Product be ex- 


araQed; it gives Y: f 2y : a—bc: which is equul to the Sum of the Parts of the 


"Binomial Roots firſt propoſeT to be ſquared. 
ZFC ĩ˙ . ᷑˙¹uugnß.. IO tb RHUOULO fu DI ee 1 
ai 1 ts Sect. XIII. Divifion in Univerſal Surds. 


Divide the Square of the Dividend by the Square of the Diviſor, when the univer- 
ſal Radical Sign is Quadratic,or the Cube of the one by the Cube of the other, when the 
, univerſal Radical Sign is Cubic, &c. then prefix the given univerſal Sign to the Quo- 
tient, fo ſhall this new Root be the Quotient ſought. _ „ jp 
As for Example, if it be deſired to divide Y: 40+ 4v/40: by 2, I'divide 40+ 4v 40, 
which is the Square of the Dividend, by 4 the Square of the Diviſor, (according to 


Seck. 11. of this Chap.) and there ariſes 10+ 40, whoſe ſquare Root univerſal, to wit, 


vV:10+v40: is the Quotient ſoughht. : 3 | 
Again, if it be deſired to divide Y: 40+4y/40: by Y:10+v40: firſt, I take 
their Squares, to wit, 40 47/40 and 10+y40 as a Dividend and Diviſor, then be- 


cauſe the Diviſor is a Compound Number, a new Dividend and Diviſor muſt be found 


out, ſuch that the new Diviſor may be a Rational Number ; ſo (according to the Rule 


in the ſixth branch of Se. 11. of this Chap.) there will be produced 249 and 60 for 
a new Dividend and Diviſor, which give the Quotient 4, whoſe ſquare Root is 2 the 
Quotient ſought, to wit, the Quotient of y :40+4v 40: divided by Y: 10+y 40: . 
Likewiſe, to divide 20 by /: 10—v 5: firſt, I reduce their Squares 400 and 10—v'x 
to a new Dividend and Diviſor, to wit, 4000+400v5 and 95; then I divide 4000+ 
400v5 by 95, and there ariſes 42++42y 5, whoſe univerſal {quare Root, to wit, 


V :42-3+235v5 : the Quotient ſought. © | = | 

Another Example (in Rational Numbers expreſs d Surd-wiſe) may be this, vix. ſuppoſe 
it be deſired to divide /: 4 V5: by Y: 1+v9: (that is, by 3 and 2, which gives the 

Quotient 14) firſt, I reduce 44 25 and 1 79, the Squares of the given Dividend 


and 


quare 


VI by a, I multiply their Squares aa hh and aa one into the other, and there 


83 n 


be repreſented by thisFraftion  : I 


* * 3 
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theſe give the Quotient 5, (as has been proved in the latter Example of the Note in 
the preceding Seck. 11.) the iquare Root whereof, to wit 2, is the Quotient ſought; 
for if the given Diviſor 
3, which is equal to the given Dividend V:4+v25: —_ 


© Again, to divide y(3): 8/(3)64+8Y(2)27: by 2, I divide the Cube of the 
one by the Cube of the other, viz. BY(3)54+8(2)27 by 8, and there ariſes 


/(3)64+v(2)27 , whoſe univerſal Cubic Root, to wit, V(3):v64+v(2)27: 


is the Quotient ſought, to wit, the half of the Dividend propoſed. 


2, If the given univerſal Roots, to wit, the Dividend and Diviſor be commenſurable, 


then (according to the fifth Rule of Sed. 5. of this Chap.) divide the Rational part of 


the Dividend by the Rational part of the Diviſor, and what ariſes is the Quotient 


ſought. As to divide 2tv :6+v5: by 3V:6+vVg:1 divide 21 by 3, and there ari- 


ſes 7 for the Quotient ſought. = 5 
Likewiſe 1830: Y 3—v/ 2: divided by 32: gives the Quotient 24. 
3. Diviſion in univerſal Surdsexpreſs'd by Letters depends upon the Rules before 


given: as to divide /: aaaa-+ aabb: by a, I divide the Square of the Dividend by the 


Square of the Diviſor, viz. aaaa+aabb by aa, and there ariſes aa+bb, whoſe ſquare 


| Root univerſal, to wit, Vr aa+bb: is the Quotient ſought. yl 
Again, if it be deſired to divide v :vbbca-+vaah—bc—wabc: by: Neva: 


L divide the ſquare of the Dividend by the ſquare of the Diviſor, viz. Vea aab— 


bc—vabe by Vbe Va, (according to the Method in the Examples at the latter end of 


Sect. 11. of this Chap.) and there ariſes V ba—y bc, whoſe univerſal ſquare Root, to wit, 


oY "Us 


Vac: is the Quotient ſought. 


Moreover, to divide dv:bb-+cc: by 3a): cc: becauſe they are commenſurable, 


I divide only the Rational part by the Rational, and there ariſes = for the Quotient. 
4. Laſtly, when the work of Diviſion in univerſal Surds according to the foregoin 
Rules and Examples in this Section, . to be intricate, or will not work o ju 
without a Remainder, you may ſet the Power of the Dividend (the univerſal Radical 
Sign being omitted) as a Numerator, over the Power of the Diviſor as a Denominator, 


and prefix the univerſal Radical Sign before the Line that ſeparates the Numerator from 
the Denomina tor; then ſhall the univerſal Root ſo denoted ſignifie the Quotient ſought. 


As if it be deſired to divide /:V5+v8—3: by V.): the Quotient may 
V5+vV8—3, | „ 


Likewiſe if J: Vabb- bed: be to be divided by V/: Vac dd: you may write 


V Y an to ſignifie the Quotient. 


* RESP | —_— 
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Sect. XIV. Addition and Subtraftion in Univerſal Surds, 


1. Wheri two univerſal Surds propoſed to be added or ſubtracted are commenſura- 
ble, they may be added or ſubtracted like ſimple Surds, (according to the Rule in Sec. 8. 


of this Chap.) As for Example, if the Sum and Difference of y/:8+ : and 
V:2+v3: be defired ; becauſe each of them divided by their common Diviſor 
v :2+v3: givesV4 and v1, that is, 2 and 1, which are Rational Numbers expreſſing 


the proportion of the Surds propoſed. Therefore the Sum of 2 and 1, to wit, 3 multi- 
plied into the faid common Diviſor gives 3y : 2+v3 : for the Sum required, (which 


may alſo be expreſs d thus, Y: 18+v/243:) and the difference of the ſaid 2 and 1, to 


wit, 1 multiplied into the ſ#d common Diviſor /: 27: makes V:2+v3: for 


the difference of the two Roots firſt propoſed. _ 
Another Example in Rational Numbers expreſs d Surd-wiſe; viz. let it be required 


to find out the Sum and Difference of Y:99+9v25: and /: 44+4v 25: (that is, 


2 and 8; firſt; thoſe univerſal Roots being ſeverally divided by the common Diviſor 


511 


:I+v9: be multiplied by the Quotient 2, it will produce 


= 337 
ahd Diviſor, to a new Dividend and Diviſot, to wit, 4+v/ 25—4av9=v 225 and a 


wr ” 


Or ——ů— . 
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wu: —_ TT give the Quotients ve 9 and Va, to wit 3 and A which. are Rational 
Numbers expreſſing the Proportion which the given Roots have one to another. There- 


fore 342, to wit 5, multiplied into the common Diviſon /: 21 T7725: gives 


* A. ML 


59 2 f that is, Y 275 T5625: (to wit 20) which isthe Sum of the Roots 


that is 4, fot the Difference of the given Roots. 


propoſed; and 3—2, that is 1, multiplied into the faid V:11 ey oy gives 1 l 25 2 


Here follow C ontractious of the work of Ae and Auras in e two th . 
— with ot bers * like nature in FO mnt gn 9, wee 2 


What des. Sum ant Differenc oY ISL | + VIP 3: and /: TTV: 4 
Tbe Operation. Po Et 


I. V:i2+v3: ) VIS: (4, that is, 2. 
II. Vi2+v3:) vV:2+ v3: (V1, that is, I. Fs 5 
Therefore from I. 27/2 v3: = v: 1 PL cr oe Tre th 
And from II.  1/:2Þ v3: : „ 

The Sum, 3vV:2+ y3: 
The Difference I 20+ v3: 


* th. Wa 5 bY mY GT 


— — 


oe 


ll 1 


Example 2. s 55 3 OT 2 
What is ; the Sum and Difference of .v; : 99+ TIH and Wi Fry I 5 TE Fr 
. The Operation. 


E VII Vz: ) Viggt9V25: (vs, chat k, 3. 
II. Y:ii+v25:) vV:44+av25: ( Va. that is, 2. 


r 3 pore e VVV 
The Sum, 5 5 I 25 = V:99+9y25: + Le rear 
The Difference, 175 N 927 = . a — — = 


* "7 ts 2 
of 


Thoſe reduced (by Sed. 6. of this Chap ) give . ay 4. Lb: and 0 55 
Therefore theit Sum is 3 into Ya. 


* 


And their Difference i „ n into y - 3 B 
Example " ; 
What i 18 the Sum and Difference of ITE 7 _— — — and erer + qaammnp 
By dividing each of them by their en. = ts 
common Diviſor Y 00+ 2 — 85 
there will ariſe Rational Gen x a ny 2 85 


. 3 2 
Therefore the Surds propoſed are 7 2 | 


Commenſurable and inſtead of | 2 200 and = : * 
them we may write Faw: N 


Therefore their Sum ſhall be 322 - into e 00 T 


That! > . : q r . * oo 


- 
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And the bene 0 the e given Surds mal be pez * into 7:00 55 
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TF Example 5. 


' What s the Sum and Difference of theſe two univerſal Roots > 
| ee: + bana + 214 + 72a + 108: and, 
N aaaa ＋ Io + 374 — 1204 + 300: 


The Operation, 


4 


one in Seck. 7. of th is Chap) and may de expreſs'd thus; 
a + 2V :aa + 12: and 2 12: 
Therefore their Sum, ſuppoſing a to be greater than 5, ſhall be 
| 2a — 2 into Y 244, + 12: | 
And their Difference ſhall be Sa T 12: 


But if we ſuppoſe a to be leſs than 5, then the Sum of the given Surds will be 


8/:aa+12: and their Difference 2a © 2V:aa+12: that is, 24% 2 into V 7aaÞ 12 : 
2. When the Root of a Reſidual is to be added unto, or ſubtracted from, the Root 


of its correſpondent Binomial, thoſe Roots may be connected together by + or — ; 
and then the whole being multiplied i into itſelf, the univerſal Root of the Product ſhall 


been ſhewn in Rule 4. Sec. 12. of this Chap. _ 

As if theſe two Roots be propoſed to be added, to wit. 7 72 T 6: andy: N 6: 
we may multiply rhis compoſed Number Y 1246: + / 12: into itſelf, 
and there will be produced 242/138, whoſe univerſal ſquare Root, to wit, 


V: 24+2v128: ſhall be the Sum of the two Roots propoſed to be added. 
Likewiſe if /:12+v6: — y:12—Vvs6: be mulriplied into itſelf, the Product 


| will be 24—2y 138, whoſe univerſal ſquare Root, to wir, ** 24 —27 138: is the 


Difference of the two Roots propoſed. 
After the ſame manner the Sum of theſe two Roots, 7: Io+V/ 36: and V. 10776 
will be found y: 20+ 2V 64: (that is, 36, to wit 6; ) but their Difference 
V : 26—2v 64: (that is V4, to wit 2.) | 
Likewiſe the Sum of theſe Binomial Roots V. Va T Ve: and Vr. Va bc: will be 


0 found v: Wat 2V : a—hc: and their Difference : 2Va—2y:a—bc: 


3. Bur if the univerſal Roots propoſed be not Commenſurable, nor ſuch Binomials 


and Reſiduals as are mentioned in the laſt proceding Rule, then they are to be added 


by +. and ſubtracted by —. 
As if V:5Fv2: and v 35—v3: be to be added, [ write V/: :5+V2: + JEST; 

for the Sum, and to ſubtract y :5—v3: oo v: 5+v2: | write EIT OTE 

V:5—V3: for the Remainder. 
Likewiſe the Sum of Va Pb: and Va cc: is V 555 + * — and 


their Difference! is .. aa bb: — V:aa—cc: 


: v 2 «4. at... i Py — at di et  - = 8 — 
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Sect. XV. Concering the Conctitution at F 7 fo Diwali in N umbers, 
agreeable to thoſe expounded in Prop. 49s 50, FI, 52, 53, 34. Elem. 10. 
Eucl. 


By way of preparation to the Conſtruction of the fix Binomials in Numbers! ſhal 
premiſe this 
9UESTI 0 N. 


| To find two ſar Numbers whoſe Difference may be — to a given Rational 


Number ? 5 
CANON 
rike any two Numbers which myltiplied one by the other will produce the given 


Num- 


< 
* L * Benne — 


The given Roots are Commenſurable, (as has been ſhewn in the laſt Example but 


| 
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Number ; then half the Sum of thoſe two Numbers and half their difference ſhall, 
be the Sides or Roots of the two Squares ſought. 

As if 5 be given for the difference of two Squares ſought, I take ; and I ; for 
the Product of their Multiplication is 5; then the half of their Sum is 3, and the 
half of their difference is 2; laſtly, the Squares of the ſaid 3 and 2 are 9 and 4, the 
Squares ſought ; for their difference is 5, as was preſcribed, 

Again, the ſame Number ; being given for the difference pf two Squares, take 1 
Number at pleaſure, as 2, hy this divide the given Number 5, the Quotient is -., there» 
fore the Product of the Multiplication of the Diviſor 2 by the Quotient. is 5; Foun 
according to the Canon, half the ſum and half the difference of the faid 2 and - 
wit, and + , ſhall be the Sides of the Squares {dught; and conſequently the dure 
themſelves are 27 and +, whoſe difference is 5, as was deſired... 

After the nde manner innumerable pa irs of ſguares may. 1 m0 al 
Numbers, and the difference of Sg be GE by one and the lame givenNumber, 

The Reaſon of the Canon may be made mani Sil by WE on 


$$ #4 £2 x of. wo 


„ „ you —— 2 


I Theorem. 3 : 1 


; 18 


The product made by the Multiplication of any two ada: Numbas is: point: to 
the difference of two: ſquares, to wit, of the ſquare of half the — _ the —_ 
of half the difference of the ſame tyvwo unequal Numbers. 303-117 

: AS Y obe the greater, and & the lelſer of two re tbenn 1 

1 15 \ The Square of 464-24 Is" 5113 tf at, en 0 9772 
The Square of IE Fine dee k., 
The difference of thoſe two Squares is „ e 

Which difference is manifeſtly che Product of the Multiplication of the two propo- 
ſed har: 9 C e e the Theorem, and eee the e firſt given, 
is manifel 572118 e: HerVo ir hee | 
ba EY us Te Definition of. Binomial 4 


— — — ro . 


When the Send Naas (or Part) of a Binomial is a Rational Namben My the 
leſſer part is a Surd ſquare Root of ſome Rational Number, the ſquare Root of the 
difference of the Squares « or * panes: is a Rational Number, the ſum of the two parts 
is a 


— 


Babette, 
3 this Binomial be propoſ ed. — 5 1 V5 
| The Squares of the Names or Pars are BP 5 7 82 


The difference of thoſe Squares is i „ b d 
The ſquare Root of that difference i Wel 1h, 15 e 2 
Becauſe the greater part 3 is a Rational BAY and the leſſer part * 51 is a + Hank 
ſquare Root of a Rational Number 5, and the difference of the Squares of the Parts, 
vix. 4, is a Square whoſe Root 2 is a Rational Number; nn a propoſed, to 
wit, ** 5, is called a firſt Binomial. 


* to find out two Ch Numbers as may confine, a 2 Binomial. 


1. By the Canon of the preceding Queſtion at the beginning of this 
15 Seck. find out two ſquare Numbers, whoſe difference may be > _—_— 
\ ſome Rational Number not a nne ſuch are theſe ad Sy ty 
2. Their difference is 3 5 
3. Take ſome Rational Number at bleaire for the greater part of 6 
the Binomial ſought, as iT 
4. Then ſay, By the Rule of Three if 9 the greater of thetwo. ſquares 
found out in the firſt ſtep, give 5 the difference in the ſecond, what 
ſhall 36 the ſquare of the Number taken in the third give? whence > 720 
the fourth Proportional will be found 20, the one: Root where 
of is the leſſer part, to wit, 
5. I ſay, The ſum of the two Numbers found out in the third 6 72 
and fourth lteps, is a firſt-Binomial; to wit : vi * 20. 
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The Defvnition of Binomial IL 
When the leſſer part of a Binomial is a Rational Number, and the greate part is 
2 Surd ſquare Root of a Rational Number, and the ſquare Root of the Difference of 
the Squares of the Parts is Commenſurable to the greater Part, the Sum of the two 
Parts is called a ſecond Binomial. V | 


Let this Binomial be propoſed l. 1874 
The Squares of the Parts are. 4 " | 
The Difference of thoſe Squares iz. . . 2 
The ſquare Root of the Difference is 3 


. Becauſe the leſſer Part 4 is a Rational Number, and the greater Part 18 is the 
Surd ſquare Root of a Rational Number 18, and the ſquare Root of the Difference of 
the Squares of the Parts, viz. / 2, is Commenſurable to the greater Part y.18; (for ac- 
cording to the Definition in Sec 7. of this Chap. 2 .v18 ;: 1. 3, that is, as a Rational 
Number to a Rational Number) the propoſed Number Y18＋4 is a ſecond Binomial. 


How to find out two ſuch Numbers as may conſtitute a ſecond Binomial, 


1. By the foregoing Canon find out two ſquare Numbers, whoſe 
Difference may be ſome Rational Nuimber not a Square; ſuch > 7 > 
Are theſe Squares F '* %%% 4 
/ ˙¹à. Ümp—n ten noe: 0 | 
3: Take ſome Rational Number at pleaſure for the leſſer Part of 
the Binomial ſought, ass 'F 

4. Then ſay, If 5 the Difference in the third ſtep gives 9 the 
greater of the two Squares in the firft ; what ſhall 100 the 
Square of the Number taken in the third give? Whence you 
will find 180, whoſe ſquare Root ſhall be the greater part, viz 
5. I ſay, The Sum of the two Numbers found out ee hn: 
and fourth ſteps is a ſecond Binomial, vin. . ; .F 180710 


7180 . 


OT The Definition of Binomial Ill. - 

When each of the two Parts of a Binomial is a Surd Square of a Rational Number, 
and the ſquare Roor of the Difference of the Squares of the Parts is Commenſurable 
do the greater Part, the Sum of the two Parts is called a third Binomial. 

„ Explication. ö 


The Squares of the Parts are : Bs > 55 


The Difference of thofe Squates is 818 
The ſquare Root of that Difference is. 8 | 

Becauſe the two Parts 50 and 32 are Surd ſquare Roots of two Rational Num- 
bers 50 and 32, and the ſquare Root of the Difference of the 9 of the Parts, vz. 
18, is Commenſurable to the greater Part Y50; (for 18 . V50 ::3. 5, that is, as 
a Rational Number to a Rational Number) the propoſed Number y 50+ 32 is a 
mud Silaomian.. " ES 
How to find ont two ſuch Numbers as may conſtitute a third Binomial. 
1. Find out two ſquare Numbers whoſe Difference may be fome } 9 

Rational Number not a Square; ſuch are theſe Squares 4 4 
„ EL” 5 
3. Take ſomeRational Number not a Square, which may exceed 
the ſaid Differences 5 by an Unit or two, viz. by 1, when, the 7 
aid Difference increaſed with 1 makes not a Square; but by 2, 5 6 
when the Difference, increaſed with x makes a Square: So in 


| this WR take 6, becauſe 5+1 makes not a Square 
4 Ain, tak 


e ſome Rational Number pin n 


4 45: 4: Es eee e 
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| _ of the parts, viz. V2, is Incommenſurab 
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Conſtruction of Binomials. 

JJV) nee >.» » 144. 

6. Then ſay, If 6 the Number taken in the third ſtep gives 9 the 

greater of the two ſquares in the firſt, what ſhall 144 the ſquare (. 

= Nun in the fifth give? whence the fourth Proportional is V216 

26, whoſe ſquare Root, to wit 216, ſhall be the greater part. 8 

7. Say again, If the ſaid Square 9 gives 5 the Difference in the 7) 
ſecond ſtep, what ſhall 216 the fourth Proportional found it . 
out in the fixth give? Whence you will find 120, whoſe ſquare (G 120 
Root, to wit 120, ſhall be the leſſer part. 

8. I ſay, the ſum of the two Numbers found out in the ſixth. 74554 
and ſeventh ſteps is a third Binomial, to wit, 3 216+V120 


SIN . The Definition of Binomial 5 13 
When the greater part of a Binomial is a Rational Number, and the leſſer part is 
a Surd ſquare Root of a Rational Number, and the ſquare Root of the Difference 


* 
« 


of the ſquares of the parts is Incommenſurable to the greater part, the Sum of the 


two parts is called a fourth Binomial. = 
NN 0 OO 55 
Let this Binomial be propoſed eu , 5+vi2 
The Squares of the Parts are 1 8 


The Difference of thoſe Squares is if oY 
The ſquare Root of that Difference is . . . . v13 


Becauſe the greater part 5 is a Rational Number, and the leſſer part V12 is a Surd 


ſquare Root of a Rational, Number .12, and the ſquare Roor of the Difference of the 
ſquares of the Parts, viz. 13, is Incommenſurable to the greater part 5; (for Y13 


has not ſuch proportion to 5 as a Rational Number to a Rational Number) the 


Number 5+v 12 above propoſed is a fourth Binomial, .- 


Hom to find out two ſuch Numbers as may conſtitute a fourth Binomial, 
1. Take any Ruate Number, m /// ĩ Eon % St: 
2. Divide that ſquare Number 9 into two Numbers not _ } * 
CV a Lok wp 
3. Take a Rational Number at pleaſure for the greater part of } 
% A om nn ionic... + 6 
4. Then fay, If 9 the ſquare Number in the firſt ſtep give 6 
the greater of the two Numbers in the ſecond, what ſhall 36 
the ſquare of the Number taken in the third give? So the > V24 
fourth Proportional will be found 24, whoſe ſquare Root, -— 
to wit 7/24, ſhall be the leſſer part, . . . . 


2 and 3 


5. I fay, The Sum of the two Numbers found out in th 6+vV24 | 


and fourth ſteps is a fourth Binomial, viz, . . . 


1 The Definition of Binomial V. | 

When the leſſer part of a Binomial is a Rational Number, and the greater part is 

a Surd ſquare Root of ſome Rational Number, and the ſquare Root of the Difference 

of the ſquares of the Parts is Incommenſurable to the greater part, the Sum of the 

two Parts is called a fifth Binomial. . 
3 Explication. 


5 V6+2 
The ſquares of the Parts are 


1 6 

The Difference of thoſe ſquares is : 
The ſquare Root of the Difference is . , . . . V2 SEE 
Becauſe the leſſer part 2 is a Rational Number, and the greater part V6 is a Surd 
ſquare Root of a Rational Number 6, and the __ Root-of the Difference of the 
e to the greater part V6 ; (for V2. 
6 :: 1 . V2, not as a Rational Number to a Rational Number) the propoſed Num- 
ber y6+2 is a fifth Binomial. ht rage Hon 
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Ew to find out: two ſuch Numbers as may conſlitute a fifth Binomiol. 


e any ſquare Number, s. 1 8 
l ſquare Number 9 into two Numbers not ſquares, as into. 3 3 
2. Take a Rational Number at pleaſure for the leſſer part of the Bi- 
f p. ̃]¾é I RIO SY ² ůß—xlK I NT 2 
4. Then ſay, If 6 the greater of the two Numbers in the ſecond ſtep * 

gives 9 the ſquare umber in the firſt ; what ſhall 4 the ſquare of 
the Rational Number taken in the third give? Whence you will find % 76 
the fourth Proportional 6, whoſe ſquare Root, to wit 6, ſhall be ( 


the greater part ſought, . . . + - 


— 


5. I ſay, The ſum of the two Numbers found out in the third and „ 


- 2 fourth ſteps is a fifth en, 9. . : 3 5 3's 4 + 


2 " The Definition of Binomal VI. 
- When each of the two parts of a Binomial is a Surd ſquare Root of ſome Rational 
Number, and the ſquare Root of the Difference of the Squares of the Parts is Incom- | 
menſurable to the greater part, the Sum of the two parts is called a fixth Binomial. 


Explication. 


Let this Binomial be propoſed . . . . . 55/3 = 


The Squares of the %% Tn - 
The difference of the Squares of the Parts is. . 2 
The ſquare Root of that difference is 3 „ 


Becauſe the two Parts V5 and /; are Surd ſquare Roots of two Rational Numbers 
5 and 3, and the ſquare Root of the Difference of the Squares of the Parts, viz. y 2. 
is Incommenſurable to ws pon party5; (for V2 has not ſuch a proportion toy 5 
as à Rational Number to a Rational Numbet) the Number /5+y 3 above propoſed 
is a fixth Binomial. 55 ” Di 5 8 
How to find out two ſuch Numbers as may conflitute a ſixth Binomial, 
1. Take two ſuch prime Numbers that their Sum may not be a2 a 
%%% rg mn J n 5 
| %s ⁵ ⁵⁵ ¼ 2 ¼ TT | 
% ²ùDp Number, 20 od 6 8 
Take again ſome Rational Number at pleaſure, as . 6 
Then ſay, If 9 the ſquare Number taken in the third ſtep, gives y ; 
12 the ſum of the two prime Numbers in the firſt, what thalt 36 . 748 
the ſquare in the fifth ſtep give? Whence you will find 48, whole C 7 
ſquare Root, to wit, /48, ſhall be the greater part, . . . . 
7. Say again, If 12 the ſum of the two prime Numbers in the firſt) 
ſtep, gives 7 the greater of thoſe prime Numbers, what ſhall 48 the Van 
fourth Proportional found out in the fixth ſtep give? Whence you : 
will find 28, whoſe ſquare Root,vzz. v 28, ſhall be the leſſer part, 

I ſay, the ſum of the two Numbers found out in the ſixth and fe- { Va8+v28 
venth ſteps is a fixth Binomial, vnn. IS : 
If of every one of thoſe fix Binomials the leſſer part be ſubtracted from the greater 
by interpoſing the Sign —, the fix Remainders anſwer to the fix Lines which Euclid 


in Prop.86,87,88,89,90,91. of his Elem. Io. calls Apotomes or Reſidual Lines; as, 


T i ren 393 
2 I 16 . 8 455 4 
1 .V50+v32 1 By changing + into — J III. /5o—v32 4 
Out of Nona IV. 5+vi2ir FE made Reſidual IV. 5—/12; 
| VIV 5+v $5 | e VIV 5 33 | 
The precedent Conſtructions of the ſaid ſix Binomials are demonſtrated in Prop. 4.9, 
50,5 1,5 2,5 3,54. Of 10 Elem, Euclid. | 


Hh 2 1 Now 


. 


* 
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Noc if any Binomial or Reſidual be given, we may eaſily find out another of the 
ſame kind in this manner, viz For the firſt and fourth Binomials, if it be made as the 
reater Name or Part to the leſſer, ſo any Rational Number aſſumed for the greater 
| art of a new firſt or fourth Binomial, to a fourth Proportional Number, this Num- 
ll ber ſhall he the leſſer Part of the new firſt or fourth Binomial. But for the ſecond and 
—_ - fifth, if ir be made as the leſſer part to the greater, ſo any Rational Number taken for 
the leſſer part of a new ſecond or fifth Binomial to a fourth Proportional, the Number 
ſo produced ſhall be the greater part of the new ſecond or fifth Binomial, And laſtly, 
for the third and ſixth Binomials, if it be made as the greater Part to the leſſer, (each 
of which is a Surd ſquare Root) ſo any Surd ſquare Root aſſumed for the greater Part 
of a new third or ſixth Binomial, to a fourth Proportional, there will come forth the 
leſſer part of a new third or fixth Binomial. (The reaſon of this Operation is mani- 
feſt per Prop. 15. Elem. 10. Eucl.) And after a new Binomial is found out, its corre- 
ſpondent Refidual isalſo made by changing the Sign + into —, as before has been ſaid. 
As for Example, if a firſt Binomial 3+v5 be propoſed, to find another like to 
it; I take a Rational Number at pleaſure, as 8, for the greater Part of the Binomial 
ſought, then by the Rule of Three as 3 is to 5, ſo 8 to a fourth Proportional, to wit 
2, for the leſſer Part ſought, therefore 84/225 ſhall be a new firſt Binomial, 
and 8—424 a new firſt Reſidual ; and ſo of the reſt, | 


— 


ks — —_—c 
* 
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Sect. XVI. Concerning the Extraction of the ſquare Root out of Binomials und Re- 
 fiduals conſtituted in ſuch manner as has beep ſhewn in the preceding Sect. 15. 


Every one of the Binomials and Refiduals, whoſe Conſtruction has been ſhewn in 
the preceding Sect. 15. has a ſquare Root, that is, ſuch a Binomial or Reſidual that 
if it be multiplied into itſelf will produce the given Binomial or Reſidual; as may be 
evidently collected out of Prop. 55, 56, 57, 58, 59, and 60; alſo out of Prop. 92, 
93, 94, 95, 36, and 97, of the tenth Book of Enclid's Elements. 

F | As for Example, a Binomial of the firſt kind, ſuppoſe 7+148, has a ſquare Root, 
'% to wit 2+v/3, for this being ſquared (or multiplied into itſelf) produces that Bino- 
i mial 7 +48, whoſe greater Part 5 is compoſed of 4 and 3, the Squares of the Parts 
of the Root 24 V3; and the leſſer part V48 is the double of the Product made by 5 
the Multiplication of 2 into V3, the Parts of the Root 2+y/3 : all which is evident * 
by the Multiplication of 2+» 3 into itſelf. The like effect will be found in every one 3 
of the reſt of the Binomials conſtituted. in the preceding Seck. 15. Therefore if a Bi- 
nomial be propoſed, and its ſquare Root defired, there is given theSum of the Squares 
of the Parts of the Root, (which Sum is the greater Part of the Binomial propoſed) 
and the double of che Product of the Parts of the Root (which double Produ is the 
leſſer Part of the Binomial propoſed) to find out the two Parts of the Root ſeverally. 
And therefore in order to the Extraction of the ſquare Root of a Binomial, it will be 
requiſite to ſearch out a Canon for the ſolving of this following 


= OUESTION. 4 
„The Sum (6) of the Squares of two Numbers being given, as alſo (c) the double 7 
Product of the Multiplication of the ſame two Numbers, to find the Numbers feverally, # 


RESOLUTION 


I. For one of the two Numbers ſought put 
2. Then foraſmuch as the double of the Product of their Mul- 
tiplication is given c, therefore the Product itſelf is 55 


= 3. Which Product divided by the firſt Number a gives the) 
= %%ͤ%!?ͥ 8 F 
= 4. Therefore the Square of the firſt Number is 

5. And the Square of the other Number is . — —.— 


6. Therefore the Sum of the ſquares of the two Numbets is 5 aa ©. 


wy UNI SIE ere 
* 
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CHAP. 9. Extraction of V(2) out of Binomials. 
7. Which ſum muſt be equal to 5 the given ſum of wy 


ſquares z hence _— _. . - + 443 


8. From this Equation after due Reduction, there will ariſe . baa - aaaa cc 
9. And from the laſt Equation (per Canon in Sec. 10. Chap. 15. Book 1.) there will 
ariſe this following Canon, to find out the two Numbers ſought, viz. 5 


CANOVNVI. 


V: bAV. bc. : = the greater Number. 


5 V4 ic. : = the leſſer Number. | 
That is in words, 5 | ꝑ—- en 
From a quarter of the {quare of the given ſum of the ſquares, ſubtra&t a quarter of 
the ſquare of the double Product given, then add and ſubtract the ſquare Root of that 


Remainder to and from half the given ſum of the Squares, ſo ſhall the ſquare Roots of 
the Sum and Remainder of that Addition and Subtraction be the two Numbers ſought. 


—_— 


- a. 


p © b+v bb—cc 553 DE bone | | | 

10. Moreover, becauſe ——— cc: 

11. Therefore * . =y ::b+v 0 Acc: 
65 ä 

12. Likewiſe, becaufe 2 = thv/:;tbb—xc: 

13. Therefore. . ard 1 _—_— 


14. Therefore from the eleventh and thirteenth ſteps another Canon ariſes to ſolve 
the Queſtion, viz 80 N 


21:7 ne 
6 7 — — = the greater Number. MD : 
. . = the leſſer Number, 


—_ That is in words, . | 
. From the Square of the given Sum of the Squares ſubtract the Square of the dou- 
= = ble Product given, then add and ſubtract the ſquare Root of the Remainder to and 
from the given Sum of the Squares; ſo ſhall the ſquare Root of half the Sum and 
Remainder of that Addition and Subtraction be the two Numbers ſought. 
By the help of either of thoſe Canons we may extract the ſquare Root of a Bino- 


mial or Reſidual, but I ſhall uſe the latter only, whence ariſes 
A general Rule for the Extraction of the Square Root ont of Binomials and Reſiduals, 


From the Square of a greater part of a given Binomial or Refidual ſubtract the Square 
of the leſſer, then add the ſquare Root of the Remainder to the greater part, and ſub- 
tract it alſo from the ſame; laſtly, connect the ſquare Roots of the half of that Sum 
and Remainder by the Sign + if a Binomial be propoſed, but by — if a Reſidual : 


* 


ſo you have the deſired ſquare Root of the given Binomial or Reſidual. 
The Practice of this Rule will be ſhewn at-large in the following Examples. 


oo, Example 1. 5 
Let it be required to extract the ſquare Root out of this firſt Binomial 27 ＋ og. 
The Operation. ; 


1. From the Square of the greater part 27, viz. from. 729 

| 2 Subtra& the Square of the leſſer part /704, to wit, © 704 

— 8 % . . „ 25 
4. The ſquare Root of that Remainder iss 5 


Eura of vG) out — "BOO KL 


N whith 2 Root add * * bar e en 
| G THINS oc » -* NS M n 
| 7. The half of that ſum is > $1 | -” 6. 
! 8. The ſquare Root of the ſaid half Sum! is he greater pare "of inne ; 
* ought, to wit, ( 1 3 : F ; „„ 


| 9. Then from the greater part of the given Binomial, wiz. from . 27 
I 10. Subtract the ſquare Root before found in the fourth ſtep, to WW. <8 
41 II. The Remainder is V 21 
| | 12. The half of which Remainder i is EA I 
' 13. The ſquare Root of the ſaid half Remainder 3 is ;the tefſer part 5 FI 1 1 
Ll Rn + Root ſought, to wit, . . , 
1 4. I fay, the two Names or Parts in the eighth and thirteenth eps}, + I 
| eine connected by + ſhall be the ſquare Root ſought. to wit el 
But if — inſtead of I be prefix d to the leſſer part of the faid Root, it will give 
4A 115 which is the ſquare Root of the firſt Reſidual or Apotome 25 —5 70g. 
The former of thoſe two Roots anſwers to the Irrational Line called (in Prop. 37. 
& 55, lib. 10. Elem. Eucl.) a Binomial Line, and the latter anſwers to the Irrational 
Line called {i in Prop. 74. & 92.) an Apotome or Refidual Line. . = 
The Proof of the Root above bete ont f the fir Binomial is made by multiplying the 
| Root into itſelf thus: SENS I 


The Sum of the Squares of the Parts of 4 11, the 
Root found out is ö 


* 1611, that is, 27 
altiplied 5 _ EY 
a yon Erber Pars BY ip 8 A o 2 ts 4v 11, that is, V176 
The double of the ſaid Produkt! Wi. „„ £73 that i is, Hon 
The Sum of the ſaid Sum of the 3 8 of the ö "+ 77% 


— 


* the double Product is . . 


Whence it is manifeſt that 27+v 704 is the Square of 44 * 17 therefore this is the 
true ſquare Root of that firſt Binomial; which was to be proved. Moreover, if the 
faid double Product be ſubtracted from the ſaid Sum of the Squares of the Parts, the 


Remainder 29—V 704 is the Square of 4— 113 enen is the e 8 Root of 
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that firſt Reſidual. 
Example 2. 
| Let it be required to extract the ſquare Root of this ſecond Binomial . 7 a — 
i The Operation. my 
1. From the Square of the greater part Y, viz. from — 
2. Subtract the Square of the leſſer part 6, to „CFC 
3. The Remainder is VVV 
| 4. The ſquare Root of that Remainder i is 3 „ 44 
[| F. To which ſquare Root add the greater Lack: N the N 
9 Rule in Seck. 8. of this * 5 N ; 


6. The Sum is „ _— 5 9 
7. The half of which Sum is f 
8. The ſquare Root of that half Sum is the greater Wy. | 


D K - * 2 * 
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of the Root fought, to wit, . . 


9. Again, from the greater part of the given Binomial, vix. 5 
n 5 . 
10. Subtract the ſquare Root before found! in the fourth 
ſtep, (by the ſaid Rule i in Sed. * F.. BE AY. 
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II. The Remainder is -. . VVV 
12. The half of which Remainder i Es ©. » VL 


the 
leffer part of the Root ſought, to wit... 
14. I fay, the two parts in the eighth and thirteenth ſteps 


being connected by the Sign -þ ſhall be the Root > y Or 2 TVC 
ſought, to wit, . . 


And if — inſtead of + be prefix'd to the leſſer part of the ſaid Root, K, wi give 
V(4)12V(4)-3, which; is the ſquare Root of the ſecond Refidual 247 — 7 


The 


2 *** i » 


8 H A 5. '9. Fxtraflion of 7050 out of Binomials. 


1 The former of thoſe two Roots anſwers to the Irrational Line ate (in prop. 38. 
e 56. lib. 10. Elem. __ a firſt Bimedial, and the latter r to 880 ef 


Line called (in Prop. 75. 93.) a firſt Medial Refidual. | ST K 
The Proof of the Root above extracted out of the ſecond Binomial. 
The Squares of the pow Tyr FEY UT the Root i ah 75 8 


3 ch Squa added together (as in Example 6. ef. | 
hich Squares added together 28 in Example 6. Se 
of this Ch 5 is manifeſt) makes the Sum np bs, that i is, LEES 
The Product of the parts, viz. V(4)12 into * (H is V(a)8r, that i is, 135 
The double of the faid Product is | 
Therefore the Sum of the Sum of the Squares of che * 2 45 5 | | 
parts and the ſaid double Product is 247 +6 | ji. 7 
Whence it is maniteſt that Y 6 is the Square of Va} 24 (054 , therefore 
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this is the true ſquare Root of that ſecond Binomial, which was to he proved. More- * 
over, if the ſaid double Product be ſubtracted from the: ſaid Sum of the Squares of the 
Parts, the Remainder Y —6 is the ſquare of. V N (4)-7 71 therefore this IS | 
the ſquare Root of that ſecond Refidual. A 

Example 3. „ 

. it be required to extract the ſquare Root of this chird Binomial . N bo: = 
| Sen | The Operation. ears 0 | 
1. From the equare of the greater part V, viz. from „ 2 
2. Subtract the ſquare of the leſſer Part, ot wit, CC ˙ A Re 
3. The Remainder is „„ i 3 | 
4. The ſquare Root of that Renainder l JJV | = 
5. To which {quareRoot ade the greater part „ „„ nn | 
6. The Suns ©. CF CR SE I ws Hh 
7- The _— which Sum 5 ir Suns VVV 
8. lhe ſquare Root of that half Sum is ; the reater art en 

of the Koot ſought, to wit, 1 0 . p 2 v 
9. Again, from the greater part of the given Binomial, viz, . 24s 3 

. „ e 
10. Subtract the ſquare Root before found in the fourth Þ ” 

6V'dᷣ oc 33 
11. Ihe Remainder is J 5 050 
12. The half of- which Remainder is be „ 
13. The ſquare Root of the ſaid half Remainder is the 5 

leſſer part of the Root ſought, to wit, |. . + 1 9 7 


14. Jay, the two parts in the eighth and "thirteenth ſteps | 
being connected by + ſhall be the "_ Root fought, „ (4)%5+v (4)15 
to-wit, . 
And it — inttead of > be prefix d to the leſſer part of the ſaid Root, it gives /(4) 
32 —y(4)15, which is the ſquare Root of the third Reſidual Y dc 
The former of thoſe two. Roots anſwers to the Irrational Line called ( in Prop. 39. 
& 57. hb. 10. Elem. Eucl.) a ſecond Bimedial, and the latter anſwers to the [Irrational 
Line called (in Prop. 76. & 94.) a ſecond . Medial Reſd ua. © 


The Proof of the Root above extracted out of the third Binomial. 


Roots ad our, are (4 ba al and 915 
Which Squares added together 1 .. . 7, that is, * XL 
The Product of the parts, viz. V (4) into 5 0 4)15 is vV (4)400, that i is, v/20 
The doi ble ot the aid Produ ie „80 
Therefore the Sum of the Sum of the Squares of the 5% : +y 80 

parts and the ſaid double Product is 


Wbence it is manifeſt, that YAL NY 3 ſs the 3 of ATT V0) 15; 
therefore this 1s the ſquare Root of that third Binomial: which was to be 135 
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Kees f bt the aid Jouble ProduCt be ſubtracted from the ſaid Sum of the Squares 
of the Parts, the Remainder V:+{—V80 is the «gn of erz 3 therefore 
this is the (quare Root of that third Reſidual. 


Let it be required to oy the Parr Root of this be Bicomia 71 20, 


A ee 
1. From her ads reiter N 1-48: 
2. Subtract the Square of th leſſer 20, to „ 


3. The Remainder is a0 alot] 4; +20 
4. The ſquare Root of that Reminder is ed ets 10 co IR 9+,” 
5. To which ſquare Root add the rr part V0 
0, THEIR SS, +3. - 4; 4 5 V 742 | 
* ay 1525 of C 1225 * 
8 The ſquare Root of that half Sum i S the greater part 97 
the 15 oo, to wit, f 0} + $1 ©; 8 7 25 . 
y from the greater part of the given Binomial, 1... 
4 I” 
70. Subtradt the ſquare Root befor found in the fourch Ss * 
to wit, B ts a Wu - 25 


11. The Retnainder * 1 25 PRs Ws» 
12. The half of which Remainder 1 1 
3. The ſquare Root of the faid half Ne is the ieder 

part of the Root ſought, . 

14. I ſay, the two parts in the eighth and thirteenth Gs 55 
(the former of which is a Binomial, and the latter a Reſi- 
dual) being connected by + ſhall be. the ſquare Root 
ſought, to wit, 

Which Root 1 to the Frrational Line called Gn Prop. 40. & 58. ih 10. * 

Eucl.) a Major Line. Cute VVV 
And if the leſſer Name of the faid Root be ſubtracted from the gtes ter, by inter- 

poſing the Sign —, it gives .,. - which is the Root of the 

fourth Reſidual 7— 5 20, and anſwers 00 the On: Line ſs = "_ 77 &7 95 5 

bh, 10. Elem. End.) a Minor Line. 


The Proof of the Root above eure out of th Fart Binomial. | 
The Squares of the parts of the Root found out are 7 17 and — 


1 
77 4.0 
FP 
. 1 
0 * . „ 
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Therefore the Sum of the Squares of the Parts is . 22, that i IS, 7. 
Ihe Product of the Parts will be r Of Rule 2 2. d. = . th +; / 
12. of this Chap.) \ F ; TY bi 5 
The double of the Kid Product is 720 
Therefore the Sum of the ſaid Sum of the. Squares a 55 +/20 
the Parts and the ſaid double Product is a 7 


Whence it is manifeſt that 7+v 20 is the a of WT. ZV + * 
therefore this is the ſquare Root of that fourth Binomial; which was to be proved. 
Moreover, if the ſaid double Product be ſubtracted from the ſaid Sum of the Squares 
of the Parts, the Remainder 7020 is the Square of v” IV — . N T2 
therefore this! is the — . of that fourth Reſidual J— __ oe 


| 8 Example 3 
Let it be hure, to extra the ſquare Root out of this fifth Binomial V 2044: 


. | The Operation. 


I. "RE the PIR of the greater part /20, viz. from .. . 20 
2, Subtract the Square of the leſfer * to wit, . . . 16 
3. The Remainder is APE ws DE ei | 
4. The ſquare Root of that R ee 6 rn 
5. Ag which lanes Root add the greater part POT "4 5. 


wy; ag! , 4 * 
w 0 n ag 
Tc es © 


| EH A p. = rellen —— my D out 2 — 


* TheSumis w 4 + „ e 8 tr 
The half of that Sum is 5+1 
5 2. The ſquare Root of the ſaid half Sum! is the grea- Vir: 


ter part of the Root ſought, to wit, 
9. Again, from the greater part of the given Binomial, 19 "iy 


FO WO 
I 1 8 the ſquare Root before found in LAY 7” 


fourch Rep, 10, wit,” eo eo > 3 
11. The Remainder is: V20—2 
12. Ihe half of which Remainder is . 
13, The ſquare Root of the ſaid half Remainder is the ? LE . 


leſſer part of the Root ſought, to wit, 
14. I ſay, The two Parts in the eighth and thirteenth : 


ſteps, (the former of which Parts is a Binomial, and ( — 
4 latter a Reſidual) being connected by + ſhall F TIE + 15 55. T f 


be the ſquare Root ſought, to wit, 
Which Root anſwers to the Irrational Line called tin "i 41, 2 59. kb. 10. \ Pls 


Eucl) a Line containing in Power a Rational and a Medial Re&angle. And if the leſſer 

Name of the ſaid Root be ſubtracted from the greater, by the interpoſition of the Sign 

—, it gives /:V5+1:—v:vV5—1: which is the ſquare Root of the fifth Reſi- 

dual 204, and anſwers to the Irrational Line which (in Prop. 78. & 96. bb 10) | 
is called a Line making with a Rational Space the whole Space Medial. 


The Proof of the Root above Extralted out of the fifth Binomial. 


| The ſquares of the Parts of / 75. ＋ 51. 28 7 and 55 


(the Root found out) are 
Therefore the Sum of the ſaid Squares of the Parts i is 50 5＋ 5, that is „ V2o = 


The Product of the Parts multiplied one into the 5 tha A 

other {according to Rule 2. Seck 12. of this Chap.) is. is, 2: 
The double of the ſaid Product is “ 
Therefore the Sum of the ſaid Sum of the Squares by 2 ws Eb 

of the Parts and double Product is 8 4 2 

Whence it is manifeſt that at 18 the Square of V. 7 7 7 os . 

therefore this is the ſquare Root of that fifth Binomial; which was to be proved. 

Moreover, if the ſaid double Product be ſubtracted from the ſaid Sutn of the Squares 


of the Parts, the Remainder V 20—4. is the ſquare of 17 1 — 755 * ae d 
tore this i is the ſquare Root of the faid fifth Reſidual V2 20 e HR 


Example 6. 
require tis xt Binomial 


The Operation. 


. 20 

2. Subtract the ſquare of the leſſer part * J to wit, „ 
3. The Remainder is ee eee 
4. The ſquare Root of that Remainder is. ; .v 12 
5 To which ſquate Root add the gear f Part i: Fg x x90 


6. The Sum is „ . V20+v12 
7. The half of which Sum is wee. Sb i 
V 4 
8. The ſquare Root of the ſaid half I iS the} 
greater part of the Root ſought, DAE. VV5+v3: 


9. Again, from the greater part of the Siven Bino- AN 720 


R | 
to. Subtract the ſquare Root before found. in Fur © ec "_ 


fourth ſtep, — ME rear 9 
11 The Remainder is e . V20—/12 
12, The half N Remainder | E OR. * 
7 13. The 4 
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5 . (the former of which Parts is a Binomial, N N + Fe 775 


72 | 
is called a Line making with a Medial Rectangle a whole Space Medial. 


Therefore the Sum of the ſaid Squares of the Parts is . A that is, 720 
- TheProdu&t of the Parts multiplied one into the other is /: 5-3: that is, 2. 


Parts and double Product is 


therefore this is the ſquare Root of that ſixth Reſidual. 


| whoſe ſquare Root 5 is equal to the. 


Root our of Binomials expreſs d by 8 we may extract the 17 Root out of a 


following Examples; where for the more apparent diſtinction of the Parts of the gi- 
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13. The 1quare Root of the ſaid half Remainder is F 
the leſſer part of the Root ſought, to wit, Vivs * tt 
14. I fay, the two Parts in the eighth and thirteenth oo 


8 
= 


the latter a Reſidual) being connected by + 
| ſhall be the ſquare Root ſought, to wit, 8 | 
Which Root anſtwers to the Irrational Line which (in Prop. 42. C 60. lib. 10. Flew. 
Eucl.) is called a Line containing in Power two Medial. ReFangles. And if the leſſer 
part of the ſaid Root be ſubtracted from the greater, by the interpoſing of the Sign 
it gives /:V5+v3: - V:V5—»3: which is the Root of the ſixth Reſidual 
Aa and anſivers to the Irrational Line which (in Prop. 79. & 97. lib. 10. Eucl.) 


OD The Proof of the Root above extracted out of the fexth Binomial, e 
The Squares of the Parts of Vi/5+v3:+ Y z. 3 
* A ; E NV and V5—vV3 


10 


#:; 


wy 


„be double of rhe faid-Produdh : V8. 
Therefore the Sum of the {aid Sum of the Squares of the . V204v8; 


Whence it is manifeſt that /20-+v8. is the Square of Y: VZ: + VV: 
therefore this is that ſquare Root of the fixth Binomial ; which was to be proved. 
Moreover, if the ſaid double Produd be ſubtracted from the ſaid ſum of the Squares 
of the Parts, the Remainder v 2-—v is the Square of Y TVI: VV: 


4 898 * 2 


Note. In every Binomial and Reſidual conſtituted according to the preced ing Seck. 
15. the ſquare Root of the Difference of the Squares of the Names or Parts is equal 
to the Difference of the Squares of the Parts. of the Root of the Binomial or Reſidual. 

As in the firſt Binomial 27/704, whoſe ſquare Root has before been found 
4+v11, the Square of 27,'to wit 29 exceeds 704. the Square of V704 by 2 of 

* 5 pr ifference of the Squares of the Parts of the Root 
of the Binomial propoſed, to wit, the Difference between 16 and 1x 
This Property may be demonſtrated thus; let ö Vd reprefent a Binomial Roof, 
whoſe greater Part is ö; then the Square of that Root is bb 2byd-+4, this divided 
into its Names or Parts makes the Binomial hd more 2% ; then the Squares of 
the Parts of this Binomial are , 2bbd+dd and 40 bd, and the Difference of thoſe 
Squares is bbbb—2bbd+dd, whoſe ſquare Root bb—4 is manifeſtly the Difference of 
the Squares of the Parts of the Root YT Vd firſt propoſed 3 which was to be ſheivn. 
The like Property may be demonſtrated in a Reſidual. e 


Root out of a Binomial deſgud by Letters; if it bas u 


How to extract the Square t out of a 4 
| N Binomial Root. 


- 


{ 


By the ſame general Rule which has before been exercis d in extracting the ſquare 


Binomial defign'd by Letters, when it has a Binomial Root, as will be evident by the 
ven Binomial, inftead of + I ſet the Word ¶ more] between the Parts, and inſtead of 


— I ſet the Word [leſs] between the Parts of a given Reſidual. | 
FE N e 0 Example 1. 3 VVV 
Let it be requited to extract the ſquare Root out of pn EE nn 
this Binomial IM 8 8 "BC 8 10 47 1 8 411 0 F064 more 207d 

I. From the Square of the greater part, (which ſuppoſe to? ,,;, , 1 7 
be 47) J. on * 4 . g 8 © Jane adi Ar 

2. Subtract the Square of the leſſer part 25d, to wit, +4dbb 


3. The 


— 


* —— 


c HAP. s. Eulen of 7. aut of Binomals. Ws 


wa + AR, 4%» — —— „„ * 


3. 
4. The ſquare Root of that Remainder i is % „ | 
1 To which ſquare Root add the greater part, to wit. bb4d 


6. The Sum is COND 
7. The 1 of which Sum is 
8. The ſquare Root of the ſaid half Sum is the great pt} - 
2 the Root ſought, to wit, . . 
9. Then from the greater part of the given Binomial, viz, from bb4d 
10. Subtract the ſquare Root before found in the fourth ſtep, to wit, 4bþ—d 


11. The Remainder is EEE on no uo GE ER 7: 
12. The half of which Remainder i ©. „ 
13. The ſquare Root of the ſaid half Remaitider i is theleſſer part * 74 


of the Root ſought, to wit, . . . 
14. T fay, The two Parts in the eighth and thirteenth ſteps being bay F 
connected by theSign +, ſhall be the quareRoot ſought, to wit 41 y 


given Binomial bb+d more 2byd. Nr rs | 25 


| Example 2. 
Let it be required to BENE the ſquare Root our xx 
of this Binomial, %%% 1 8 xV4np 
The Operation. ; 
1. From the Square of the greater part mm- 5 n-. 2 mx I bree 
viz. from — 
2. Subtract the ſquare of the leffer} part xV amp, to wit, . + qmpasx 
3. The Remainder is Ie aper Adee 
4. The Square of that Remainder is * m 2 4 
5. To which ſquare Root adg the greater part, to wit, þ | L 
Ty mM 
6. The Sum is EL © 
7, The half of which 55 5 mm 
8. The ſquare Root of the ſaid half Som is he 
greater part of the Root ſought, to wit, ., . ,C #7 
9. Again, from the greater part of the given Binomi- } _ |, pxx 
C 
10. Subtract the ſquare Root before found in they „„ pax 45 
üdüĩ?0⁵r 88 5 * 
11. The Remainder is. . 5 * e 
12. The half of which Remainder ie +2 5 
13. The ſquare Root of the ſaid half Remainder is - 7 
the leſſer part of the Root ſought, ECT Þ 2 or ay = 
: 14 I ſay, the two Parts in the eighth and thirteenth 1 . 
' ſteps being connected by + ſhall 25 the _ mx E 
Root ſought, to wit. . | | 
Which Binomial Root being dure. or multiplicd into it ſelf, will produce the 
given Binomial. 
- Exanple 3. 8 
et it be recfuired to extraQt the  Tquare Root out } —— 5 
5 of this Binomial, . 8 * 0 5 4b Vab more 20h c Th | 
| Li 2 The 


«NOM 


. . - 
Ms 2 8 ade... dl. Sb... Moe. 4 8 _— hs. + F 


$a ” F 
$5: a% av he + "40s. .% „ . 0 4 8 — i 
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* F be Operation. 12 | 
1. From the ſquare of the greater part, viz. from . . aaab+2aabb+ahþbb 
2. Subtract the Square of the leſſer part, to wit. —+qaabhbh 


3. The Kemainderis . . . ; + + aaa — abba 
4. The ſquare Root of that Remainder is.. , a—bvab © 3 
5. To which ſquare Root add the greater part, to wit, . . a+bvab | 


JJ „„ e + ; ww 
The ſquare Root of the ſaid half Sum is the greater }  - pry ; 
part of = Root ſought, to . 8 q -av ab: or VD 
Again, from the greater part of the given Binomial, — 7 

8 VVV aT hVab 

10. Subtract the ſquare Root before found in the fourth ; 
—. ß „ IVA 

JJ D TR 

Ty: on — r + 8 FB „„ 

13. The ſquare Root of the ſaid half Remainder is the ,,FFFR N 
leſſer rt of the Root ſought, to wit ITE, Vab: or Y Hall 

14. I ſay, the two Parts in the eighth and thirteenth 
ſteps, being connected by -+, ſhall be the ſquare >v :avab: + Y: byab : 
JJ feos oa - | 

15. Which Binomial Root may be alſo expreſs'd thus. v(4)aaab+v(4)abbb 
The Proof may be made by multiplying the Root found out into it felt. 


—— 
Jn 2 — — ͤ — 
0 — — —AE—„— — 
* > -- r — 
. 2 oy 1 8 = 


Example 4. 


1 if the ſquare —_ of this Reſidual be —_ - a+dvbcleſs 2vabcd 
he Root being extracted by the precedent Method 7/7. i * e 
PPP Male — Vavke: 
Which Root may be alſo expreſsd thus . . . . . V(4Jaabe—vy(4)ddbe 

But if it happen that when the Square of the leſſer part of the given Binomial or Re- 
fidual is ſubtracted from the ſquare of the greater part, the ſquare Root of the Remain- 
der and the greatet part are not commenſurable, (according to the Definition before 
given in Se#. 7, of this Chap.) there is no more to be done in ſuch a caſe, but to 
prefix before the given Binomial or Refidual the Sign /, with a Line drawn over both 
its Parts, to denote the univerſal ſquare Root of the given Binomial or Reſidual. 


As to extract the ſquare Root out of this Reſidual V. f b. — za, I write 
Y Vaa za: which kind of Roots are commonly called Univerſal. | 
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Sect. 17. Queſtions to exerciſe the foregoing Rules of this Chapter. 
LW „%%%%ͤͤ; Spe erioON 


| To divide 100 into two ſuch parts, that if each part be divided by the other part, 
the Sum of the Quotient may make 3. Gs 


RESOLUTION. 


Q 


| 

: 
Wit 
[ I : 1. For one of the parts ſought put |... 4 
* 1 5 

ö 


* 


— 


2. Then conſequently the other part is. 100—4 bo 
3. Therefore according to the import of the — a RS, 


this Equation ariſes, viz. . . . .. « «+ J3 Too—a 7 

4. Which Equation duly reduced gives Iooa—aa = 2οο 

5. Wherefore by reſolving the ſaid Equation by the 
Canon in Se# 10. Chap. 15. Book 1. the two values 
of a, which are the deſired parts of 100, will be 


4 — 


found theſe, to wit, hy „ « . © * o o " or | 


* 


CHAP. 9. Queſtions about Surd Quantities. | 133 


6. The Sum of the ſaid Parts or Numbers found out is manifeſtly 100, ſo it 3 N 


only to prove that, 


5oIovV5 4. 50—1ov5 i 


DD =3 


5o—IovV5 JO, 


The Proof. 
7, To add thoſe two Surd Fractions in the fixth ſtep into one 7 
Sum, reduce them to a common Denominator, viz. multiply CCC 4 
go+10v5 by 50 10/5, and the Product {by the firſt of the £3999 Too 
three compendious Rules in Sec. 10, of this Ch.) will be found. 
8. Likewiſe multiply 50—10v5 by 5o—1oy and the Pro- 5 
duct (by the ſecond of the ſaid three Rules (will be. F3000—1000 3's 
9. Then take the Sum of thoſe two Products for the Nume- 4 e 
rator of a Frattion or a Dividend, to wit. 1. 8 
10. Alſo multiply the two Denominators of the Surd Fracti-) 
ons in the ſixth ſtep one by the other, (according to the 
laſt of the three Rules above cited) and take the Product C 20 
n Denomnator 0? ne nents 
11. Laſtly, the Numerator in the ninth ſtep being ſer over 


the Denominator in the tenth gives the Sum of the two S = 3 
Surd Fractions or Quotients in the fixth ſtep, viz. . . ,N 2900 
Which Sum is maniteſtly 3, as was to be proved. 
. Another Proof. 


The Quotient that ariſes by dividing 50+10ov 5 by 50—10ov 5 _— 

(according to the Rule of Diviſion in the ſixth branch of >4+v 5 

JJ rr TP. 

Likewiſe rhe Quotient that ariſes by dividing 50—10y5 by 7— Js 
IT —T YT. 
The Sum of thoſe two Quotients is manifeſtly 3, (as before.) 


QUESTION, 2. 


To divide a given Number (ſuppoſe 6) into three ſuch unequals Numbers in con- 
tinual proportion, that the Sum of the Squares of the Extremes may be to the Square 
of the Mean in a given proportion; but the firft Term of this proportion muſt exceed 
the double of the latter Term. Let it therefore be deſired that the Sum of the Squares 

of the Extremes may be to the ſquare of the Mean as 3 to 1. 1 


VVV 


„„ ( es eee 
2. Then becauſe the ſum of all the three Proportionals muſt 6 
make 6, and the Mean is a, the ſum of the Extremes ſhall be 5 WO 
3. Therefore the ſquare of the ſum, of the Extremes is . 36—12a-+aa 
4. But {by Theor. 3. Chap. 6. of this Book) the ſquare of the? 
Sum of the Extremes of three Numbers continually pro- 
portional is equal to the ues of the Extremes, together 
with the double ſquare of the Mean; therefore from the 5 36—124—aa 
{quare in the third ſtep J ſubtract 2aa (the double ſquare 
of the Mean) and there remains the ſum of the ſquares of 
—M ——Ccrqww..c 
5. But (according to. the Queſtion) the ſum of the ſquares * 
of the Extremes muſt be equal to the triple ſquare of the 
Mean; therefore from the fourth and irs ſtep this Equa- 
LEA 8 : 
F 6. From which Equation after due Reduction this ariſes, viz. aa 3a=9 
= 7. Therefore by-xeſolving the laſt Equation (according to | | 
the Canon in S6. 6. Chap. 15.) the value of a, that is, V. S the Mean 
the mean Proportional ſought will be diſcovered, viz, . | 


* 


26—124—a4=3aa 


. o - - 


> r 
1 Is 3 * LT 8 
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8. And from the ſeventh and ſecond ſteps the Sum 2 Sum ofthe Extremes. 


of the Extremes will be alſo made known, vix. 


three Numbers continually proportional being given, as alſo the Mean, the Ex- 

tremes ſhall be given ſeverally by this following 
3 3 5 

From the Square of half the Sum of the Extremes ſubtract the Square of the Mean, 


9. Then (as is manifeſt by Queſt. 4. Chap. 16. Book 1.) the Sum of the Extremes of 


and extract the ſquare Root of the Remainder ; then this ſquare Root being added to, 


and ſubtracted from the ſaid half Sum, will give the Extremes ſeverally. Therefore, 


E 


10. From the ſquare of the half of : 44, that is, from . 22. 


11. Subtract the ſquare of — 2, vin... 244% 
12. The Remainder IS „ OS 1 . . 5 1 
The ſquare Root of that Remainder being extracted (by the 
general Rule before delivered in Sec. 16. of this Chap. for ex- > V4f—3 
tracting the ſquare Root out of Binomials) will be found 


: wa S* FT 


14. Which ſquare Root added to the half of :-, gives My 1 


greater Extreme , E959 
15. But the faid ſquare Root ſubtracted from the half of *} 3 
I, leaves the leſſer Extreme, to wit „ bars £ 
16. Wherefore (in the ſeventh, fourteenth and fifteenth ſteps) three Numbers conti- 
nually proportional are found out, viz. 3, Y — 3, and .— VA, whoſe Sum is 
6; and the Sum of the Squares of the Extremes is equal to the triple of the Square 


of the Mean, as will appear by 
| The Proof. | 


Firſt, The Product made by the Multiplication of the firſt and third Numbers one 
into the other, that is, of 3 into . -, is -v, which is alſo the ſquare of 
the ſecond Number Y — 3, (as will eafily appear by Multiplication; ) therefore the 
ſaid three Numbers are Proportionals. : 5 

Secondly, The Sum of the ſaid three proportional Numbers is 6; for the Mean 
- added to 2 - the leſſer Extreme, makes 3, to which adding the greater 


Extreme 3, the Sum is 6. | 


Thirdly, Ihe Sum of the Squares of the Extremes 3 and +— VA is equal to the 
triple of the Square of the Mean 74 -; for the ſaid Sum, as alſo the ſaid triple 
Square will by Multiplication be found Z - 9. Therefore all the Conditions in 
the Queſtion are ſatis fie. e 
hut that the neceſſity of Determination annexed to the Queſtion may be made ma- 
nifeſt, it remains to prove, that if three unequal Numbers be in continual proportion, 
the Sum of the Squares of the Extremes is greater than the double of the Square of 
the Mean. Therefore, g 55 8 e 

Let three unequal Numbers in continual proportion be — FS 
dd Rt 1s 7 ER ET - FT Cur Wag ny. 

Then their Squares ſhall be alſo Proportionals, (per 23 Prop. „ 
EA ATE. ie ES es eo Fax Cf 1:00 2 0 

Therefore (by 25 Prop. 5. Elem. Endl)-, . , aa ker 246 

But aa ee is the Sum of the Squares of the Extremes of the three Proportionals 
expoſed, and 2ae is equal to the double Square of the Mean proportional; wherefore 
the Theorem is proved, and conſequently the Determination is manifeſtly neceſſary 
to be annexed to the Queſtion propoſed, that there may be a poſſibility of finding out 
what is thereby defired. The Determination may alſo be eafily inferr'd from the Ca- 


non in the foregoing ninth ftep. | | | 
 9UESTION 3. 
2 1 C 61—2 
What is the Product made by the continual Multiplica-\ / K V101.— 
tion of theſe four Numbers one into another, which dif- Vier a 
fer by an equal Exceß, to wit, Unity? . . . . : Vis - rere 2 


5 
* 
* 4 
= * 
« * — 


6 H 1 ts © Queſtions dont Sud Quantities. CF 
15 The defired Produtt is . A 105 | 
| 0 N laſt of the three compendious Rules dad deli.) | 
vered in Seck. 10. of this Chap. for the Multiplication of Binomials C 101—1 
and Refiduals) the Product of the firſt and fourth Number is Y © 

Likewiſe the Product of the ſecond and third Number is . I oI+1I 

Laſtly, the two laſt preceding Products being multiplied ad 18 
into another (by the ſame Rule) .. NTT 1 


. » 7 8 iD 8 
4 . 4 . . g 2 F + 
F P 182 ohh * ; i +. 3 4 A at A 2 2 * 
» 43 as. 
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QUESTION 4. 


I. If a, 1 c, be ſack Quantities, SE TTY ins = 
What is the value of u:? ths 5 
2. Anſw. By the Canon in Se@, 6. Chap: is' Book. IJ. = cg 
By which value of a the 3 propos d may be expounded yu! IS uſual) by the 
. 5 


N 


1 6537777 @ =VihFiais 
: Then conſequently by adding i; tg each part abi Ac: 
5. And by multi; lying each 1258 of the laſt . Y | 


tion into it ſelf 1 {fi ; i aa ca ace =b+ 
6. Wherefore by ſubtra ing 46 om eac 270 | 
there remains . . IE UTE” Vs 2 aca =b 
Which was to be proved. | 


F 


Note. This Demonſtration is formed i in the way of Compoſition by the 
ors 2a of the ſame Queſtion in Sect. 5. Chap. 15. jg but in a wor wr 
ackward order; for the firſt ſtep in the Compoſition (or Demonſtration) is the laſt 
In the Reſolution, the ſecond ſtep in the Compoſition is the laft but one in the Reſo- 
lution z and ſo by returning backwards by the ſteps of the Reſolution, the Demonſtra. 
tion ends in the quation [Es 'd to be reſolved. But this 18 largely handled inm : 
fourth Book of 5 


o 


E % 


0 * - * 9 
8 4 %. -% » 
6 4 : 6.» 
* W of * * * 
* 
1 * 


2 1 71 3. 
I. i, a, b, ki be fact Quantities „„ 323 
What is the value of a? 8 | 


2. Anſw. By the Canon in Se8. 8. Chap. bs © Een” 4's aa 4+ EF: 


By which value of a the Equation propos'd ma be ext ound d, 
following 281 1 11 pe NW, 48 appears by the 


— 


bonne. 


3. If . 9 3 5 | Re 3 Ta 5 pry V: k 
4. Then by ſubrrating 25 Os: 8 pan S Grthen 1 1 


And b Itipl , 
5 n y mu Ip Ying each part nens 3 ba- db =. L 55 


on into it ſelf, 


part, aba 
Which was to be 3 | | 


n x6 dt kel "ave 6770 * 6. 


1, 1. Ir 0 150 1 be put for ſuch known Quantities, ; - 1 
tat, bi, » not Dec 


What is the value of a? 3 
3. Anſw. By the Canon in Se&. 10. Ch 45. Book 1. * 

theſe two values of a will be Is out, vix. 3 2 e eee e es . 

N of 1 of a the Equation pro ofed in the ſecond ſtep may DT: | 
pounded, viz, if either 2c+y* c-. or 4-7 m_ 
Pet» TY or T ICH be Put equal to a, then 2" 


þ 
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2s DEMONSTRATION. JJ 

Fx Firſt, ir 6 . 5 * | * . 8 . 9 . aa C cu. 

e e age e 
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5. Then by ſubtracting 20 from each part . 


7. And by adding ca to each part po neat 3 
8. And by ſubtracting +cc from each part 
9. And by adding » to each part 


15. And by adding ca to each part * 


6. And by multiplying each Pt of ES Io N ad——caþ A c , - 


tion into it ſelf 5 hes 
3 an- T Acc ct ca- 
— - 6 5 3 aa ca. 
„ Ar Sal. 
u ca 


10. Wherefore by ſubtracting aa — each par 7 


II. That 18, 0 , „ * 8 . 40'S Pr CA—aa=7 | | 
Which was to be proved. | „„ 
Again, if 3 F 1 © * | * * * 0 a -. ECON ©: 

5 OTE, 4c -n. S 


12. Then by adding VAC -A to Ar patt , 
13. And by uren a 5 each N 7 * 

14. And by multiplying eac PR x the la 7 TY 
en into it fel — 1 a FT 

car ,qο . S 

16. And ſubtracting cc from each part „ 

17. And by adding ꝝ to each pare „5 . 6% aa, 

18. Wherefore by ſubtracting aa from each par + © Chat =p, 


Which was to be | as | | 


8 N 7 - 1 
8 a 


5 3 
. TEN, S2 —4 


QUESTION 7, 


1. If band c * put for ſuch known Quantities, that ci is greater than n 6, but leſs that 


2b; and Li a * an for 2 Quantity —_— IS 
a? hb wal 0 0 1 
werke 1 57 0 


RES 0 LUTTI 0 N. 
3. Becauſe the Squares of equal Quantities are alſo equal, by multiplying each par of 


** t 
| Lo 


the Equation in the een op: into it ſelf, this is produced, Viz, ,. 
* WEL > „ baa | . 


4. Then to the on the Surd Quantity 74 the Equation i in the third ſtep may ſolely 
make one part of an Equation, let . be ſubtracted from each part of that Equati- 


on, and this will remain, vix. 
Mo | = ba. aa . 


. And to hs end * Radteal Sigg in 5 6ſt part of t the Lift Equation 1 may vaniſh, let 
each part be multiplied. by it ſelf, ſo an Mens 254 Rational anti wil be Prey 
_— abbat—4g ca*Fcea?* bo 


Acc 


duced, viz. 
6. And by reducing the laſt uation to a common PE acc, and FRE by mul- 
tiplying each part by the ſame 4cc, this Equation in Integers will be produced, VIE; 


cca4l— gb4cc. = = 4bba+ — 4h + cat 
ſtep. after due Reduction is 8 to 


7. And flöm the Equation i in the laſt preceding ſtep, 
els one part, this following Equa- 


make thoſe Quantities wherein, a+.is found to po 
bea! — 4b bal = gbicc 


tion ariſes, viz. 
8. Then by dividing each part of the laſt Equation by . hs to the end ar a+ 
-. Rand alone, this Es 9550 * * 


9. V ber into es = Nee 5 RR 
— IS cb 40-40 | 
. 10. There- 


Ts 


"2", Hy 


1 | | C H A P. ) 9. | 
0. Therefore from the two laſt preceding Equations, by exchanging equal Quanti. 
= 1 ties, this Equation ariſes, viz. DH dy Pm, 


| as Nec into 5 05 e eie 
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* 2 
$8. 


e 3 N 4 — 5 33 
11. And by extracting the ſquare Root out of each part of the Equation in the tenth 
ſtep, this ariſes; = 1 V uf 
CY eee to vt. © Js 

12. Wherefore by extracting the ſquare Root out of each part of the Equation in the 
eleventh ſtep, the deſired value of a is diſcovered, viz. hows F 


1 


— 
5 


ST bc SEG: * Vi) 
a=v:3.jnto V. , N i 
. c-, 


3 | Au Example of Quelt. 7. in Numbers. 
En ))) ͤ ge des 
„ +77 0 CIEIY >: «x pre] 
15. And 2 = a Number unknown 
F / 0 of! Side nach eng 
: | , 1 LG 


4. „ 
What is the Number a? ß Wi ln AV) + 1 3 094-5 | 
17. 4nſw. From the thirteenth, fourteenth, and twelfth ſteps, a=y/800, or 20 2. 
By which value of a the Equation propos d may be expounded, as will appear by - 


The Proof. e , 2 36 
18, If þ = 16, c = 25, and a = 800; then it will follow that 
— e. (= 8/8, or 7512) A4 ; o 7 a. 
Note, The Numbers to expreſs the values of h and c muſt not be taken at pleaſure, 
but ſuch that the Number c may exceed the Number 6, and be leſs than 26, as is pre- 
ſcribed in the Queſtion ; the former part of which Determination is diſcovered by the | | 
Denominator c—b of the Surd Fraction in the twelfth ſtep, and the latter part of the | 
Determination is maniteſt by the latter part of the Equation in the fourth ſtep, where 
caa is to be ſubtracted from 2baa, which: cannot be done fo as to leave a Remainder 


greater than nothing, unleſs c be leſs than 26. 


= . 


[II 


- FM. „ 
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Sect. XVIII. An Explanation of Fran. van Schooten's General Rule to extract = 
what Root you leafs out of any Binomial in Numbers, - having ſuch a Binomial © g 
Root as is defired. . | VV | 

Bo Preparation. 


Firſt, if the given Binomial has Fra&ions in it, muſt be freed from them by mul- 
tiplying the Binomial by their Denominator. As for Example, to extract y(3,) that is, 
the Cubic Root out of y242+124, I multiply the Binomial by 2, and it makes 
V968+25; for y 242 multiplied by v4. (that is, by 2) produces 968 ; and 122 
into 2 makes 25. Likewiſe, if there be propoſed Y CV, I firſt multiply it by . 
V5,.and it makes V/242+=5. then this Binomial multiplied by 2 produces (as be- 
fore) V968-+ 25; and ſo of others. Pe en ris er rs 

Secondly, if neither of the two Parts of the given Binomial be Rational, it muſt be 
reduced by Multiplication or Diviſion to another Binomial that ſhall have one of its 
Parts Rational; which Reduction may always be done by the Multiplicationof either 
Part, but oftentimes more briefly by the Multiplication or Divifion of the leſſer Num- 
ber. As for Example, V242+v 24.3 may be multiplied by v 24.2, and it makes 242+ 

' 58806; but more compendiouſly by 2, and there comes forth 22-+/4.86. After the 
ſame manner: /(3)39934v(6)17578125 may be firſt multiplied by V(3)3993, and 
the Product again by V(2)3993, ſo there vill be produced another Binomial, whoſe 


FL 


Rational Part is the abſolute Number 399 Z Ls more briefly by y (3)9, and An 
„ | OS. e 
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bp produced another Binomial whoſe Rational Fart is 33; and yet more competidiouſly 
= if the Binomial propos d be divided by (3 )3, there will ariſe 11 +v.125 
& Buthereis to be noted, that when onepart of a Binomial is Rational, whither it be 
ok a Binomial firſt given, or of another deduced (as above) from that given, then alſo 
the Square of the other part ought to be rational, otherwiſe no Root can be extracted 
out of the Binomial, or the other deduced from it. 3 3 
Thirdly, to extract / (6) out of a given Binomial qualified as above is ſuppoſed, we 
muſt firſt extract the ſquare Root, and then out of this the Cubic Root; and to extract 
vV(9) we muſt firſt extract / (3) and then out of the Cubic Root found out we muſt 
again extract (3); and ſo of any other Root whoſe Index is a Compoſit Number. 
But as to the Extraction of the ſquare Root out of a Binomial, a Rule has been al- 
ready given and exemplified in the preceding Se@.-x6, ſo that here there is need on- 
ly that I ſhew how to extract V(3), /(5 ), %ao), (II), and ſuch like whoſe Indi- 
ces are Prime Numbers. os 5 
Fourthly, to extract (3), (5), /, or the like Root, whoſe Index is a Prime 
Number, we muſt firſt of all try whether out of the given Binomial there can be extract- 
ed a Binomial Root which has one part Rational, but that may be diſcovered by ſub- 
tracting the 8 of the leſſer part of the given Binomial from the ſquare of the grea- 
ter, and extracting the Root out of the Retnainder, to wit, the Cubic Root of /(3) 
be to be extracted out of the given Binomial, or the Root of the fifth Power, if /(3) be 
to be extracted: and ſo of others. For if the Root of the ſaid Remainder be not a 
Rational Number, then the Binomial Root ſought will certainly want a Rational part, 
viz, each of its parts will be Surd; in which caſe, in order to extract the Root, the 
given Binomial muſt be multiplied by the Difference of the Squares of the Parts, if 
the Queſtion be concerning the Extraction of the Cubic Root; or by the Square of the 
faid Difference, if /('5 ) be ſought ; or by the Cube of the fame Difference, if y(7 ) 
be required; or by the fifth Power of the ſaid Difference, if /(11) be fought; and ſo 
of thereſt. By which Multiplication anotherBinomial will always be produced, wherein 
the Root of the Difference of the Squares of the Parts will be the ſame with the Dif- 
| ference of the Squares of the Parts of the former Binomial. 
As to extract the Cubic Root out of 254+y 968, I firſt ſubtract 625 the Square of 
235, from 968 the Squareof 'y/ 968, and there remains 342, whoſe Cubic Root 7 is a 
Rational Number; which argues that the Root of the given Binomial, if there can be a 
Root extracted out of it, is a Binomial which has one of its Parts Rational. 
Likewiſe, to extract the Cubic Root out of 224+ 486, we mult ſubtract 484, the 
Square of 22, from 486, and extract the Cubic Root out of the Remainder 2; but be- 
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seu uuſe that cannot be done exactly, it ſhews that the Cubic Root of 22+ 486 wants 


a Rational Part; and therefore 22+v 486 muſt be multiplied by the ſaid Remainder 
2, that there may be a Binomial 44+y 1944, wherein the Cubic Root of the Diffe- 
rence of the Squares of the Parts in . | 
So to extract (5) out of x1-+y 125, becauſe 121 the Square of 11 ſubtracted from 
125 leaves 4, which conſidered as a fifth Power has not an exact Rational Root, we 
muſt multiply 114+v125 by 16 the Square of 4, that there may come forth 176+ 
32000, where (5) of the Difference of the Squares of the Parts is 4. 
Again, to extract Y(7) out of 33841114242, wherein the Difference of the Squares 
of the parts is 2; becauſe this 2 is not the ſeventh Power of any Rational Number, the 
given Binomial may be multiplied by 8, that is, by the Cube of 2, and it make 2704+ 


1 


77311488, wherein the /(7) of the Difference of the Squares of the Parts in 2. 
When a Binomial given, or another deduced from it, (if need be) by the Precedent 
Preparation is ſuch, that one of its parts and the Square of the other part, as alſo 
the Root of the Difference of the Squares of the Parts, (to wit, the Cubic Root when 

V(3), or V(5 ) when v(5) is ſought) are Rational whole Numbers; then out of a 

- Binomial ſo qualified V (3), or (5), or 07), &c. may be extracted, ifit has ſuch a 
Root, in manner following, vin. po Te 0 | 
. Firſt, extract the Root of the Difference of the Squares of the parts of the Binomial. 
qualified as aforeſaid, viz. the Cubic Root when y(3) is ſought, but (5 ) when (5), 
ar Y) when V(7), Nc. which Root ſo extraQted is to be reſerved for a Dividend, = 
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Secondly, find out a Rational Number a little greater than the Root ſought with thi 
caution, that the Rational Number found out may not exceed the faid Root above. 
which may eaſily be done by Vulgar Arithmetick, and take the ſaid Rational Mumber 
for a Diviſor. 3 e e e DON 
Thirdly, divided the ſaid Dividend by the ſaid Diviſor, and it the Rational part of the 
given Binominal be greater than the other part, add the Quotient to the ſaid Rational 
Diviſor, and the half of the greateſt whole Number contained in the Sum ſhall be the 
Rational part ofthe Root ſought; then from the ſquare of that Rational part ſubtract 
the Root of the Difference of the ſquares of the parts, (to wit, the Dividend firſt found 


out as above) ſo the Remainder ſhall be the Square of the other part, when ſuch 2 Root 


as was required can be extracted out of thegiven Binomial; whichyou may eafily try 
by multiplying this Root found out into itſelf, according to the degree of the Power re- 
preſented by the given Binomial: for the Root found out being multiplied into itſelf 
cubically, if „(3) was ſought, or five times into itſelf if (5) was ſought, ought to 
produce the given Binomial. : 5 N 79255 
But if the Rational part of the given Binomial be leſs than the other part, then after 
you have found out the Quotient as above, ſubtract it from the Rational Diviſor, and 
the half of the greateſt whole Number contained in the Kemainder ſhall be the 
Rational Part of the Root ſought ; to the ſquare of which part if there be added the 


Dividend firſt found out asabove, the Sum will be the Square of the other part,when 


the Binomial propoſed has a Root; but by multiply ing the Root found out into itſelf 


as before, you may eafily try whether it be a true Root or not. 


Example 1. To extra@ the Cubic Root out of 20+v 392. 2 
Firſt, the Difference of the Squares of the Parts of the given Binomial, viz. the Ex- 
ceſs of 400, the 1. of 20, above 392, the Square of / 392 is 8, whoſe Cubic 


Root J reſerve for a Dividend: | 
Secondly, I ſeeka Rational Number that may be greater than the Cubic Root of 


20+1392, the given Binomial, yet ſo that the Exceſs may not be greater than 2; to 
which end I extract the Square Root of 392, and find it to be greater than 19, but leſs 


5 
and it makes 29 and 40, which are the neareſt Rational whole Numbers that can ex- 


preſs the true value of the given Binomial ; whence the Cubic Root thereof will be 


found greater than 3, but leſs than 3--: this 35which (according to the Caution before 
given) exceeds the true Cubic Root of the given Binomial by an Exceſs nor greater 
than 2, I reſerve for a Diviſor. | 15 SO 0 

Thirdly, | divide 2 (the Dividend before reſerved) by the ſaid Diviſor 37 and the 
Quotient is 4. Now becauſe 20 the Rational part of the given Binomial is greater than 
the other part 392, I add the ſaid Quotient + tothe ſaid Diviſor 32, and it makes the 
Sum 4, wherein the greateſt whole Number is 4, whoſe half is 2 the Rational part of 
the Root ſought: by the help of whichRarional part the other part is eafily diſcovered, 
for if from 4 the Square of the {aid 2 you ſubtract 2, the Cubic Root of the Difference 
of the Squares of the parts of the given Binomial, there will remain 2 the Square of the 
other part. So that 2+v2 is the Cubic Root of 204 L 92 the Binomial propoſed, 
as will appear by the Proof; for 2+y/2 being multiplied into it felf cubically produces 


 20+v392, and for the ſame reaſon 2—y 2 is the Cubic Root of 20—v 392. 


Example 2. To extract the Cubic Root out of 44+v 1944. 
_ Firſt, the Cubic Root of the Difference of the Squares of the Parts is 2 for a Divi- 
dend. - Secondly, the ſquare Root of 1944 is greater than 44, but leſs than 45; theſe 
added ſeverally to 44 the rational part of the given Binomial, make 88 and 89, whoſe 
Cubic Roots being extracted, do ſhew that the Cubic Root of the given Binomial is 
greater than 4, but leſs than 32; this Rational Number 42, which according to the 
Caution before given exceeds the true Root fought by an exceſs not greater than , I 


take fora Diviſor. Thirdly, I divide the faid Dividend 2 by the ſaid Diviſor 42, and 


the Quotient is 4, which I ſubtract from the faid 42, (I ſubtract, becauſe 44 the Ratio- 
nal part of the given Binomial is leſs than the other Part y 1944.) and there remains 
A; then the half of 4, the greateſt whole number contained in 4015 is 2, which is the 
8 Part of the Root ſought. Laſtly, to 4 the Square of the {aid 2 I add 2, the 
Cubic Root of the Difference of the Squares of the Parts, and it makes 6 the Square of 


the other part. So that 27 V6 is the ubic Rog ſought, as will appear by the Proof; 
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it produces 44+ 
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Tins aa ones 
poſed; and for the ſame Reaſon y6—2 is the, Cubic Root of V1944—44% — 


FPrxämple 3. To Extract VC 5) out of 176+ 2⁰ö © 
Firſt, the Difference of the Squares of the Parts will be found 1024, whoſe (5) is 
4 for a Dividend. Secondly, the Sum of the Parts will be found greater than 3 54, but 
le& than 355 3 and conſequently V(5) of the ſam of the Parts is greater than 3, but 
els than 32. Thirdly, by the faid 37 [divide the ſaid 4, and the Quotient is 12 hich 
L ſubtra& from the ſaid Diviſor 32, (becauſe the rational Part of the given Binomial 
is leis than the other Part) and there remains 2:4 then the half of 2 (the greateſt 
whole Number contained in 24 is 1, the Rational Part of the Root fought. Laſtly, 
the Square of the ſaid 1,to wit I, added to 4 (the (5) of the Difference of the ſquares 
of the Parts of the given Binomials) makes 5 the ſquare of the other Part. So that 
L7H) 5-is they(5) ot the given Binomial 176+v 32000, at leaſt if any V(5) can be 
extracted out of the ſame ; but IT/ multiplied into itſelf five times makes 176+ 
32000; therefore 1+y 5 is manifeſtly the defired (50 of 176+v 32000. 


= 


* 


off; 4 1 © . Example 4% Extract y(7) out of 2704+v 7311488. 7 | 
- Firſt, the V(7) of the Difference of the ſquares of the Parts i@2 for a Dividend. Se- 
condly, the value of the given Binomial will be found greater than 5407, but leſs than 
5408 z whence the (7) thereof will be diſcovered to be greater than 3, but leſs than 
32. Thirdly, by the ſaid 3. Idivide the Dividend before found 2, and the Quotient is 4, 
which I add to the Diviſor 32, (becauſe the Rational Part 2704 is greater than the 
other Part) and it makes the Sum 4+; and therefore 2 the half of the greateſt whole 
Number contained in 4 r, is the Rational part of the Root ſought. Laſtly, from 4 the 
quare of the ſaid 21 ſubtract 2, to wit /(7), of the Difference of the Squares of the 
Parts of the given Binomial,” and there remains 2 the ſquare of the other Part. So that 
2-+1/2/is the deſired Y)) of the given Binomial 27047311488; for this is the 
ſeventh Power of 2 72, as will appear by Multiplic atio. 
But here is to be noted, that when the given Binomial has been multiplied or divi- 
ded by ſome Number, and thereby reduced to another Binomial, and the Root of this 
latter is found out, we muſt divide or multiply the Root found out by the Root of 
the Number by which the Binomial was multiplied or divided; ſo there will come 
forth the Root of the given Binomial. 8 
As for Example, becauſe to extract the Cubic Root out of /242＋ 122, we firſt 
multiplied this Binomial by 2, and found 25 T* 968, whoſe Cubic Root by the Rule 
before given will be found 1 78; this muſt be divided by Y( 302, and the Quotient 
Z TVE) r28 ſhall be the Cubic Root of 242 +12< the 3 5 
- But that the reaſon of the ſaid Diviſion by Y(302 may the more clearly appear, let 
there be put d=1-+v/8, then it follows that ddd=25+v 968, and 14 int 
(the Binomial propoſed.) Therefore by extracting the Cubic Root out of each part 
ddd 


by ſuppoſition d=1-+y8 , therefore 178 divided by V(3)2, that is to fay, 
/(3):+v(6)128 ſhall be the Cubic Root of y242+124 ; which was to be ſhewn, | 
„ >,» Exampte2, Toextraff (3) out of Ve Hit. _ 

Firſt, to prepare it for Extraction we multiplied by 5, and found y 2427122 


whoſe (3) (as appears in the laſt preceding Example) is Y(3) f Y(6) 128, which 
by dividing by N00 ves the Quotient VC SO -V tor the defired Cubic 

Root of Y NV. The reaſonof which Diviſion by /(6)5 may be thus manifeſt. 
ed, let there be put 4 (3) ＋ (6) 1283 then ir follows that ddd=//242+12:= 

y243+y-2s into Y5, whence 77 1 ; therefore the Cubic Root of 
Fack part of the lat Fqyati being excjaed ther anf f 30 % char is, 5x 
(er (3) of Vs is VSO VC), But by . 
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V()128 ; therefore V3); +»/(6)128 divided by v(6)s. gives the true Cabic Root 


- = 1 88 
H 


4 — * 


22+Vv 486 into 2, whence _ 22+ 486, and this Equation divided by /2(becauſe 
in the Preparation we multiplied by V2) gives ded = 242+V 243 ; therefore V(3) 


being extracted out of each Part of the laſt en, there W 5 : 


that is, EL of 4, OO NA But by ſuppoſitiond=2-+y/'6 ; there - 
5698s w 3 h 
fore 2+v6 divided by /2, viz. the Quotient /2+1/3 ſhall be the Cubic Root of 


* : 


v242+v243 3 which was to be ſhewn. 


Exzmple 4. To extract (5) ont of V(3)3993+v(6)17578125. 

Firſt, (according to the ſecond Preparatory Rule) I divide the given Binomial by 

4/3)3, and then (according to the fourth Preparatory Rule) I multiply the Quotient 
v(3)1331+v/61953125 by 16, and there comes forth 176+y 32000, whoſe y(5) 

{as has before been ſhewn) is 1+v/5. Now this Root 1+y5 divided by /(5)16, 

and the Quotient - multiplied by /(15 )3 will diſcover the true (5) of Y(3)3993+ 

v(3)17578125 ; the reaſon of which Divifien and Multiplication may be made mani- 
Felt thus; let there be put d=1-+v5, then it follows that ddddd = 176 32000 ; 

and by dividing each part of the * 1 by 16, becauſe in the preparatory work 
we multiplied by 16) there ariſes _ 5 =/(3)1331+V(6)1953125 ; and by mul- 
this Eau. M303 

8 88 5 „ 

v(3)3993+v(6)17578125. - Therefore (5 being extracted out of each part of 


. 8 3 that is . 23 equal to 7 50 


tiplying each part of this Equation by y(3)z, there will be produced 


. be Demonſtration follows. 

Ihe certainty of the preceding Rule will be made manifeſt by the three following 
Propoſitions. V . | AA 
. PROF. x. 


If a Binomial, whereof one part and the Square of the other are rational Numbers, 
be multiplied into itſelf cubically, there will be produced another Binomial, the Square 
of whoſe leſſer Part being ſubtracted from the Square of the greater Part, leaves a 
Cubic Number, to wit, the Cube of the Difference of the Squares of the Parts of 
the Root or firſt Binomialll. A 8 Sas 
Io make this manifeſt, let there be propoſed the Binomial Y Y, this multiplied in- 
to itſelf. cubically produces h 3bbvd-+ zd dd, to wit, the Cube of A Vd. 
Here you are to note well, that although in that Cube there be four Parts or Members, 
yet they are to be eſteemed but as two, one of which, to wit, bh 30d, may deſign a 
Rational Number, and the other 3bby d- d (or 3b d) an Irrational or Surd 
Number, whoſe Square is Rational; whence it is manifeſt, firſt, that the Cube of a Bi- 
nomial is alſo a Binomial, v. D Vd multiplied into itſelf cubicalſy produces 1 
© + 5 | | | i 
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Binomial 55h f 36d more 2bb/d+dvd (or zb b dx Vd.) Secondly, the Rational part 
bbb+ 3bd is manifeſtly compoſed of the Cube of the Rational part ofthe Root, and of 
the triple Product made by the Multiplication of the ſame Root into the Square of its 
other part. And laſtly, the Difference of the Squares of the ſaid Parts bbb+ 3bd and 
2bbyvd+dvd is equal to the Cube of bd, or of d—bb, viz. to the Cube of the 
Difference of the Squares of the Parts ofthe Root Y. Vd. For the Squares of hh 364 
and 3bbyd-+dvdate bbbbbb+ 6bbbbd+ gbkdd and gbbbbd+ 6bbdd+ddd; and if theſe 
Squares be ſubtracted one from the other, the Remainder is either bbbþbb—3bbbbd-- 
2þbbdd—ddd, which is the Cube of „-d; or elſe the Remainder is ddd—3b5dd+ 
3bbbbd—bbbbbb, which is the Cube of d-). 1 
Io illuſtrate this Propoſition by Numbers, let there be put b=2 and /d=6, hence 
the Binomial 2 multiplied into it {elf cubically produces the Binomial 44+ 
1944, wherein the Difference of the Squares of the Parts (viz. the Remainder when 
1936 the Square of 44. is ſubtracted from 1944 the Square of V 1944) is 8, to wit, the 
Cube of the Difference of the Squares of the Parts of the Binomial Root 2+y6. 

L ikewiſe this Binomial 2+» 2 multiplied into itſelf cubically produces the Bino- 
mial 2041392, wherein the Differences of the Squares of the Parts, to wit 8, is the 


2 


Cube ofthe Difference of the Squares of the Parts of the Root 2+y 2. 

The ſame Properties adhere alſo to a Reſidual Root, viz. the Cube of the Reſidual 
Root bc d is alſo a Reſidual, to wit, bbb+3bd & 3bbyd+dv4d, (or zb Hdd; 
and the Difference of the Squares of the Parts of the later Reſidual is equal to the Cube 
of the Difference of the Squares of the Parts of the Roots or firſt Reſidual. 

| . | 

If a Binomial, whereof one Part and the Square of the other are the Rational N umbers, 
be multiplied by the Difference of the Squares of the Parts, the Product will be another, 
Binomial, wherein the difference of the Squares of the Parts isa Cubic Number, to 
wit, the Cube of the Difference of the Squares of the Parts of the Root multiplied 

To make this manifeſt, let there be propoſed the Binomial b /d, and ſuppoſe 5 
greater than Vd, then b4-/d multiplied by bb—4, the Difference of the Squares of the 
Parts, will produce this Binomial, to wit, % -d more Vd -d, the Squares of 
whoſe Parts are þbbbbbb—26b6bbd +bbd ind bbbbd—2bbdd+ ddd , then this later Square 
ſubtracted from the former leaves bbbbbb—3bbbbd+ 3bbdd—ddd, which is the Cube of 
bb—9, the Difference of the Squares of the Parts of the firſt Binomial b4yd. The 
fame Property would appear if we ſuppoſed 5 leſs than yd. 

To illuſtrate this Propoſition by Numbers, ſuppoſe b=2 2, and v4d=486; whence 
the Binomial 22+v 486 multiplied by 2, the difterence of the Squares of the Parts, 
produces the Binomial 44-+v 1944, wherein the difference of the Squares of the Parts 
18 8, which is the Cube of 2, the Difference of the Squares of the Parts of the former 
Binomial 22+v 485. | A 1 1 
N 2 ROT 2s. 9 
If the Difference of the Squares of any two Numbers be divided by a Number which 
doth not exceed the Sum of thoſe two Numbers above 2; then the Quotient added to 
the ſaid Diviſor will give a Number greater than the double of the greater of the ſaid 
two Numbers, but the Exceſs will beleſs than Unity. And if the ſaid Quotient be ſuh- 
trafted from the ſaid Diviſor, the Remainder ſhall be greater than the double of the 
leſſer of the two Numbers, but this Exceſs alſo ſhall be leſs than Unit. 
Io manifeſt this, let a repreſent the greater of two Numbers, and e the leſſer; alſolet 


, repreſent ſome Fraction not greater than + 3 then I fay, firſt 4e 
is greater than 2a, but the Exceſs is leſs than 1, which I eee a2 ers 


It is evident that aa-+ee+ bb-+ 2ae-+ 2be+ 2ba+ aa—ee is greater than 2a. 
2ae-+ 2ba; therefore by dividing each of thoſe two Compound Quantities by a-+e-þ+ 6, 


it follows, that thefirſt Quotient a+e-+b-+2T *+% ſhall be greater than the later 


aa—ee 


will be leſs than 1. For by ſuppoſition b is not greater than +; therefore 2eis 


a 


Tel 
eſs than 


a+ 


Quotient 2a ; and if this Quantity be ſubtracted from that, the Remainder By 


— 


\ 


ont of Binomials in Numbers. 263 
ae, and bb leſs than b; and conſequently the Numerator 2be+bb is leſs than the 


Denominator a eb: wherefore 22 is leſs than 1. 
| — 


After the ſame manner it may be proved that 1 75 greater than 2e 
; | 5 2 g4a Cre 5 
but this Exceſs alſo ſhall be leſs than 1; which was to be ſhewn, 

Now to apply the preceding three Propofitionsto the Demonſtration of the Rule be- 
fore given, let it be required to extract the Cubic Root out of the Binomial 1004 
7803, whoſe Rational part 100 is greater than the other part V7803 ; Here we 
may ſuppoſe bbb+ 364d to be 100, and 3bby/d+dvd (or 3bb+dxv4d) to be 77803; 
ſo that hf 30d more 3b dd may deſign the given Binomial 100+y 7 803; and 
its Cubic Root Y the Root ſought, whoſe greater part may be 5, and the leſſer 
1d. Then according to the Rule: e 5 


To extract (3) ont of 100 fπ 5803. 
Firſt, from the Square of 100, that is, from . . 10000 
Subtract the Square of /7803;, that is. 7803 
„ d © 5+ + 3. + ĩ 2197 | 
The Cubic Root of that Remainder is. . 13 (=bb—d) 
Which Root 13 is (by Prop. I.) equal to the Difference of the Squares of the Parts 
of the Binomial Root ſought. 5 | 1 | 
Secondly, find outa Rational Number greater than the Sum of the Parts of theCu- 


* 
5 


bic Root ſought, with this caution, that the Exceſs may not be above =, viz, 
To the greater part of the given Binomial, that is, to. 100 
Add the neareſt value in whole Numbers of the other 5 38 or 89 - 


part 780g, that iss 
188 and 189 


the given Binomial falls between . . . . . . . 
Wbhence the Cubic Root of the given Binomial is greater than 52, but leſs than 6; 
o that the Exceſs of 6 above the true Root ſought in leſs than . 5 5 
Thirdly, having found out (as above) 13, the true Difference of the Squares of the 
Parts of the Cubic Root ſought ; and 6 a Rational Number, which exceeds not the 

true Sum of the ſame Parts above , we may by the help of Prop. 3. and 1 find out the 
Parts ſeverally in this manner, dix. ” | 
% ĩ,f T 

JJJ%//%/%%%%% CO ny: 
% ²ͤͤùFßÜßÜt! [k.k. Me * 3þ 

, Which added to the ſaid Diviſor 6, makes the Sum . 8: | 
Which Sum 82 does by (Prop. 3) exceed the double of the greater (to wit, the Ra- 
tional) Part of the Cubic Root ſought, but the Exceſs is leſs than 1: therefore 75 is 
leſs than the ſaid double, but 85 is greater than the fame ; and conſequently becauſe 
the faid greater Part is ſuppoſed to be a Rational whole Number, the double thereof 
muſt neceſſarily be 8, to wit, the greateſt whole Number between 72 and 8-., and there- 
fore the ſaid Part it ſelf is 4, which being found out, it is eaſie to find the other Part; 
for (by Prop. 1.) if from 16 the Square of the ſaid greater Part 4, there be ſubtracted 
13 the Cubic Root of the Difference of the Squares of the Parts of the given Binomial, 
there will remain 3 the Square of the other part ; ſo that the Cube Root found out is 
a Tvz, which will appear by the Proof to be the true Cubic Root ſought; for 4+ 3 
being multiplied into it ſelf cubically produces the given Binomial 100447803. And 


for the ſame reaſon 4—V/3 is the Cubic Root of 100—y7803. 
= — 0 more briefly the Proof may be made thus : 


out, diz. to 6 . : * 0 — . » 0 . 8 0 . þ64,that 5 60 
Add the Product of thrice that Part multiplied into — FR. 
Square of the Surd Part found out, vzz. the Product $9 53 | 
And it makes the Sum % ͤ é ²˙—⅛!r ie Re 0 OP I 00, that is, bhb 4 h 


PIES AZ n 8 4 1 | — — 


Extraction of VG), V, 


oc. B OO K II 


Which Sum is the ſame with the Rational part of the given Binomial, and there 


” — 4 


"I 


* 


fore it proves that 4+y/3 is the Cubic Root ſought. . - _ p 
In like manner to extract /(3) out of 44+v 1944, where the Rational Part 44 is 
leſs than the other Part 1944, we may ſuppoſe (as before bb 3bd to be 44, and 


—— — — 


2»b+dxy/d (that is, 3bbyd+4vd) to be V 1944; ſo that bbb+3bd more 3h] d 
may deſign the given Binomial 44+v 1944, and its Cubic Root þ+y/4 the Root 
ſought, whoſe leſſer part may be b, and the greater 4 ; then according to the Rule, 


To extract V 3) out of 44+v 1944- 


Firſt, from the Square of y 1944, viz. from. 1944 

Suberact the Square OF 44, .-' + » +» .- 153 

21 %%% ⁰⁰ Wo iy 

The Cubic Root of that Remainder is . . . . . 2 (=d—bb) 

Which Root 2 is (by Prop. 1.) equal tothe Difference of the Squares of the Parts 
of the Binomial Root ſought. J . 

Secondly, find out a Rational Number greater than the Sum of the Parts of the 
Cubic Root ſought, with this caution, that the Exceſs may not be above , which 
may be done thus, viz, . 1 e 

To the leſſer part of the given Binomial, viz. to . . 44. 

Add the neareſt value in whole Numbers of the way” 1 
ß IE . 

So the Sum ſhews that the value in whole Numbers of 88 * 1 
the given Binomials falls between ? # 

Whence the Cubic Root of the given Binomial is greater than 4, but leſs than 42; 


ſo that the Exceſs of 4: above the true Root ſought is leſs than 
Thirdly, having found out 2, the true Difference of the Squares of the Parts of the 


Cubic Root ſought; and 4: a Rational Number, which does not exceed the true 
Sum of the ſame Parts above 2, we may by the help of Prop. 3. and 1. find out the 
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Parts ſeverally in this manner, vix. 
Divide the Gd . , 1. 2 
%ég ——T—-—] ũ.ũ . ..044 
%% ˙ . (v ĩðͤv 4%. 

Which ſubtracted from the ſaid Diviſor 4, there remains. 4 | 
Which Remainder 4: does by Prop. 3.) exceed the double of the leſſer Part (which 
in this Example is the Rational Part of the Cubic Root fought, but the Exceſs is leſs 
than 1: therefore 3. is leſs than the ſaid double, but 4 is greater than the ſame, 
and conſequently becauſe the ſaid leſſer Part is a Rational whole Number, the double 

thereof muſt neceſſarily be 4, to wit, the greateſt whole Number between 3 and 4, 

and therefore tne ſaid Part it ſelf is 2, which being found, it is eaſie to find the other 

Part; for if to 4 the Square of the faid leſſer Part 2, there be added 2 the Cubic 

Root of the Difference of the Squares of the Parts of the given Binomial, the Sum 

6 ſhall be the Square of the other Part; ſo that the Cube Root found out is 2+y6, 

which will appear to be the true Cubic Root ſought ; for 2+v 6 multiplied into it 


ſelf cubically produces the given Binomial 44+y 1944. And for the fame Reaſon 
76—2 is the Cubic Root of V 1944—44- 3 4 
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Or more briefy the Proof may be made thus: 


8 of 2 the Rational n of the Root found 5 3, that is, 586 
Add the Product of thrice that Part multiplied into De 1 
Square of the Surd Part found out, viz. the Product . . 36, that TR 30d 
an the ORG ͤↄ ß . «// AH, +36 
Which Sum is the ſame with the Rational Part of the given Binomial, and there- 
fore it proves that 2+y'6 is the Cubic Root ſought. | e 
Laſtly, what has here been ſhewn concerning the Demonſtration of the Extraction 


of the Cubic Root, may eaſily be applied to the Extraction of the other Roots before 
mentioned, ſo that there is no need of further Diſcourſe in this Matter. 5 8 = 
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CHAF X ] 

An Explication of Simon Stevin's General Rule, to extract one 
Root out of any poſſible Equation in Numbers, either exactly 
or very nearly true. 


» 


LF Qariors falling under any of the Forms in the fourteenth and fifteenth Chapters 
of the Firſt Book of theſe Elements, are capable (as has there been ſhewn) of per- 
fect Reſolutions in Numbers, viz. the value of the Root or Roots ſought in any of 
thoſe Equations may be found out and expreſsd exactly, either by ſome rational or 
irrational Number or Numbers; but the perfect Reſolution of all manner of Com- 
pound Equations in Numbers I have not found in any Author. And fince an Expoſi- 
tion of the General Method of Vieta, the Rules of Huddenius and others to that pur- 
poſe, would make a large Treatiſe, and after all leave the curious Analyſt diſſatisfied, 
I ſhail not clog theſe Elements with a tedious Diſcourſe upon thoſe difficult Rules, 
which at the beft are exceeding tedious in Operation, and ſome of them uncertain EE 
too; but rather purſue my firſt deſign, which was to explain Fundamentals, and ſuch 
Rules as are certain and moſt important in this profound Art. However, I ſhall lead 
the induſtrious Learner to a few ſteps further, in order to his underſtanding the Re- 

ſolution of all manner of Compound Equations in Numbers, and in this Chapter ex- 

Plain Simon Stevin's General Rule, which with the help of the Rules in the following 

eleventh Chapter will diſcover all the Roots of any poſſible Equation in Numbers, 
either exactly if they be Rational, or very nearly true if Irrational. 


„„ SEEN b . 
If... . . - - 44 264 40188, what is the Number a? 
JJͤͤ C ⁵ 
This Equation not falling under any of the three Forms in Sec. 1 Chap. 15. Book x. 
cannot be reſolved by uy of the Canons in that Chapter, and therefore according ls 
Simon Stevin's General Method 1 ſearch out the Number a by tryals thus, vix. 


BE — PT PO V 
gr EE Oo o ⁵ j YT 3 Wu 
And 4 PW . . | 0 5 0 . „ 0 a © 1 ® 26a — 26 


%%% cc... ß +160. 17 
Which 27 ought to have been 40188, but it's too little ; whereby I find that by 
ſuppoſing a to be 1 1 did not hit upon the true Number a, and therefore J make ano- 
ther tryal in like manner as before, viz. | oe a | 


TFT 4+ + tf +: f! 6 6 1. 

TRACE ORs (BTA vw fo AE 1000 

6 Conn ene et eres > 1000 200 

%%% ee ES yd y 5+. Ad 368 i ado | 
W hich 1260 being yet too little, I make a third tryal, viz. | ; 
J%%/«/%ͤͤr je ß. f 

Thence it follows tat . aaa 264 = 1002600 


Which 100260 exceeds the juſt Reſult or abſolute Number 40188 in the latter 
part of the Equation firſt propos'd, and therefore the true Number a is leſs than 1003 
bur the ſecond tryal ſhews it to be greater than 10, and therefore the whole Number 
which expreſſes the exact, or at leaſt part of the value of a, muſt neceſſarily conſiſt 
of two Characters, and conſequently the firſt (towards the left Hand) muſt be one of 

theſe nine, 1, 2, 3, 4, 5, on 8, 9; but becauſe by the ſecond Inquiry 10 was foun 

too little, I now make tryal with 2 for the firſt Figure of the Root a, vis 
SS + err on 7 ao Þ 
TER TT Ie oe mgm po—emmmy_ Ji 0 
Which Reſult 85 20 being yet leſs than the jult Reſult 40188, l make tryal again, vix. 
J%ùr:riiii r...... ĩ˙ʃcN 00620 
——ö; ³¹Ü..i•AA. ͤ ⁰ .U.. } ATA 5825300 
L1 Which 
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Concerning the Reſolution II. 
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BOOK 
Which is yet too little; therefore, e 
J%%ͥ mt ß) © 1. 

VC 6!!! To or Ls 1 | aaa 26a = 65040 
Which 65040 being greater than 40188, it ſhews me that the true Root or value 
of a is leſs than 40; but by the fifth Tryal it's greater than 30, and conſequently the 
laſt Figure ot the Root is 3. BY 33 £ 8 

Now the ſecond Character of the Root muſt neceſſarily be one of theſe; viz. o, I, 
2, 3, 4, 5, 6, 7, 8, 9; and becauſe it has been diſcovered, that the true value of the 
Root à is greater than 30, the ſecond Character cannot be o, I therefore make tryal 
with 1, and ſuppoſe a=31 ; which proving too little, I make tryal with 3 2, 33,34, 
Oc. ſeverally in like manner as before, and at length I find 34 ro be the true Number 
a ſought, by which the Equation propos'd may be expounded ; for if a=34, then 
conſequently aaa ＋ 264 =40188. | 1 
Il. Bur if after tryals made (as before) the value of a the Root ſought happens to 
fall between two whole Numbers that differ by Unity; then tryals are to be made with 
the leſſer whole Number increaſed with , +3, ,4+, Cc. until you have found the 
value of a in ſome mixt Number conſiſting of a whole Number and ſome certain tenth 
parts of an Unit. But if the ſaid value of a happens not to be expreſs'd exactly by 
the ſaid leſſer whole Number increaſed with certain tenth parts, then you are to make 
tryals with the ſaid leſſer whole Number increafed with a Decimal Fraction, having 
for its Numerator a Number greater than 10, but leſs than 100; and for irs Deno- 
minator 100, as with e, ++, &c. and by proceeding in that manner you may 
find the exact value of the Root a, when its fractional part is exactly equal ro ſome 
Decimal Fra&ion- or elſe approach infinitely near to the ſaid exact value when *tis 
Irrarional or Surd, as in this following 

"FLESTION: 2. 


N aaaa SO = 18463 8.6801; (or 18463822 ;) what is the 


RESOLUTION 


Firſt, I ſuppoſe a=1, but this proving too little I put a Io, this alſo proving too 
little, I aſſume a=100, which after ttyal I find to be greater than the true Number 
a, and conſequently the Number @ falls between 1o and 100; then making tryal 
with 20 I find it too little, but making tryal with 30 J find this too great, and there- 
fore the true Root a falls between 20 and 3o. Again, making tryal with 21 J find it 
too great, but 20 was before found too little; therefore the true Root a is between 
20 and 21; then I make tryal with 20.1, (that is, 2055) 20.2, 20.3, &c. and at 
length find 20.7 to be the true Number a ſought; for if a=20.7 (that is, 2072 it 
will make aaaa+50a=184638.6801 the Equation propoſed. _ oe 

But if 20.7 had proved too little, and 20.8 too great, then tryals muſt have been 
made with 20.71, (that is, 207+) 20.72, 20.73, &c. In like manner, if 20.7 had 
been too little, but 20.71 (that is, 20+) roo great, then tryals muſt have been 
made with 20.701, (that is, 20225) 20.702, 20.703, Cc. This will be partly ex- 
ercis d in reſolving the Equation in this following | bet 

1 een 3. 
If.. aaa 20a = 1954, what is the Number a? 

Anſw. . . . . a=8.308, Cc. found out by tryals as before. 

III. When the value of (a) the required Root of an Equation happens to be leſs 
than Unity, then trial is to be made with ; but if this prove too great, then with 
+, Oc. Now ſuppoſe . 1 (that is 2) be too great, .o1 (that is, =) too little, 
then tryal muſt be made with .02 . 03 . 4, Cc. until you have found out the 
greateſt Figure that muſt ſtand in the ſecond place of the Decimal Fraction expreſſing 
the Root ſought; ſuppoſing then ſuch Figure to be found 8, viz. that . 08 (or +) 
is leſs, but. O09 (or ++) is greater than the Root, tryal muſt be made with .o81, 
(that is, ) . 082 | .083 [c. as in this following | 
K. Fol: | DUVESTION1. 4 5 


— 
Number a2? 


/ 


If. . . . . . aga+3240a=269, whatis the Number a? 
Auſw. 3 | a=,083, cf : that 15, EN ET | 1525 
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SHA P. 10. of Compound Equations in Numbers. 
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- IV. The preceding Examples may ſuffice to ſhew the uſe of this general Method, 
bak al the Terms of the unknown part of an Equation are Affirmative, (viz. when 
+ is prefix d to each Term) in which caſe there is but one Affirmative Root; in the 
ſearch whereof by Tryals (as before) if the Numbers aſſumed ſeverally for the value 
of the Root ſought do aſcend greater and greater, then the abſolute Numbers reſult-- 
ing from thoſe aſſumed Values will likewiſe aſcend; and contrarily, if the aſſumed 
Roots do deſcend from a greater to a leſs, the Reſults will likewiſe grow leſs and leſs: 
vrhence by comparing an abſolute Number reſulting from an aſſumed Root with the 
Juſt abſolute Number of the Equation propos d, you may certainly know (if the ſaid 
Reſult and juſt Abſoluce be not equal to one another) whether you are to take a Num- 
ber greater or leſs than that laſt before aſſumed. ” = of 
: - Bur when the unknown part of An Equation conſiſts ; of affirmative and negative 

Terms mingled one with another, then the ſearch by Tryals will be more intricate 
and doubtful than before; for ſometimes it will be hard to diſcern whether a follow. 
ing aſſumed Root mult be taken greater or leis than that which was taken next be- 
fore. Moreover, a compound Equation of this latter kind may happen to be ſuch, 
that it may be expounded by as many ſeveral affirmative Roots, as there be UInities 
in the Index of the higheſt unknown Power, vi. a Cubical Equation may be ſo conſti- 
tuted, that it ſhall have three different affirmative Roots, 'a Biquadratic Equation four 
ſeveral Roots; and fo of higher Equations, as will be ſhewn in the following Chap. rx. 
But in what manner ſoever any poſſible Equation is conſtituted in Rational N umbers, 
this general Method will always find out one affirmative Root, either exactly true, or 
at leaſt very near the truth, as will further appear by the following Queſtions. 


| SUVESTION 5, 
WL + + „ aaa—22aa4+1574 = 360, what is the Number a? 
- RESOLUTION. 


i. FR ee ir» +» re ns» way . 
hence it follows tat aaa — 224 157 136 
Which 136 is leſs than the Juſt abſolute Number 360, and therefore I make ano- 


\ 


”-” 


ther Tryal, viz. LY | 
2. I ſuppoſe . „ . & 46-4: 0 3 „5 10 
Thence it follows that. . aaa—22aa+1572 = 370 
Which 370 exceeds the juſt abſolute Number 360, and therefore I conclude there 
is one affirmative value of a, (either Rational or Irrational) between 1 and 10; which 
value, after Tryals made with 2,3, 4,5, I find to be 5 z this will conſtitute the Equa- 
tion propoſed, for if a=5, then aaa—22aa-+157a will exactly make 360. 
But there are two other Roots or Values of a, to wit 8 and 9, each of which will 
likewiſe conſtitute the Equation firſt propoſed, but how they are found out will be 
ſhewn in Seck. 9. of the following Chap. 11. _ 


— 2UESTION 6. 
If . . . 3200a—aaa = 46577 (juſt,) what is the Number 2 
RESOLUTION. 


LIBS i ii ids» 6 
Thence . . . . . , 3200a—aaa 
! ĩ 4 of cr 4 
D geen. 
/// io i 4 ꝗ ͤrwm] T 
Thencde . . . 3200a—aaa = —680000 (leſs than juſt) 
Now becauſe the ſecond Reſult (or abſolute Number) -+ 31000 is Affirmative, and 
the laſt Reſult 680000 is Negative, I make tryals with Numbers between 10 and 100 
for the value of a; for if the Equation propoſed be poſſible, before the affirmative Re- 
ſults fall off to negatives, there will be a Root or Value of a producing an Affirmative 
Reſult either exactly equal, or very near to the juſt Reſult 46577; therefore, 
I SR i | 
P dee = 56000 (greater than juſt) 
5 | ' ü 2 : | 


3199 (leſs than juſt) 
10 
31000 (leſs than juſt) 
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No becauſe: by taking 20 for the value of a, the Reſult 56 exceeds the juſt | 
Reſult 46577; but by taking 10 for a, theReſult 31000 happened to be leſs than the 
ſaid 46577, it ſhews there is one affirmative Root or value of a between 10 and 20, 


which Root, after tryals made with intermediate Numbers (as in former Examples) 


will de found. 15, 7, Cc. Moreover, becauſe by ſuppoſing a=20 the Reſult 56000 - 
happened to exceed the juſt Refult 46577; but by putting a=100 the Reſult —680000 
proved to be leſs than the ſame 46577, it ſhews there is an Affirmative value of a be- 
tween 20 and 100, which value after tryals made will be found 47 ; ſo that there are 

two affirmative Roots or values of a found out, to wit, 15,7, &c. (or 15 , Ec.) 
and 47; — 3 of which will nearly, and the latter exactly conſtitute the Equa- 
tion propoled. | | AOPETISI e | EO 5 

V. n Florimond de Beaune in the latter of two ſmall Treatiſes printed in 1659, con- 

cerning the Nature, Conſtitution, and Limits of Equations, ſhews how to find out 
Limits within which the Roots of all compound Equations not aſcending above the 
Biquadratic kind are confinea ; which Limits when they may be diſcovered without 

much trouble, and are not very wide aſunder, will help to leſſen the tryals in the 
general Method before delivered. As in the laſt Example, where 


. 


The Equation propoſed was . . . 3200a—aan = 46577 
Firſt, becauſe aaa muſt be ſubtracted from 3 20a, 

and leave a Remainder equal to 46577, it er e O08" 08 PRO 

Therefore by dividing each part by a . . . . . .. . . aa a 3200 
And by extracking the ſquare Root out of each? kd 

part, it A OL... 3 MANN 33 4A 56,5, Oc. 
Again, from the Equation propogd by Tranſpoſi- } | ; | 

ton thy evident that b . . : * : 5 F 3200a—46577 
Whence tis alſo manifeſt that... 3200 c 465577 
And conſequently by dividing each part by 320000. 2 © 14.5, Cc. 


Thus it is found that the value of a the Root ſought is greater than 14.5, c. but 
leſs than 56.5, Cc. and therefore tryals according to tlie general Method aforeſaid 
need not be made with any Numbers 1 are not within thoſe Limits. 
From the Premiſes tis evident that this 2 Method finds not a perfect Root of 
an Equation, unleſs ſuch Root be a whole Number, or elſe a Fraction exactly equal 
to ſome Decimal Fraction; or laſtly, a mixt Number composd of a whole Number 
and a perfect Decimal Fraction —© | . | iy 
' Note. When the Coefficients or known Numbers ny 1 into any of the un- 
known Powers under the higheft, (which muſt have no Coefficient but Unity) are 
'Vulgar (not Decimal) Fractions, or mixt Numbers whoſe fractional parts are Vulgar 
Fractions ; likewiſe, when the abſolute Number that ſolely poſſeſſes the latter part 
of the Equation propos d is a Vulgar Fraction, or mixt Number whoſe Fractional part 
is a Vulgar Fraction; all thoſe Vulgar Fractions muſt be reduced to Decimal Fracti- 
ons, or elſe the Equation muſt be reduced to another Equation in Integers (by Se8. 7. 
in the following Chap. 11.) before you enter upon the Reſolution by tryals as aforeſaid. 
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Extractions out of the Algebraical Treatiſes of Vieta and Renates 
des Cartes, concerning the Conſtitution and Reſolution of Com- 
pound Equations in Numbers, eſpecially thoſe which have many 
Roots. — — | a . 
I T HE Scope of this Chapter is, firſt, to ſhew how to form an Equation that ſhall 
I Q have as many different Roots or values of the Quantity ſought as ſhall be de- 
fired; then how to free an Equation from Fractions, and to caſt away the ſecond Term; 
and laſtly, how to find out the Roots of all manner of Compound Equations in Num- 


bers, either exactly if they be Rational, or very near the truth if Irrational. _ 
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gut that the Learner may the more eaſily perceive my meaning. I ſhall premi 
85 6+ Defiicions in three Sections next following: F . Sy ; P 0 FI 

* IE; When the known abſolute Number in an Equation, ſolely poſſeſſes one part 
thereof, let it be transfer d to the other part by the Sign—, and then there will be an 
Equation which has © or nothing for one part, and the other part is by Carteſus cal- 
led the Sum of the Equation propoſed. As for Example, if this Equation be propo- 
ſed, viz. aaa—9aa426a=24, by tranſpoſition of 24 it makes aaa pda 264—24 , 
whoſe firſt part is called the Sum of the Equation propoſed. | 

III. In the Equations handled in this Chapter I put a, e, or y, to fignifie an unknown 
Quantity; and by the firſt Term of an Equation is meant the higheſt unknown Power, 
to wit, that which has moſt Dimenſions or Degrees of a ; by the ſecond Term that 
which has fewer Dimenſions by one than the firſt, and ſo downwards. As in this Equa- 
tion, aaa -D 26a—24.=0, the firſt Term is aaa, whoſe Index is 3; the ſecond 
Term is —9aa, where the Index of aa is 2; the third Term is + 26a, where the Index 
of a is 1; and the laſt Term is — 24, the known abſolute Number, whoſe Index is o. 

IV. The Roots of an Equation are of three kinds, viz. either Affirmative, or Nega- 
tive, or Impoſſible. An Affirmative Root is a Quantity greater than nothing, as +5 or 
+20. A hegative Root (which Cartefus calls a falſe Root) expreſſes a Quantity 
whoſe Denomination is oppoſite to an affirmative, as—5 or — 20; the former of which 
wants 5, and the latter 20, of being equal to nothing. Laſtly, impoſſible Roots are ſuch 
whoſe values cannot be conceived or comprehended either Arithmetically or Geome- 
trically ; as in this Equation. a --, where Vv—17, that is, the ſquare Root of 
—7, is no manner of way intelligible, for no Number can be imagined, which being 
multiplied by itſelf according to any Rule of Multiplication will produce —1. 

V. Theſe things premiſed, I ſhall proceed to the forming of Equations which ſhall 
have many Roots. F . 

r 


7 o form an Equation which ſhall have two Affirmative Roots. 


ES (a= 2, that is, a—2 
x. Suppoſe . 33 10 „ tits. 04 
2. Then by multiplying the faid a—2=0 by 5 

a—3=o, this r is produced, viz, F * 
2. That is, — - ++ +» + +» 


Which Hiſt Equation falls under the laſt of the three Forms in Seck. 1. Chap. 15. 
Book 1. and may be expounded by either of the two Roots or values of a, which by 
the Canon in Seck. 10. of the ſame Chap. will be found 2, and 3, to wit, thoſe from 
which the ſaid Equation was ws thay 4 by Multiplication, as above. | 
Asain, if this Equation aa+64—55=0, (that is, aa 6a=55) which has one 
affirmative Root, to wit 5, be multiplied by a—6=0, there will be produced aaa 
91a+330=0, (that is, 914a—aaa=330) which has two affirmative Roots or values 
of a, to wit 5 and 6, which may be found out by the Rule hereafter delivered in 
Seck. 9. of this Chap. : os Ts, 
PROP. IL 


Jo form an Equation which ſhall have one Affirmative and one Negative Root. 


{| I 


Ho 
6. 0 0 


W aa — 5a? 


of 5 a = 3, that is, a—3 
I, Suppoſe . 3 » * oF : . 4 a =—2.that is, a+2 
2. Then by multiplying the ſaid a—3 =o by 2 
ga 2 , this Equation is produced, viz. 2 
2, That IS, . 8 . . „ "5 8 0 s 8 


. 


[ 
* 6. © © 


244 —2—56 


6 1 aa—4 


Which laſt Equation falls under the ſecond of the three Forms in Sec. 1. Chap. 15. 
Book 1. and may be expounded by either of theſe two Roots or values of a, whereof” 
one is Affirmacive and the other Negative; which after the manner of reſolving Queſſ. I. 
in Seck. 7. of the ſame Chap. will be found +3 and —2, to wit, thoſe from which 
the ſaid Equation was produced by Multiplication, as before. | 
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To form an Equation which ſpall have three Affirmative Root. 


| "Bs 557 Cam 4, ht, e 
T. Suppoſe 2 i kd a oe ee oe Oo ON a 3, that IS, 4—3 = O 


2. Then by multiplying the three laſt Equations} hogs 
(in each of which the latter part is o) one in- > aaa—gaa-+ 26a—24, = © 
to another, this Equation will be produced, 7 8 n 
3. That is, by tranſpoſition of —- 244, aaa —paa . 264 "i 24 
Which Equation may be expounded by every one of theſe three affirmative Roots or 
values of a, to wit, 2, 3, and 4; which may be fonnd out by the Rule in the fol- 
lowing Sect. 9. of this = de EEG, 155 „ 
The ſame Equation may likewiſe be formed altogether by Letters thus, viz, let the 
ſaid known Roots 2, 3, and 4, be repręſented by b, c, d; and then, 
e e a = b, that is, a—b = 9 
4: Suppoſe: ©. fo 46e, that is, a= 2 
| > 5 a = d, that is, a—d4 = © 
5. Then by multiplying thoſe three laſt Equations, in each of which the latter part 
is nothing, one into another, this 7 will be produced, viz. 


—ů — 
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| ＋ bc 
aaa — : >aa | .a—bcd = © 
That is aaa — gag 
To form an Equation which ſhall have three Afirmative Roots, and one Ne garibe 
| | ow 11 | . Root. | 5 7 . N 
2, that is, a—2 
= 3, that is, a—3 
4. that IS, a—4 
EN OC: , that Is, a+y = 
2. Then by multiplying the four laſt Equations, in each of which the latter part is 
o, one into another, this following Equation will | 


T, Suppoſe 5 4 . 2 


be produced, vix. 
7 aaaa - aaa I aa Toba—120 = o 
5 That is . . aaaag—gaaa—T19aa-+ 1064 81920 
Which laſt Equation may be expounded by every one of theſe three Affirmative 
Roots or values of a, viz. 2, 3, and 4, and by one Negative Root —; ; every one of 
which may be found out by the Rule in the following Se&. 9 of this (Hag. 
The ſame Equation may likewiſe be formed altogether by Letters thus, viz. let the 
ſaid known Roots 2, 3,4, and —5, be repreſented by 6, c, d, and —f; then, 
EE „ 5 a—5 = © 
a %% (a S c, that is, a—c = © 
3: Suppoſe e e oY na) 9 «os 1 Bp RAT 
: 3 a r, that is, a+f = o 8 
4: Then by multiply ing the four laſt Equations, in each of which the latter part is o, 
one into another, this following Equation will be produced, viz, 


+bc } 


K 


ar 


aaaa — 4aaa —194a4 +1064 — 120 = 0 
After the ſame manner you may form an Equation, which ſhall have as many Roots 
4s you pleaſe, either all Affirmative, or ſome of them Affirmative and ſome Negative. 
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VI. Obſervations upon the preceding four Propoſitions, 
1. By what has been laid *ris evident, that ſometimes an Equation may have as ma- 
ny Roots as there be Unities in the Index of the higheſt unknown Term; 1 lay, ſome- 
times, not always: for altho this Equation aaa—6aa-+ 134a—10=0, as to its number 
of Terms and Signs, be like to the Equation formed in the preceding Prop. 3, fo that 
one may think it has three Roots, yet it has only one affirmative Koot, to wit 2, and 
no other Root either affirmative or negative can conſtitute the ſaid Equation, for tis 
produced by the Multiplication of this impoſhble Equation aa—ga-+ 5=0 by 
a—2=0; bur that a9—qa+5=0, that is, 44—aa=5 is an impoſſible Equation, the 
Determination in Sect. 9. Queſt. 1. Chap. 15. Book 1. makes manitelt, = 
In like manner, altho this Equation aaaa—60aaa-+ 1650aa—22500a-+ 115344 S, 
as to its Number of Terms and Signs be like to an Equation that has four athrmative 
Roots, yet that Equation can be expounded only by two affirmative Roots, to wit, 
12 and 18, and by no other Root either affirmative or negative; tor tis made by the 
Multiplication of az—30a+216=0, which has two attirmative Roots, 12 and 18, 
into this impoſſible Equation aa—30a-+ 534 . | 
2. Foraſmuch as Diviſion reſolves or undoes that which is compos'd or done by 

Multiplication, if the Sum of an Equation which is produced by the Multiplication 
of two or more Equations one into another, (according to the Method in the preced- 
ing four Propoſitions) be divided by a Binomial composd of the unknown Quantity 
(a) leſs by the value of any one of the affirmative Roots, or more by the value of one 
of the negative Roots, the Quotient ſhall be an Equation in which the firſt Term has 
fewer Dimenſions by one than the firſt Term of rh@ Equation ſo divided. And if the 
Quotient be divided in like manner, there will come forth an Equation whole firft 
Term has fewer Dimenſions by one than the former Quotient. As for Example, let 
there be propoſed the Equation in the preceding Prop. 4. to wit, aaaa 4a. g 
-+ 1064—120=0, which was made by the continual Multiplication of a—2 So, 
a—3=0, a+5=0 ; [I ſay, If the Equation propoſed be divided by any one of the 
Binomials a—2, a—3, a—4, a+5, the Quotient will be an Equation wherein the 
firſt Term has only three Dimenſions, which are fewer by one than thoſe in aaaa the 
firſt Term of the Equation propoſed. . So if the ſaid azaa—qaaa—1 gaa+jo6a—i 20 
Do be divided by a—2=0o, there will ariſe aa9—2aa—234+60=0, as you ſe by 
the ſubſequent Diviſion. - | os 

a—2 ) aaaa— aaa Ia τ loba—lzo ( aa—2aa—23a+60 

aaaa aaa 


—__— 


—2a44—1 9aa 
—2aaa-F . 4.44 


— 


0 11 


| —23aa+ IO 
—23aa4+ 464 


——— 


2 


go 604—120 
T 604—120 


n 


8 


Likewiſe if the Quotient, to wit, the Equation aaa 2aa— 234 ＋ GO o, where 
the firſt Term aaa has three Dimenſions, be divided by 4—3 So, there will ariſe 


aa ＋ a- 20, whoſe firſt Term aa has but two Dimenſions. And laſtly, if the ſaid 


latter Quotient aa 4-20 be divided by a—4.=0o, there will come forth a ſimple 


Equation, to wit, a 5 So, that is the negative Root a2 —5. 


Prop. 3. and 4. in the preceding Sect. 5. | 
3. If a compleat Equation, that is, ſuch in which all the Terms are extant, be produ- 
ced by the Multiplication of poſſible Equations one into another, you may diſcover how 
many affirmative, and how many negative Roots that Equation has, by this Rule, viz. 
As often as — follows next after +, or + next after —, ſo often there is an affirmative 
Root; and as often as two Signs — or two Signs + ſtand next to one another, ſo often 
there is a negative Root. As for Example, in this Equation, (before formed in Prop. 4.) 
rig Hows pron mn pig * 


The like Diviſion may be practiſed with the literal Equations at the latter end of 


* "IG 
* 


272 Rules preparatory to the Reſolution BO O K II. 
to wit, aaga—qaaa—19aa+1064—1 20=0, becauſe next after the firſt Term + aaaa 
there follows —gaza, it ſhews. there is one Affirmative Root; and becauſe next after 
—4aaa there comes —1 9aa, it ſhews that the Equation has one negative Root. 
Again, becauſe next after —19aa there follows +1064, it hints there is another Affir- 
mative Root ; and becauſe next after +1 O6a there follows 120, it ſhews there is 
a third Affirmative Root: ſo that the ſaid Rule diſcovers the Equation propos'd to 
have three Affirmative Roots, and one negative Root. . | 
It is alſo manifeſt from the manner of forming Equations according to the Pro- 
[1088 "ions in the preceding Se. 5. that in every Equation which has as many Aﬀirma- 
11 tive Roots as there be Dimenfions in the firſt Term, the Co. efficient or known Quan · 
et * tity in the ſecond Term is 1 to the ſum of al} the Affirmative Roots; and the 
known Quantity in the third Term is equal to the ſum of the Produtts of every two 
of the ſaid Roots multiplied one by the other , and the known Quantity in the fourth 
Term is equal to the ſum of the Products of every three of the ſaid Roots; and ſo 
forward when there be more Terms: but the laſt Term, to wit, the abſolute Quan- 
tity given is equal to the Product of all the Roots multiplied one into another, As 
in the following Equation (before formed in Prop. 3.) viz, 


aw + be . 
aaa — C >a ＋ bd>a — bd = ©, 

| —=di + cd 1 
That IS, EET —94a * 26a — 24 == 1. 


Firſt, the Sum of 2, 3, and 4, (thatis, of 6, c, d) the three Roots of that Equation 
is 9, which is the known Numbef of the ſecond Term —9aa, Secondly, the Sum of 
the Products of every two of the faid Roots mulriplied one by the other is 26, that is, 
-+bc+bd4-+cd,which is the known Coefficient of the third Term + 26a,or + bc+b4+ cd 
into a And laſtly, the Product of all the three Roots multiplied one into another is 24, or 
bed, to which prefixing — it makes —2 407 —bc&the laſt Term ofthe Equation propos. 
The like Properties enſue when the Sum of the Numbers of Multitude of Affirma- 
tive and negative Roots is equal to the number of Dimenſions in the firſt Term of an 
Equation; ſaving that here in ſumming up all the Roots which compoſe thoſe known 
Quantities in the ſecond Term, and likewiſe the Products which compoſe the known 
Qnantities in the following Terms, reſpect muſt be had to the Rules of Addition of 
I and — in ſuch manner as the Equation propoſed if it be found altogether by Let- 
ters will direct; as you may eaſily perceive by the Equation formed in Prop. 4. of 
the preceding Seck. 5. „„ 


VII. How to free an Equation from Fractions, when tis incumbered therewith in 
the ſecond, third, or any of the following Terms. Which work is by Vieta 
called Iſomæria. EE” | 
The Rules in Chap. 12. Book 1. ſhew how to reduce an Equation fo, as that the 

firſt Term may have no Coefficienr but Unity; but if after any Equation is ſo reduced 

there happens to be any Fraction in the ſecond, third, or any of the following Terms, 
ſuch Equation may be reduced to another whoſe Terms ſhall be all Integers, by the 

Method in the five Examples next following. porn 

ESE | Example 1. | 

1. Let this Equation be propos'd to be reduced to another Þ 1 5 
%% ĩ . ⅛«⅛ N — r n = 

Fs VVV 

2. Suppoſe 2= 2a, (2a, becauſe 2 is the Denominator * 

Eo ONSET 
3. Then divide each part of the laſt Equation by 2, (be — 
Denominator aforeſaid) and there ariſes „ 2 

4. And by multiplying each part of the Equation in the } - eee 
third ſtep cubically, there comes forth 4 

5. Again, by multiplying each part of the Equation in the 7 

third ſtep by , (the Fraction in the ſecond Term of the 
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CHAP, 11. 
6. Then add the two laſt Equations into one, and the) eze 4.30 


Sum is Bb” „ l F 
But by ſuppoſition in the fir FFT 
4 Therefore from the two laſt Equations (by 1 Axiom.) eee 3 aa: 
1 Elem. Euclid.) BY ER OT — 2 — 225 


9. Which laſt Equation being reduced to Int y 5 3 . 

Seck 2. Chap. 12. Book 1.) gives . . ' Ferse = 1800 ; 
Therefore an Equation is found out, which is altogether exprels'd by Integers; and 

when the value of e in the laſt Equation is diſcovered, the value of a in the Equation 

propos d is conſequently known ; for by the third ſtep a e, therefore if e be 12, 


egers (b 


then a ſhall be 6. 


Example 2. 
Again, if this Equation be propos d. aaa La = 255 
It may be reduced in like manner as before in Ex. TOY Z 
r of» 46, 7 eee e 1060 
And if e be 10, then a ſhall be 5. FE 
e „%%ͤ ]́•ͤ _ 
So likewiſe this Equation . . . . , , -* aa za = 225 
May be reduoerd to % KV 7; ets mn 
JJJV%%%CCCCCC%V%VVVVV%V Oo caldad ne! a 
Eon Fe Example 4. | F 
1. Again, let there be propoſed . . . „ aaa ra = 22 ; | 
Operation. V 
2. Suppoſe e=12a, (I 24 becauſe 12 is the Denomi- ? | 
nator of the Fraction A in the ſecond Term) 7 i 8 ME 20 
3. Then divide each part of the laſt Equation by 12, 2 g 
(the Denominator aforeſaid) and there ariſes . F „„ aa 
1 4. And by multiplying cubically the laſt Equation, “ eee 
eie LO * „ aaa 
5. And by multiply ing the Equation in the third ſtep ) 1 
by ie RES 8 M$ TE 


6. And by adding the two laſt Equations into one, the jþ zee IIe 


/ c OY 1728 144 
-y; e d Io 
8. Therefore from the two laſt Equations(by 1. Axiom. } cee 11 

%% Fe one So Tram? 17 


Thus an Equation is found out in Integers; and when the value of e is diſcovered, 
the value of a in the Equation propos'd 1s conſequently known ; for by ſuppoſition 
in the ſecond ſtep e is to a as 12 to I; therefore if e be 18, then a ſhall be 12. 


Which Equation reduced to Integers gives E eee 13 26 = $208 : 


/ 


Example 5. | 2 


Operation, 


bn Suppoſe e=6a, (6a becauſe 6 is the Denominator 

nden N e = 6a 

3. Then by dividing each part of the laſt Equation 898 | 
S d 1 8 

4. And by ſquaring the laſt Equation it makes 25 = aa 

. . . 54 1 5 3 

5. Likewiſe by ſquaring each part of the laſt Equati- Þ'  ecee _ 
on, te LM AEGQSTTT I * 1295 — 

6. And by multiplying the Equation in the fourth 8 
ſtep by that in the third, the Product is. 21868 


Mm 5: » tad 
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Rules preparatory to the Reſolution BOOK Il 


1 


r g 
* 


this, vix. VVV "RI 85 5 216 
8. And by multiply ing the Equation in the fourth lep 3 
erer © ++. + >; n 
9. And by multiply ing the Equation in the third ſtep? 6252 
by 104.2, the Product will be SS #56: 4 26 
10 Then by connecting theQuantities which ſtand in the firſt Parts of the Equations 
in the fifth, ſeventh, eighth, and ninth ſteps, together with 89, by the ſame Signs 
which reſpectively belong to each Term of the Equation propoſed, the Sum ſhal] 
be equal to the Sum of the ſame Equation, and conſequently equal to nothing; 


hence this Equation ariſes, viz. — 
„F ˙ OP. = 4 


Py [ 9 


47 a 


= 10444 
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. 230 | 
11. Which Equation being reduced to Integers (by Sed. 7. Chap. 11. Book 1.) gives 
ecee — G6oeee + 1T650ee — 22500e + 115344 = o. 
Thus an Equation is found out whoſe Terms are all Integers ; and the value of the 
Root e in this Equation is to the value of the Root à in the Equation propoſed as 6 
to 1; (for by ſuppoſition in the ſecond ſtep e=6a:) and therefore if e be 12, then 


a ſhall be 2; or if e be 18, then a ſhall be 3. 
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VIII. How to take away the ſecond Term of a Compound E quation. 


The Rule is this; Divide the Coefficient (that is, the known Quantity) multipli- 
ed into the ſecond Term of an Equation 8 by the Index (or Number of Di- 
menſions) of the Power which is the firſt Term. Then if the Signs of the firſt and 
ſecond Terms be unlike, (vz. if one be + and the other —) ſubtract the Quotient 
from the Affirmative Root ſought ; but if the Signs be like, (that is, both + or both 
—) add the ſaid Quotient to the Affirmative Root; then Equate the ſaid Sum or Re- 
mainder to ſome Letter to repreſent an unknown quantity, and proceed according to 
the Method in the following Examples; ſo at length a new Equation will ariſe, 
wherein the ſecond Term is wanting. „ 
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Example 1. = 
1. Let there be propoſed this Equation . bn. . aa—6a = 72 
+ TMK os rd ix. eons we 
3. Here the number of Dimenſions in the firſt Term aa is 2, and the known Numher 
multiplied into a making the ſecond Term 6a is 6 ; this divided by the ſaid 2 gives 
3, which ſubtracted from the Root a (becauſe the Signs of the firſt and ſecond Terms 
are unlike) leaves a—3, which is equal to ſome unknown number, let it be e; then, 


4. By ſuppoſition nns oo + + 63 = 6 
5. And conſequently by adding 3 to each part of — 553 oy 
Equation there ariſes «. . . “ * ＋ 3 
6. And by ſquaring each part of the laſt Equation dr; 5 bite 
eine, Ho Ro I LID 
7. And by multiplying each part of the Equation in 3 Re 
the fifth ſtep by the Coefficient 6 in the propoſed - 6a 6e+18 
Equation, it makes „„ „ OTE 5 
8. Then by ſubtracting the laſt Equation from that *; * 
the ſixth ſtep, there remains * 
9. And laſtly, by ſubtracting 72 (the laſt Term of the 5 
Equation propos d) from the Equation in the eighth pax—6a—72 = ee—81=0 
ſtepy there- mans . 2 


1 
* ws wy . 1 th * = — 


Thus you ſee an Equation is found out, to wit, ee—81=0, which is equal to the 
Equation propoſed, and it wants the ſecond Term; (for there is not any number of e 
in the Equation found out.) Now if the value of e be made known, then the value 
of a is conſequently known; but the Equation found out, to wit, ee—81=0, that 
is, ee=81 gives 6=9, and by the fifth ſep a=e+4- 3, therefore a=12, 


24 


* 
* 
4 


Example 


—_— — 


a 
CH A P. 11. of compound Equations in Numbers. 


1. Again, let there be propoſed this Equation, viz. ., . aa-þ6a = 216 
2-ThatisS,. «+ +. . 
3. Here (as before) I divide 6, the Coefficient in the ſecond Term 6a, by 2, which 
denotes the Number of Dimenſions in the firſt Term aa, and the Quotient 3 I add 
to the Root a, (becauſe the firſt and ſecond Terms of the Equation have the ſame 
Sign +) and the Sum a3 1s equal to ſome unknown Number, let it be e; then, 
JJ .. -'. ++» 2 + + >. &F3 278; N 
5. Therefore by ſubtracting 3 from each part of that j 
Equation, there ariſes .. . . . « « «. - 
8. And by ſquaring the laſt Equation there waa 
forth „ . : 6 5 9 3 82898 0 5 0 . N 
7. And by multiplying the Equation in the fifth ſtep ) 
) ᷣ BO TIP 
8. Then by adding the two laſt Equations into wad 
%%% ũ BV 9 LY” 
9. And by ſubtracting 216 (the laſt Term of thep ?: 
Equation propos d) from each part of the Equati- >aa+ 64a—216 = ee—225 =0 


4 


DM | « s 0 = fin 
- « aa = ee—be+ 9g 
. 62 = 618 


aaa = gg 


on in the eighth ſtep, there remains N 

Thus an Equation is found out, to wit, ee—225=0, which wants a ſecond Term, 
(for there is no Number of e in that Equation;) and when the value of e is made 
known, the value of a in the Equation propos'd is known alſo; but the Equation 


a=12, that is, 15—z. 5 | | 
en ny gn Example 3. f 
1. Again, let this NT be propos d. . aaa—1 84a2—7a-+696=0 


Term —18aa by 3, which denotes the number of Dimenſions in the firſt Term aaa, 
and the Quotient is 6, this-I ſubttact from the Root a, (becauſe the Signs of the 
firſt and ſecond Terms are unlike) and the Remainder is a—6, which is equal to 
ſome unknown Number, ſuppoſe it be e; then, . 
J%%%%%% ...;] Xld of 7 
4. Therefore by adding 6 to each part of that Equa- } 1 

.. HC . ĩ gp e 
5. rr by Garg the uy 3 0 makes . . aa ee T I2e 436 
6. And by multiplying the two la uations one ITE | 

by the Hwa the Prada V 5 s aki gert roBet 216 
7. And by multiply ing the Equation in the fifth ſtep . 
by 18, (the Coefficient in the ſecond Term of the SaaS Idee 216e+ 648 
Equation propos d) it makes 
8. Likewife the Equation in the fourth ſtep being 7 0 
multiplied by 7, (the Coefficient in the third Term 7a=Je+42 
of the Equation propos'd) produces . . . . 5 
9. Then to the Equation in the ſixth ſtep adding 696, (to wit, the laſt Term of the 
Equation propos d) the Sum is 5 

8 aua r 696 = eee I See 1082+ 912 
10. Likewiſe, by adding the eighth Equation to the ſeventh, it makes 
. © IBaa-+7a = I See- 2236 ＋ 690 
following Equation remains, vin. 
aaa —1Saa—- 7a 696 = eee — 115er 222 = 0, 


Thus an Equation is found out, to wit, ece—115e 222 , which wants the ſe- 
cond Term, (to wit, the Power ee;) and when the value of the Root e is made 
known, the value of the Root a ſhall be knownalfo, for by the fourth ſtep a=e+6; 
therefore if e be 2, then a ſhall be 8; and if e be equal toy112—1, then a ſhall be 
equal to V112-+5. "OY 


OT I T3 5 


— 


2, According to the Rule before given, I divide 18 the known Number of the ſecond 


11. Laſtly, by ſubtracting the Equation in the tenth ſtep from that in the ninth, this 


— 


ee— 225 S, that is, ce 225 gives e 15, and by the fifth ſtep a=e—3 , therefore 
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Example 4. 


1. Again, let there be propoſed . . . . aaad-T Caf I Ia f 6100 O 
2. According to the Rule before given, I divide 6 the Coefficient in the ſecond Term 
| + 6aaa by 4, which denotes the number of Dimenſions in the firſt Term aaaa, and 
the Quotient is 2, which I add to the Root a, (becauſe the Signs of the firſt and 


Number, let it be e; then, MY is ro | 


3. By ſuppoſitio nn 44. 

4. Therefore 98 5 0 0 85 1 : „ g o . a = —2 
. The Square of the laſt Sqearion EP . aa = Ce—3eb? 

6. And the two laſt Equations multiplie. V 
one by the other maajulae NO Nr "Ty | 


7. And the Equation in the fixth ſtep be- } 
ing multiplied by that in the fourth ſtep, > aaaa 
—. t 8 

8. And the Equation in the ſixth ſtep mul- 5 5 


eee —Geee- f ee e . 


* 


tiplied by 6 produces 1 mn 1 oak N "_ | bee — Leerer 
9. And the Equation in the fifth ſtep mul- 7 . . 
tiplied by 11 produces 5 n m 


10. And the Equation in the fourth ſtep 1 
, 5 | 
11. Now tis manifeſt, that if from the Sum of the firſt Parts of the four laſt Equations 
there be ſubtracted 100, the Remainder will be equal to the Sum of the Equation 
firſt propos d equal to o; therefore alſo if 100 be ſubtracted from the Sum of the 
latter parts of the ſaid four Equations the Remainder ſhall be equal to o, viz. 
© eee ge-, = O. . Ds es 
12. In which laſt Equation the ſecond Term, to wit, the Power eee, is wanting, as was 
deſired. And when the value of e is made known, the value of the Root à in the 
Egquation propoſed ſhall be known alſo; for by the fourth ſtep a=e—3, but (by 
the Canon in Sed. 8. Chap. 15. Book 1.) the value of e in the Equation in theeleventh 
ſtep will be found /: I TVIOI: and therefore a=y : 15+y 101 ;—4, 


— — . . ꝗ9ñ— SI —— 
„ 6 — — — „ ——ͤ — 9 — - — 
r 2 2 py 2 7 * =, =—2—w ny (we is — — 
— <s  ecezs. aow Rene — — W — OTET OY A 
- — * 
* — _ * bed — 
E . 


od 


— 
_ 
I —— — P 
2 N ot), eidog re > . _— ba . > \ _ : 
PBS. og - we. . FR 
* 


—— e 


1 
— 


IX. The uſe of the preceding Rules of this C bapter, in the Reſolution of all man- 
ner of Compound Equations in Numbers. 
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After an adfected or compound Equation different from any of the three Forms in 
Hect. 1. Chap. 15. Book 1. is prepared for Reſolution by the Rules of Chap. 12. Book 1. 
and reduced (if need be) to Integars, and the ſum of all the Terms made equal to o 
(or nothing) according to Seck. 7. and 2. of this Chap. ſearch out (by the Rules of 
Chap. 8. of this Book) all the Juſt Diviſors to thelaſt Term (that is, the known abſo- 
lute Number of the Equation ſo reduced.) Then try whether any one of thoſe Divi- 
ſors connected to the unknown Root a by — or +, will divide the total Sum of the 

aid reduced Equation without leaving a Remainder ; for when ſuch Diviſion ſucceeds, 
either the known part of the ſaid Binomial Diviſor is the deſired value of the Root a, 
or at leaſt the Quotient gives an Equation, whoſe firſt Term has fewer Dimenſions by 

one than the Equation divided; and then the Root of this new Equation, if its firſt 

Term be a Square, may be found out by ſome of the Canons in Sec. 6.8,10. of Chap. 
15. Book 1. But if the firſt Term contains three or more Dimenſions, let this Equa- 
tion be examined by Diviſion, (as before,) and if none of thoſe Diviſions work off juſt 
without a Fraction, then by raking away 'the ſecond Term, (by the Rule in Sed. 8. 
of this Chap) another Equation more ſimple, and ſuch as may be reſolved by ſome 
of the Canons in Sed. 6,8, 10. Chap. 15. Book 1. will ſometimes ariſe. But if none 
of thoſe ways prove effectual, you may by the general Method in the foregoing Chap. 
Fo. find out one affirmative Root very near a true Root, and then joyning this Root 
found out to the unknown Yo a by the Sign —, you may by this Binomial divide 
the Equation, and proceed to find out the reſt of the Roots very near the truth. All 
which will be made manifeſt by the following Qieſtions. 
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If . 955 . aaa — aaf 266 _ = * i | | 
That is, if .' + + aaa a- 26 —24 = © | What is ws uber a 5 

SY „ EAUITION. 5 | 
Firſt, (by the Method in S@. 5. Chap. 8. of this Book) I ſearch out all the Num- 
bers that will ſeverally divide the laſt Term 24 without a Remainder, and find them to 
be theſe, viz. 1, 2, 3, 4,6, 8, 12,24. Then by examining in order whether the total ſum 
of the Equation propos d may be divided by a—1 or a+1, by a—2 or a+2, Cc. I 
find it may be exactly divided by a—2 without a Remainder, and the Quotient is aa 
.7a+12, as you ſee by this following Diviſion, 55 1 
1 a2) aaa—gaar 264—24 ( ag—7a+12 
aaa — 2a | jd 


QUESTION. 15 


Da 264 : 1 As "0 
aa 144 TI . | 4 
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+I 2424, 
T 124—24. 


1 0: 0; 5 F 
Therefore 2 the known Number in the Diviſor a—2 is one real or affirmative Root 
of the Equation propoſed; for as well the Diviſor as the Dividend was ſuppoſed equal 
to nothing, viz. a—2=0, whence a=2 ; the Quotient alſo is conſequently equal to 
o, Viz. ag—Ja+12=0, that is, Ja—aa=12, hence (by the Canon in Sed. 10. Chap., 
15. Book 1.) two other affirmative values of the Root a will be diſcovered, to wit, 4 
and 3. So that three real values of a, to wit, 2, 3, and 4, are found out, by every 
one of which the Equation propos d may be expounded, as the Proof will eaſily ſhew. 
| -RUBSTION a LE 
ou [CV 
W e ee n = : {What af educel 
3 RESOLUTION, 
Firſt, the Diviſor of the laſt Term 360 will be found theſe, 1, 2, 3, 4,5, 6, 8,9, 10, 
12,15, 18, 20, 24, 30, 36, 40,45, 60, 7 2, 90, 120, 180, and 360; then by examining in order 
whether the ſum of the Equation propos d may be divided by a—1 or a+1, by a—z 
or a+2, by a—3 or a+3, Cc. I find that a—5 will preciſely divide the faid Sum 
without a Fraction, and therefore 5 is one affirmative Root or Value of a; then the 
Quotient aa—17a+72a=0, that is, 174—aa=72 affords two other affirmarive va- 
lues of a, to wit, 8 and 9. Thus you ſee three real values of a, to wit, 5, 8, and 9, 
are found out; by every one of which the Equation propoſed, to wit, aaa—22aa+ 
1574a=360 may be expounded, as will appear by the Proof. e 
"a - SUEFTION., 3. 
| a 8 I a—aax = O 1 
. 1 = 1 F What i on? 
8 52 „e 
Firſt, the Diviſors of the laſt Term 330 will be found 1, 2, 3, 5, 6, 10, 11, 5,22, 30, 
J5,66, 110,165, and 330; then by examining in order whether the ſum of the Equa- 
tion propos d, to wit, aaa —-9 1a ＋ 330 may be divided by a—1 or a+1, by a—z or 
2 f 2, Sc. I find it may be divided by a—-5 and leave no Remainder; therefore a— 
5 Do gives a=5, which is one affirmative Root of the Equation propos d, and the 
Quotient aa 542-66 e, that is, aa+5a=66 affords another affirmative value of 
a, to wit 6. So that two real values of a are found out, by each of which the Equa- 
tion propos d may be expounded ; for if a=5, or a=6, from either ſuppoſition it 


follows that 91a—aaa=330. : 
„%% #4 # wif a0 Oy 0 


Io find two Numbers whoſe Sum ſhall be 5, and that if the Sum of their Squares 
be multiplied by the Sum of their Cubes, the Product may be 455. 
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| "3; RESOLUTION. | 
This Queſtion may be ſolved by the Canon of Queſt. 13. Chap. 16. Book1. but that 
Canon being raiſed from Poſitions that lie out of the common Road, I ſhall here ſolve 
the Queſtion in the ordinary way, and ſo it will exerciſe the preceding Rules of this 
Cup. Fit ENS EEE 3 
1. For one of the Numbers ſought pult @ © 
2. Therefore the other Number is - 5—2 
3. The ſquare of the firſt Number is 4% 
4. The Snare of the ſecond is . 44 lo f 25 
5. The Sum of thoſe Squares is. 24a — 102 
6. The Cube of the firſt Number is aaa ; | 
7. The Cube of the ſecond is. aaa fEI5aa—75a T 125 
8. Therefore the Sum of thoſe Cubes is . . -+I5aa—75a-+125 
9. Which Sum being multiplied by the Sum of the Squares in the fifth ſtep gives 
this Product, vix. 30 aa. - g OO,? 7544—31254+ 3125. 8 
10. But according to the Queſtion, the Product in the laſt ſtep muſt be equal to the 
given Product 455, hence this Equation ariſes, 1 
Z3aoaaaa— z OO,] i375, 31254 3125 = 455, 
11. And by ſubtracting 455 from each part of the laſt Equation this ariſes, 
Zoaaaa - 3oo aaa ατ⁰ 137544—31254 +2670 = o. 
12. And by dividing every Term in the laſt Equation by zo this ariſes. 
| aaaa— I Oaaa f 4e - IO = oo 
13. Then by ſuppoſing e 6a, and proceeding according to the Example 5. in Seck. J. 
of this Chap. to free the Equation in the preceding twelfth ſtep from Fractions, 
this will be produced, vix. : 1 os | 1 
= -  egce—boree+1650ee—22500e+ 115344 = ©, 
14. Now the Diviſors of the laſt Term 115344 will be found 1,2,3,4,6,8,9,12,18, 
24,27, Ec. and after tryals made by Diviſion, (like as in the three laſt preceding 
Queſtions) I find that e—12=0 will preciſely divide the ſum of the Equarion in 
the thirteenth ſtep, and therefore 12 is one true value of e. Again, the Quotient 
of that Diviſion being eze—48ee-+ 1074e—9612, I ſeek the Diviſors of the laſt 
Term 9612, and find them to be 1,2,3,4,6,9,12,18,27,36, Ec. Then after tryals 
made (as before) I find that e—18 will exactly divide the ſaid ece—48ee+ 1074e 
—9612, and therefore 18 is one other affirmative value of e; and becauſe the Quo- 
tient of the laſt mentioned Diviſion, to wit, ee—3o0e-+ 534 So, that is, 30e—ee 
=534, is an impoſſible Equation, (as is evident by the Determination in Sed 9. 
Dueſt. 1. Chap 15. Book 1.) I conclude that the Equation in the thirteenth ſtep has 
no other Root or Value of e beſides 12 and 18 before found. But becauſe by ſup- 
poſition in the thirteenth ſtep ea, + of 12 and likewiſe of 18, that is, 2 and 3, 
ſhall be the true values of a to ſolve the Queſtion, for their ſum is 5; and if 1 
the ſum of their Squares be multiplied by 35 the ſum of their Cubes, the ProduC 


is 455, as was deſired. 


Sometimes the taking away of the ſecond Term of an Equation (by the Rule in 
Seck. 8. of this Chap.) will be an Exped ient to find out an Equation reſolvable by ſome 
of the Canons in Sect. 6, 8, and 10. Chap. 15. Book 1. when tryals by Diviſion (as be- 
fore) will be in vain, as will appear by the following fifth Queſtion, which J find re- 
ſolved two manner of ways in Pag. 319. of Cartefius his Geometry, ſet forth with 
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CHAP. 11. having many Roots. 


(RENT es + 5 44-5 - | 
„ .. aaa ＋ Caaα r IIa 6-100 2 o 


8. Of which Equation the laft Term 100 may be divided by 1,2,4,5,10,20,25.50, and 
100; but Diviſion being tried by a— or +1, by a—or -þ2, by a— or +4, Ec, 
it proves ineffectual. Then by taking away the ſecond Term, (as in Example 4. 
Seck. 8. of this Chap.) this Equation ariſes, viz, ecee— 22-99. o, in which 
the Root e (by the Canon in Seck. 8. Chap. 15. Book 1.) will be found equal to 
* :1:+v101: but in taking away the ſecond Term a was put equal to e—3, and 
therefore a=v :14+v 101: —+ and conſequently from the firlt, ſecond, third, 
and fourth ſteps, gia 

- / {14+V TOI : — 

| 3 | | V :14+y Jol :;— 
The four Numbers ſought are theſe, J /: EE 1 

| V:1-+y101: +24 


Which Numbers exceed one another by Unity, and the Product of their Mulripli- 
cation is 100, as before has been proved in Queſt 3. Sect. 17. Chap. 9. of this Book. 


Another way of Reſolving Quelt. 5. 5 
For the fir number put a—1-, for the ſecond a—Z, for the third a+-., and for 


6. Which Product muſt be equal ee Faaga+ 6aaa+ Inaa+6a = 100 


3 
* 
T 
—— 
2 


- 


comparing the Product to 100, this Equation ariſes, viz. aaaa—2aa=997; whence 


the four Numbers ſought will be found the ſame as betore. 
g9UVESTION 6. 


J. If. . . 843-F6gat—4+—3414 = 1304 
2. That is, if. . at#—843—63aa-+ 34Ila+1304 = o; 
What is the Number a? | 
i e 
3. The Diviſors of the laſt Term 1304 are 1, 2, 4, 8, 163,3 26, and 1304; then after | 
tryals made by Diviſion, (as in the preceding Queſtions) I find a—8 So will exactly 

divide the ſum of the Equation propoſed without any Remainder, and therefore 8 : 
is one affirmative value of the Root a. Again, becauſe the Diviſors of 163 the 
laſt Term of this Equation aza—63a—163=0, (which was the Quotient of the ſaid 
Diviſion) are 8 and 163, I try to divide the Equation laſt mentioned by 
a—1 and a+1, likewiſe by a—163 and a+163; but none of theſe Divifions 
working off juſt without a Fraction, and there being no ſecond Term to be taken 
away, I ſearch out one affirmative value of à out of the ſaid Equation aaa—620— 
163=0, (that is, aaa—63a=163) by the general Method in the foregoing Chap. 
Io. and thereby diſcover a=9.co055, Cc. then I divide the faid Cubic Equation 
aaa—634— 163 Sͥ, by a—9.0055=0, and the Quotient (the Remainder after the 
Diviſion is ended being neglected) is aa+9.0055a+18.09903025=0; but this 
Equation cannot poſſibly have any affirmative Root, and therefore I conclude that 
the Equation firſt propos d to be reſolved has only two affirmative Roots or Values 
of a, to wit, 8 and 9.0055, c. found out as above. 


By the like Operation it will appear, that this Equation a+—17a3—21 2aa-+ 4979a 
—21131 =o may be expounded by every one of theſe three Roots or Values of a, to 
wit 11, 7.1125, Cc. and 15.8874, Ic. but by no other affirmative Root. 

When the Index of the Power of the unknown Quantity in every Term of an Equa- 
tion is an even number, the Reſolution of ſuch Equation will admit of a ContraCtion, 


which will be made manifeſt by this following 
PUESTION. J. 
x]f . . . . af—29a+-+2444*—576 = 0; What is a=? 
| TY RESOLUTION. 
2. Here becauſe the Indices of the unknown Powers are even Numbers, } 2 
to wit, 65 4, and 2, put . 6 , Fm . * - „ mo 
6. 0 | 
| 2. Then 
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| 5 —+as 1 Te: 
3. Then JJ ß oO write < —29e? 
+2444? Y i ＋ 244e 
4. To which Powers of e joyn - 576, the laſt Term of the given Equation, and it makes 
| 3 e296 + 244&—576 = 0, EE 
5. Which laſt Equation being reſolved by Diviſion, (in like manner as in the preceding 


Examples of this Section) there will be found three affirmative values of . the Root 
e, viz, 4, 9, and 16; then becauſe e was put equal to aa, the ſquare Root of 4. 9, 
and 16, that is, 2, 3, and 4, ſhall be three Roots or Values of a in the Equation firſt 


propoſed, to wit, a*—29a++ 244a%—576=0, as may eafily be proved. 


I might here ſhew how to. reduce a Biquadratic Equation, not falling under any of 


the three Forms in Se&. 1. Chap. L5. Book. 1. to a Cubic Equation, and ſometimes into 


two Quadratic Equations, but I ſhall ſpare that labour for theſe Reaſons : Firſt, that 


Reduction being ſubject to many caſes, is very tediousand troubleſom. Secondly, ſuch 


a Biquadratic Equation is ſeldom capable of being reduced into two Quadratic Equati- 


ons; and when'tis reduced to a Cubic Equation, this may happen to be ſuch as its Root 


or Roots in Numbers cannot be perfectly found out by any Rules hitherto publiſh'd by 
any Author. Thirdly, by the Method in this ninth Section all the Roots of any Cu- 
bic, Biquadratic, or other Equation of higher degrees, may be found out in Numbers, 
either exactly if they be Rational, or as near the truth if they be Irrational, as ſhall be 
needful for any practical uſe. And laſtly, my undertaking (as I have before hinted) 
15 not to handle all, but the moſt uſeful Rules only in this profound Art. 
Note. The Reſolutions of the preceding Queſtions of this ninth Section do clearly 
ſhew, that there is no ſmall labour in making tryals with the Diviſors of the laſt Term 
of an Equation to find its Root or Roots; and therefore to leſſen that work, firſt, it 
will be convenient to make ſome tryals by the general Method in the foregoing Chap. Io. 
to find out Limits within which the Root or Roots of an Equation do fall, or toargue 
the ſame from ſome things given in a Queſtion producing the ſaid Equation, and then 
to make tryals only with ſuch Diviſors of the laſt Term as fall within thoſe Limits j 


but when all Contractions are uſed, the work is ſufficiently laborious, ſo that one 
chief Scope of an Analyft in refolvinga knotty Queſtion muſt be to frame his Poſitions 


with ſuch artifice, that the Reſolution may end in as imple an Equation as is poſſible. 
And altho one way of Reſolution may produce an Equation compoſed of high Pow- 
ers, yet oftentimes by another way you may come to a more ſimple Equation, as 
may partly appear by the foregoing fourth and fifth Queſtions of this Section; but 


the skill of finding out the moſt ſimple and facil ways of Reſolution, is not attaina- 


exerciſe in the ſolving of Queſtions, EL» : 


Set. X. Concerning the Reſolution of certain Cubic Equations in Numbers by two 


Rules, the Invention whereof Cardanus attributes to Scipio Ferreus. 


1. All Cubic Equations, after the ſecond Term is taken away, when there happens to 
be any, (by the Rule in Se@. 8. of this Chap.) are reducible to theſe three follow- 


ing Forms, in which a repreſents the Root or Quantity ſought, but p and q known 


Quantities. 
aaa = — 6a+ 20 aaa = — pa 
aaa = + 64+ 40 aaa = p t 
aaa = +914-—330 aan = - ; 


2. Now let it be required to reſolve the firſt of thoſe Equations, viz. 
It aaa = —6a+20, or aaa = -a; 
What is the value of a? 
Preparation. 
3. / oo han oh IE oy 


4. Suppoſe alſſaſ . 20 = .= 

5. dd 0 8 360 

6. Then by multiply ing each part of the Ta 
Equation in the third ſtep into ” Taaa = ece—zZeey -T 30 - 


CuVbically, this is produced, vix. E 
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. 


— 


7. And by multiplying the Equations 
in the third and fifth ſteps one into > 64 = 3eey—3ey 
the other, it makes . XJ 
8. And by ſubtracting the Equation in 7, 299 
the ſeventh ſtep from that in the C 20—6a = cee—3eey+ zey 
fourth; ww . a 1 
Therefore by the ſixth and eight 3 
ſteps tis manifel tk . 5 l 3 * vos . 3 = 20——6a 
10. From the premiſſes it's evident, that if inthe Equation propos d to 34 
wit, aaa = —64-F20, Or aaa = aq, we ſuppoſe the Roor 1 be 
equal to the difference of two unknown numbers e andy; alſo the abſolute num- 
ber 20 (org) to be equal to the difference of the Cubes of the ſame — 
two numbers, and the Co- efficient 6 (or y) to be equal to the triple Product of their 
Multiplication: then as well aaa as 20—64 (that is, q—pa) ſhall be equal to the 
Cube of the difference of thoſe two numbers, vi. to the Cube of e—y ; and therefore 
when two ſuch numbers are found out, their difference ſhall be the Root or number 
a ſought. But to find out the ſaid two numbers (e and y) there is given the Produt - 
of their Multiplication, to wit 2, (or ) that is, one third part of the Co. efficient. 
as alſo 20 (or q) the difference of the Cubes of the ſame two numbers. And there: 
fore the numbers themſelves ſhall be given ſeverally by the Canon of Dueft I 
Chap. 16. Book 1. and conſequently the Root a ſought ſhall be given alſo a8 wal 
be made manifeſt by this following ; ö 48 


4 


3 WWW 
11, To the Square of half | | 
the given Abſolute num- 100 299 
ber 20 (or ) vx. to - 
12. Add the Cube of 2 , 
(or 2 viz, the Cube fc 8 


of the Co: efficient 6 = 1 - 
lor p) which Cube is ; VVT 
12 Te Sum is 408 ĩ 7 
14. The Square Root of? os 8 7 Tu THE . 

: 4 | AP... 8 by * bb: 


- chat Sum is.. 
15. To 1 _—_ 2 2 1 
ieee $5 pi, : - — 
nber 1 (U e ee [ 21TV 494+ 5520p 

he SUM; 6-4 [Po 
16. The Cube Root of that?? = | „ 15 a 
Sum is the greater num- G (3): Tes: V(3):i9+v*9q+ , ppp: 


ber e ſought, viz. . . Cc 

17. Again, from the ſquarey. _ | — 

Root in the fourteenth 8 1 25 

ſtep ſubtract half the ab->  —1o+v108 Ib 
ſolute number 20 (or | EE = 


1 


and the Remainder is . - 1 | | 
18. Then the a 0 9 8 Bp » 

of that Remainder {Nall ( — — — 

be the leſſer number y ( V(3): —10+v108: . LV(3) 

ſought, vin PS . | 
19. And then the difference of the two Cubic Roots found out in the ſixteenth and 

eighteenth ſteps ſhall be the value of the Root à in the Equation propoſed, viz. 


: —14+1V 499+ 5320p? 


a = (3): T +v108: —vV(3): —To+v1 08 : that is, 
« = V(3):39 +4494 VO): —9tvVat om ooo 
20. It remains to make tryal whether the Binomial 104/108 has a perfect Cubic 
Root or not; fo by the Rule in Seck. 18. Chap. 9. of this ſecond Book, it will appear 
that 14 is the Cubic Root of 10+v108, and /3—1 is the Cubic Root of 
7108-10; and conſequently the value of the Root a before found out in the 
nineteenth ſtep is expreſſible by a 1 number; for if /3—1 be ſubtracted 
700 roo TE Gt Hom 
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» from I/, the Remainder 2 is the deſired value of a in the Equation propoſed J 


an like of then aaa = 20—6a, or aaa+ ba=20. 
n li 


21. In like manner by the Canon in the foregoing nineteeth ſtep the value of a in this 


Equation aaa 27a=64, will be found this that follows, viz. _ 
a = V(3): 32+v1753:—V(3): =32+v1753* 


= But this value of a cannot be expreſt by any rational number, becauſe the Binomial 
uy - 32+v 1753 has not a perfect Cubic Root, and therefore the ſaid value muſt either 


reſt in that Surd Form, orelſe be expreſt by ſome rational number near the true value, 


which will be found 2. 05, &c. that is, 2, Cc. wk | 
22, In the next place let it be required to reſolve a Cubic Equation of the ſecond 


of the three Forms before mentioned, vix. 
If. . . . . aaa = Ga 40; or, aaa = pag; 
What is the value of a ? 
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Preparation. 
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LS ge ED 
24. Suppoſe alſo, o. 40 = ee uy. 
J.. em 
26. Then by multiplying each part of. } | 
the Equation in the twenty third ſtep & aaa = eee 3eey-t 329y+ yy 
into itſelf cubically, this is produced, J | 
27. And the Equations in the twenty . 5 
third and twenty fifth ſteps being mu- 6. = ze 42 
tually multiplied one by the other © © © 3% 30 
wil Moone gee «4 
28. And the Sum of the Equation in, W 0 
the twenty fourth and twenty ſeventh > 64a+40 = eee 3eey-+ 3eyy-+ yy 
2 4 5 - 5 
29. Therefore the twenty ſixth an EY _ 
3 eight ſteps tis evident that . ae = cal f 30913) TY 0 
30. By the eight laſt preceding ſteps tis manifeſt, That if in the Equation propogd to 
be reſolved, to wit, aaa=6a-+40, or aaa=pa-+q, we ſuppoſe the Root a ſought 
to be equal to the ſum of two unknown numbers, e and), alſo the abſolute number 
40 (org) to be equal tothe ſum of the Cubes of the ſame two. numbers, and the 
Co-efficient 6 (or p) to be equal to the triple Product of their Multiplication, then as 
well aaa as 6a+40 (that is, pa+q) ſhall be equal to the Cube of et; and there- 
fore when two ſuch numbers are found out, their ſum ſhall be the Root or number a 
ſought. But to find out the faid rwo numbers (e and y) there is given the Product of 
their Multiplication, to wit 2 (or ay) that is, + part of the Co- efficient, as alſo 40 
(or q) the ſum of the Cubes of the ſame two numbers, and therefore the numbers 
ſhall be given ſeverally by the Can of Qu. 14. Ch. 16, Book 1. and conſequently the 
Root a ſought ſhall be given alſo, All which will be made manifeſt by this following 
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=, = Operation, 
31. From the Square of half the given C 
ik | abſolute number 4ofor q) viz. from ww #17. 
4 32. Subtract the Cube of 2 (or 2p) ; 
9 vx. the Cube of of the Co- effici⸗— 8 D 
i ent, which Cubeis i, . . 1 ' 
[ 57- The Reminder 1 392 44 — ß 
10 34. The 17 of that Remaind. is 392 / :99—-?7pp: 
* ch ſquare root added to half 7 | 1 


35. Which . e 
the abſolute number 40 (or 0 20+v392 VF: 

5 36. The Cubic Root of the ſum in) . — "Rd 
the laſt ſtep is the value of e 5 N 5 
37. The ſquare root in the thirty fourth om 
ſitep being ſubtracted from half the- 20-579 
- abſolute number 40 (or q) leaves n 
38. TheCubic Root of that Remaing?: 
der is the valueof y , , . ,* 
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Then the ſum of the two Cubic Roots found out in the thirty ſixth and thirty 
eighth ſteps ſhall be the value of the Root a in the Equation propos d to be reſolved 
a=v(z):2+v392: +V(3):20+v302: that is . 

a = VC) M 594+ p: ): 299+ 1p : D ; 
40. It remains to make tryal whether the Binomial 20-+v/ 392 has a perfect Cr: | 
bi Root or not; ſo by the Rule in Se@. 18. Chap. 9. of this ſecond Book, you will 

ind 2+v/2 to be the Cubic Root of 20+v 392, and 2—V 2 the Cubic Root of 
20—v 392, and conſequently the value of the Root a before found out in the thirty 
ninth ſtep is expreſſible by a rational Number; for if 2—v/2 be added to 2+v2, 
the ſum 4 is the deſired value of à in the Equation propoſed to be reſolved: for if 


| a=4, then aaa 64.40. 3 | 3 a 5 | 3 * 

41. Another Example of reſolving a Cubic * of the ſecond Form may be this, 
viz. Let it be required to find the value of a in this Equation aaz=12a+18, that 

is, aaa = pa- 9, then the Cannon expreſt by the Literal Equation in the thirty ninth 


ſep will give 1 „ 
- a=Vv(3): 9+v17: +vV(3): Y.; 


But this value of à is inexpreſſible by any rational number, becauſe the Binomial 


© 


9o+v17 has not a perfect Cubic Root, and therefore the ſaid value muſt either reſt 
in that Surd Form, or elſe be expreſs d by ſome rational number near the true value, 
/// d ͤ ͤ / oo ineniS 
The premiſſes do clearly ſhew the riſe of two Rules delivered by Cardunus in his 
Algebraical Treatiſe entituled Ars magna, which Rules are mentioned in divers Au- 
thors, and the Subſtance of them is contained in the two literal Equations in the fore- 
going nineteenth and thirty ninth ſteps ; the former of which Equations is a Canon to 
find out the Root of any, Cubic Equation in Numbers, which falls under the firſt of the 
three Forms before mentioned, and to expreſs the ſame perfectly either by ſome ratio- 
nal or irrational Number; and the later of thoſe literal Equations finds out the like 
exact Root of any Cubic Equation of the ſecond Form, except in one caſe only, viz. 
"when the Square of half the abſolute Number (q) which is the laſt term ofthe Equation, 
is leſs than the Cube of ajliiſhird part of the known Co- efficient (y). But no Author 
that I have met with, gives certain Rule, either to find out the Root in that caſe if it 
" be an irrational number; or the two affirmative Roots of a Cubic Equation of the 
third Form, if each of theſe al ſo be irrational. Huddenius indeed faith in pag. 503. of 
Carteſius his Geometry before mentioned, he had a Rule (which he intended to publiſh) 
by which all irrational Roots, as well of numeral as of literal Equations, may be found 
out, but that much deſired Rule is not yet come to light. But when 4 Cubic Equation 
of what kind ſoever has one Root expreſſible by a rational Number, both that and the 
reſt of the Roots, when the Equation is capable of more than one, may be exactly found 
out by the help of the Diviſors of the laſt term, according to Sed. 9 of this Chap. 
| | wh . EG” . 45 » 
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— TUFF OTE 5 1 
3 e 
Of the Method of reſolving Queſtions wherein many Quantities 
are ſaughit, by aſſuming different Letters to repreſent the ſaid 
Guantities ſeverally, 1 T2 


1 Itherto in the Algebraical Reſolution f a Queſtion, wherein two or more 
II Cuantities have been ſoughr, I have aſſumed only one letter, as a or e, to re- 
preſent ſome one of che unknown Quaarirties, and formed the Poſitions for the reſt by 
the help of that letter and the Quantities given in the Queſtion But many Queſtions 
may be more eaſily reſol: ed by aſſuming a peculiar letter to repreſent every one of the 
Quantities ſought; as a for one unknown Qua 


ntity, e for a ſecond, y for a third, &c. 
By this Method alſo thoſe intricate and ohſcure ways of reſolving Queſtions by ſecond 
Roots, or (as Simon Steyn calls them) Wet Quantities, will be avoided. f 
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In handling the following Method I ſhall give three principal Rules, and explain 
them b am but 15 preſcribe Rules for all Caſes, is (as I conceive) — im- 


poſſible Work. 


When many Quantities are ſought by a Queſtion, firſt let them be ſeverally repre- 
ſented by ent Letters; then after you have well confidered the Condition if the 
bſtract it from words, and expreſs the Tenor thereof by Equations; that 


Queſtion, a rt 
done by the help of tranſpoſitionfind what the firſt, that is, any fingle Letter repre- 
ſenting a number or quantity ſought in the firſt Equation is equal to; then whereſvever 


that firſt Letter is found in the other Equations, take inſtead of it thoſe Quantities to 
which the ſaid firſt Letter was found equal: ſo ſuch firlt Letter will quite vaniſh out 
thoſe other Equations. Again, by Tranſpoſition ſet a ſecond Letter alone in one of 
thoſe Equations out of which the firſt Letter was expel''d, and proceed as before; ſo 
at length one of the numbers ſought will be made known, by the help whereof the reſt 
will eafily be diſcovered. This work will be better' underſtood by Examples than 


many Words, and therefore I ſhall proceed to Queſtions. 


55 eo | 5 
A Factor exchanged 6 French Crowns and 2 Dollars for 45 Shillings of Engh;fh Mo- 
ney ; alſo at another time he exchanged 9 French Crowns and 5 Dollars (each of theſe 
being of rhe ſame value with the former) for 76 Shillings : I demand the value of a 
French Crown, and alſo of a Dollar, in Enghfþ Money? N 
Let à repreſent the deſired value of a Crown, and e the value of a Dollar, then 
the Queſtion being abſtracted from Words may be ſtated thus. . | 
FR en i mY owe WH 
* 8 + d + LO TW 
What are the Numbers 2 and e? U — — 
; _ RESOLUTION. E ation 
J. By Tranſpoſition of 2e in the firſt Equation this ariſes W6z 
4. And by dividing each part of the third Equation by 6, } 
KS i + + + © EO TY „ 
5. The fourth Equation multiplied by 9 produces 9a = i 


— 


6. Then if inſtead of 9a in the ſecond Equation you take ; 40% 18e 
the later Part of the fifth, this will ariſe . . 5 Fe e 

7. The fixth Equation, after due Reduction, diſcovers jp 3 | 
the valne af a Dollar, os. . ES Tf NE. 

8. The ſeventh Equation multiplied by s gives . 2e = 8. 

9. And by ſetting the later part of the eighth 7 FEEL 1 
in the place of 2e in the firſt, this Equation ariſes % ＋ 8. =45 

10. From which laſt Equation, after due Reduction, — 1 


value of à or one French Crown is diſcovered, viz. . 
Thus by the ſeventh and tenth Equations it is found that a Dollar was valued at 


45. 3 d. and a French Crown at 6 s. 1 d. which numbers will ſatisſie the Conditions in 
the Queſtion, as may eaſily be proved. ih 1 EM \ 
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1 SIE STIO N. 2. | COT TIEN 
Three Men had every one of them a certain number of Pounds in his Purſe the 
ſum of the firſt and ſecond mans Money was 5 (or h) Pounds, the Sum of the ſecond 
and third mans Money was 12 (or c) Pounds, and the Sum of the third and firſt mans 
Money was 11 (or 4) Pounds: How many Pounds had every one in his Purſe ? | 
Let the three numbers of Pounds ſought be repreſented by a, e, and y; then reſpe& 
deing had to the numbers given, the Queſtion' may be ſtated thus, viz. 1.001 
E „ 
1 be” WET . 8 exy = (= 12) 
K. | 5 Ke wh fg Va = d ( = TI) | | 
RT | 5 R E. 


| 2. And . » 2 $3.4 | & 8 25 8 
What are the Numbers a, e, 


3 
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a 8 STAIN. a> 
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if 100 l. were added to his Money, the ſum would be equal to the triple of both their 


x various Poſitions, 285 


CHAP. 12. 
EST RESOLUTION A 'N 


7 ſtead of e in the ſecond, this Equation write 3 $h—a+) =c 


the Number : U made lt Ee „„ * = 2b Id, 
Again, if inſtead of a in the fir uation we take the? ,, .. „ 
s low pin of the eighth, this ariſes. . ;, {;:.:;* NBA- = 
Io. Then from the ninth, afterdue Reduction, the Num- . ,, ,_ 

ber e will be _ yo ps _ 1 5 e J. = Ab- d 
11. Again, if inſtead of a in the third Equation we take , ., | 
„ Yates part of the eighth, this ariſes , . . . D d 
12. Laſtly, from the eleventh Equation, after due Reduct- 7 „ 

jon, the Number y will be made known, viz... ; . 55 = 3d +1c—þ 
The eighth, tenth, and twelfth Equations give this 


CANO M. 


From the ſum of every two of the three Numbers given ſubtract the remainin num- 
ber, then the halves of the three remainders ſhall be the numbers ſought. Whence 
the numbers ſought, to wit, a, e, and y, will be found 2, 3, and 9; for 2+3=5. alſo 
2+9=12, and 9+2=I1, as was required. : 

The foregoing Reſolution of this Que 2. is formed according to Rule 1. but the 
fame Canon may be more expeditiouſly diſcovered by this following Reſolution, viz, 

The Sum of the firſt, ſecond, and third Equati- 5 Fig +20+29 | e 


ons which N the 8 . b+c+d 
The half of that Sum iss . abety = 2h+ichig 
Then from that half ſum ſubtract the firſt E- 0 3 Ty To 5 
quation, and the Remainder will be 5 222 cr. 
Again, from the ſaid half ſum 3 PC 
cond Equation, and the Remainder is. $, * * * . p ＋ d- 
 _ Laſtly, from the faid half ſum ſubtract Wn 3000 
third Equation, and the Remainder gives . „ et ati am, o 
Which three laſt Equations do manifeſtly give the ſame values of a, e, and y, as 
were found out by the former Reſolution. e 


-- 


. 5 QUESTION. 3. ä 
Three mendiſcourſing of their Moneys in this manner; the firſt ſays to the other 
two, if 100 l. were added to his Money, the ſum would be equal to both their Mo- 


'neys ; the ſecond ſays to the other two, if 100 l. were added to his Money, the ſum 
would be equal to the double of both their Moneys ; the third ſays to the other two, 


—_ © 


* 


Moneys : The Queſtion is, to find how many Pounds each Man had. | 
Let the three numbers of Pounds ſought be repreſented by a, e, and); then the 

Queſtion may be ſtated thus, viz. CVP „ 

EEG i At c ¼ e's 

%%% . - >. © . c 

LAS SiS . 

What are the Numbers a, e, and y? | —————_— 
From the firſt E . 
From the fir uation oſition 3 

? of y, this ariſes, : = E _ 8 J $a+100=y=© 

5. Then if inſtead of e in the ſecond Equation} 8 W 
there be taken that which is equal toe, to wit, a+ 1009+ 100 = 247 2 


8 * 


the firſt part of the fourth, this will ariſe, . 


7. Again, 


> 3 


4 


Neſolution of @ueſtions 


* 1 


BOOK: II. 


7. Again, if inſtead of 3e in the third Equation ?? e 
there be taken the triple of the firſt part of cy, 100 = 3a 3a-+300——3y 
fourth 9 this will ariſe, to wit, 7 _ 1 

8. Which laſt Equarion after due Reduction gives y = 4a+50 - 

9. Then if inſtead of zy in the ſixth Equation, 7 Py "0 
there be ſet the triple of the latter part of the 200 = a+2a+150 

eighth, this will come forth, viz. . . . Y 

10. From the ninth Equation, after due Redu- bo ** 


. 


* 


Aion the number a will be diſcovered, viz. . 
11. Again, if inſtead of a in the ſixth Equation, | 
there be taken 9, to wit, the value of a >200 =9-4-+ 3y 
found out in the tenth, it will give 
12. The eleventh Equation duly reduced OY & $5.7 
vers the Number y, viz. . . . « + + 9 IT 
13. From the fourth, tenth, and twelfth Equa- 5 | 
tions by exchange of equal Quantities this > 9+ 100—63+4 = e 
D/ ĩ ĩ '-. + 18. « | 
14. The thirteenth reduced gives  . . . e 45 5 
From the 10th. 14th. and 12th. Equations the three numbers ſought a, e and y are 
diſcovered, viz. the firſt man had 9, l. the ſecond 45-1. and the third 63+ 1. which 
numbers will fatisfie the Queſtion, as may eaſily be proved. „„ | 
If 121 be given inſtead of 100 in this third Queſtion, then the three numbers ſought 
will be whole Numbers, to wit, II, 55, 77. 
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3 RULE II. | 
When the ſame Quantity, ſuppoſe a; is found in two ſeveral Equations, and equal 
numbers are prefixed to thoſe Quantities, then iftheir ſigns be both + or both —, ſub- 
tract the leſſer Equation from the greater; but if one of the ſigns be +, and the o- 
ther —, add thoje two Equations together; ſo the ſaid Quantity a will quite vaniſh, 
as will appear by the Reſolution of the following Queſtion, es it 


The ſum of two Numbers being given 12 (or >) and their difference 8 (or c) to 
find the Numbers: . t... oe, 1 
Let a be put for the greater Number, and e for the leſſer, and the Queſtion may be 

ſtated thus: 5 e | 8 1 
%% ĩ ĩ ͤ „ Tr ke + + 1000 
C... coi 2.0. 

What are the Numbers a, ande? || —— 
; VVV RESOLUTION. 
3. For as much as a or 1a is found in each of the 
Equations propoſed. therefore ( according to Rule 2.) 

1 ſubtract the leſſer Equation from the greater; 
whence the letter a quite vaniſhes, and there remains . 
g. Then by dividing each part of the third Equation po 3 


by 2, the number e is made known, viz. . .. 


” 


26 = 


— 


tion inſtead of-e in — — 2 Tel Baa nab 
6. Laſtly, the fifth Equation duly reduced HR «4 = bl (=10) = 


4 


%CIKIm! ito» io % Bak 
The 6th. and 4th. Equations diſcover a Canon to find out the numbers fought, 


which in this Example are 10 and 2, and the Canon is the ſame with that before 
found in Def, 1. Chap 14 | | 
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* h refore b dividing each part of the ſeventh } us 
L 1 7 there ariſes the ſame value of a, 2 A ( 10 ) 
which was before found inthe 1272 * VV 

And by ſetting the latter part of the eighth Equa- 7 r 
g on i the place of a in the firſt, this aries. . ce — b ( _ 
10. Which laſt Equation reduced diſcovers the } | 
fame value of e, which was before found in the ce = -c ( =2 ) 


fourth Equation, VI%., 70 f 0 * o 0 Cl o | = 


12) 
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* ä RULE III. 
When the ſame quantity, ſuppoſe a, is found in two ſeveral Equations, but * 
bers prefix d to thoſe equal quantities art unequal, thofe two Eonar 2 
ced into two others which ſhall have equal numbers prefix d to the ſaid Quantity a, 
by this Rule, viz. Multiply all the quantities in the firſt Equation by the number 
which is prefix d to the ſaid quantity a in the ſecond ; multiply likewiſe all the quan- 
tities in the ſecond Equation by the number which is prefix d before the ſame quantity 
a in the firſt ; ſo by ſuch alternate Multiplication two new Equations will be produced. 
wherein the numbers prefix d to the ſaid quantity a will be equal to one another: and 
then by adding or ſubtracting, according to the import of- Rule 2. of this Chap. that 
quantity @ will quite vaniſh. That done, renew the like work to expel the ſame 
| quantity out of the reſt of the Equations; and proceed in like manner with a ſecond 
quantity, until at length the value of ſome one quantity be made known. This 1 
ſhail make plain by the Reſolution of five Queftions next following. 5 
on N Y EST ION 5. 

To find two Numbers that if the Quadruple of the greater be increaſed with the 
triple of the leſs it may make 26; but if the triple of the greater be leſſened by the 
double of the leſs, the remainder may be 10. Es 5 5 

Put a for the greater number, and e for the leſſer, then the Queſtion may be ſtated 
thus, vz. e 4 47 7 1 
LE ES ĩ $i. VPV 4a 36e = 36 


2. And ©» | . a $2 6 35 6c V'“ 34— 22 = 106 
What are the Numbers a and e? || 33 
5 RESOLUTION. 
3. The firſt Equation multiplied by 3, which is prefix d to a in 3 
' the ſecond, produces 2 . 8 „ 712495 = 108 
The ſecond Equation multiplied by 4, which is prefix d to a in 
whe — ß en #3 ws, } 124—82 = 49 
5. Now for as much as the quantity 1 2a is found both in the. 
fourth and third Equations, and is affirmative in each, therefore 3 
. according to Rule 2. I ſubtract the leſſer Equation from the 9e 8e = 68 
greater, ſo the quantity 12a vaniſhes, and this Equation remains 2 | 
6. The fifth Equation after due Reduction diſcovers the —} „ 
%% %%% / ̃ ͤ 0 ĩ7 0 FFF 
7. Then I ſer 12 (which by the ſixth Equation is the value of 3e) ? EET PTY 
in the place of 3ein the firſt, and this Equation ariſes . . 5 . 


8. Laſtly, the ſeventh Equation duly reduced diſcovers the num- . | 3 
ber a, T . coin es Jae 3 3 | 
From the 8th. and 6th. Equattöns the two numbers ſought are found 6 and 4,which 
will ſolve the Queſtion ; for four times 6 with thrice 4. make 36 ; and thrice 6, to 
wit 18, leſſened by twice 4 gives Io, as was required. . | 
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 QUESTIONs. _ 
8 = . 77 7 . 5 2 24+ 3e—2 = 50 

. AR . 8923 * 0 54 — 2e. Jy = 240 

4 1 8 DL 9 0 . . n =7< =a+5e—3y ='I10 

hat are the numbers a, e, and)? 1kkkwyrwpaam q 
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6. Then (according to Rule 2.) by ſubtracting the fourth” 


16. Then inſtead of 3e—2y in the firſt Equation, I take - 


Nr D —_” — 
” 


RESOLUTION. 


nc 
a in the ſecond, produces 0a+156—T * 
5. Likeviiſe the ſecond Equation multiplied by 2, which Os 

is prefix d to a in the firſt, makes . . [IE 1 "= 480 


ll 
Sy 
Wl 
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Equation from the fifth, the quantky oa vaniſhes, —1 90 20 = 230 


and this be cd ä Hb : y # F i 

Again, the third Equation mu tip ied by = hic is 1 

af pd to a in the Wo produces 1 ö 

8. And the ſecond Equation multiplied by 1, which is ſup- 

2 to be prefix d to a in the third, gives the lame 
ond Equation without alteration, viz. : 

9. Then becauſe +52 and —5a by Addition willdeftroy 
one another, therefore (according to Rule 2.) I add ( 
the ſeventh and eight Equations together, ſo the let- 

cer a vaniſhes, and this Equation ariſes, . . 

To: Again, I proceed with the ſixth and ninth Equations” 

according to Rule 3. viz; I multiply the ſixth Equation & —43 7e+460 o 
by 23, (which is prefix d toe in the ninth) and it makes 


11. Alſo the ninth Equation multiplied by 1 9 (which is 
prefix'd to e in the fixth) produces 74 147-1900 
12. Then (according to Rule 2.) by add ing the ten th * 


Ja —-2 y = 440 


[] 


. + 23e—Io) = 290 


1 


5290 


5510 


* 


Ty 


eleventh Equations together, the Letter e vaniſhes . +270y = xo800 


and this Equation ariſes, viz. . 

13. And by dividing each part of the rivelfih Equation 
by 270, the number) is diſcovered, vi. 

14. Then inſtead of 1oy in the ninth Equation taking ten 
times 40, that is 4.00, (which by the thirteenth Equatt- > 
on is equal to 1oy) theninth will be reduced to this, 

15. And from the fourteenth Equation, after due E | 
tion, the number e will be diſcovered, viz. _ £ ur her Hit 


40 


[ 


EFT 


+230—469 = 290 


9o—80, (which by the fifteenth and thirteenth Equati- 
ons will be found equal to 32—2y) ſo the firſt Equa- 
tion will be converted into this, viz. . N TY, 8 
17. Laſtly, the ſixteenth Equation duly reduced ate a 8 


vers the number a, vir F 5 4 
From the 15th. 15th and 13th. Equations the 3 defired numbers a, e, 5 are 20, 30, 


and 40, which will conſtiture t the 3 n firſt . as may eaily| be . 


2449080 = 50 


— 4 


QUESTION 7. 


Three Men An of their Moneys in this manner; the firſt ich t to the other 
two, if you give me 100 Pounds, my Money will be made equal to both your remaining 
Moneys: the ſecond faith to the other two, if ye give me 100 Pounds, my. Money will 
be made equal to the double of both your remaining Moneys : laftly, the third faith 
to the other two, if ye give me 100 Pounds, my Money will be equal to the triple of 
both your remaining Moneys. . I demand how many Paunds each Man had? _ 

Let a Letter be aſſumed to re preſent each Mans Money, as a for the firſt, e for the 


ſecond, and y for the third tr the under may be ated thus, viz. 105 
I. If : . ess eo „„ 
4. And FT BY . e+Io0 = 2442-200 | 
. — FT Os = no Keen Ts 


What are © the numbers, e, , and ye 7 1 — NAY 

| om dd taeen c 
The fi | EE 
4. The firſt Equation by mah 


, 3 *% 0 
* 


this d 1 . TY 0 8 « „ # 
N 5 . 5. Like- 


N En 
uh 
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. PIO. aft. 22 va, — 
— Dre r — a — — , —x 


ped 4 


* 


—— — ot 


| F yk, lag 50 5 . 5 1 . + 24—e-+ 2 = 

6. Andthe uation by tranſpoſition produces A 3a-þ 3 e= 

7. Then 1 proceed with the fourth 42 fifth | 2s Bhs 
Equations according to Rule 3. viz, I multi- 5 
ply the fourth Equation by 2, (which is pre- CG 24. 26 2) = 400 1 
fix d to a in the fifth,) and it produces 5 

8. The Sum of the fifth and ſeventh Equations gives , . e+ ay 

9. Again, I proceed with the fifth and ſixth 
Equations according to Rule 3, viz. multi- 
plying the fifth Equation by 3, (which is 

prefix d to a in the fixth,) it gives . , . | 

10. Alſo the fixth Equation multiplied by 2, 3 
(which is prefix d to a in the fifth) produces F 6466-2) = 800 

11. Then by ſubtracting the tenth Equation > 
from the ninth, the Kemainder is i; 

12. Again, I proceed with the eighth and ele- 


U 
2 
8 
8 


[ 
— 
O 
8 


 ba—ze+6y = 900 


pe 3 = 100 


venth Equations according to Rule 3, vix. ( — | 
multivlying the eighth Equation by 9, (which P + 92-369 = 6300 
is prefix d to e in the eleventh,) it makes . | 
13. Then (according to Rule 2,) the eleventh | 
. 44y = 6400 


and twelfth Equations added together make 
14. And by dividing the thirteenth Equation 3 
by 44, the number y is made known, viz. 1 VVV 
15. From the eighth and fourtcenth, by ex-) 8 
change of equal Quantities, this ariſes, vix. 5 eT$581:4 = 700 
16. And from the fifteenth, by ſubtraction of ? - 
 581-+ from each part, the number e is diſ Þ , 5 e = 118-2 
, ee £4 Os» 3 5 | 
17. From the firſt, fourteenth and fixteenth N 
Equations, by exchange of equal Quantities, >a+100=118;3+145-f—100 
this Equation ariſes, viz,  - . ; . on, 7 
18. Laſtly, the ſeventeenth Equation, after due? 5 3 
Reduction, diſcovers the number a, viz. 3 
Thus, by the 18th, 16th and 14th Equations it is found that the firſt Man had 
635+ J. theſecond 118+ J. and the third 145-1. which three Numbers will ſatisfie 
the Queſtion, as may eaſily be proven. TE | 


IUESTION. 8. e 


ll 


„ %%% +» ++ » eto ibn wn es 
2. Ad '. oO rn = 114 
3. And J)) T0 ͤ Up gage Au 9 125 
4. And . . » * «. urza+4ebiy = 1337 


What Are the numbers 4 6, y and u? U 
3 RESOLUTION. 

5. The firſt Equation multiplied by 3, (the De- 175 
nominator of the Fraction ) produces this > za 20 25 ＋ 22 = 336 
Equation in Integers, to wit, . , . . 

6. Likewiſe the ſecond Equation multiplied 17 2 a+48+39+3u = 456. 


4, produces FORT IT Bi FE, : | 
7. And the third Equation multiplied by 5 gives 4a+4e+53+4u = 628 
8. Alſo the fourth Equation multiplied by 6 ren 
// ·˙·⸗¹ u nm 5 Jae n = 800 
9. Foraſmuch as 3a is found in the fifth, and FR, _ 
alſo in the fixth Equation, I ſubtract the (6 - 3 
leſſer from the greatęr, ſo 3a quite vaniſhes, & * 22 ++ 8 == 390- 
and this Equation ariſes, . . . .-. +: 


10. Then 


— MS — 
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10. Then I proceed with the fifth and prac 13 | 
tions according to Rule 3. viz. I multiply the fifth | TY 
Equation by 4, (which is prefix d to a in the ſe- 124 de 8 81=1344. 
ens on er, _— _ - . 3 1 

11. Alſo I multiply the ſeventh Equation by 3, 1 „1 „„ | 

(Which is pres to a in the fifth,) and it produces F 24 126 15 121884 

12. Then by ſubtracting the tenth Equation from the 
eleventh, the quantity 124 quite vaniſhes, and - 


6 — Rr REGION 


U 


this Equation ariſes, to wit. l 
13. The ninth e by 2, produces. 4e 2 222 tho 
14. Then by ſubtracting the thirteenth aprons „ bo 


4%+7)+4u= 540 


from the twelfth, this ariſes to wit, . . . . 
15. Again, I ee with the fifth and eighth Equa- 
tions according to Rule 3. vix. I multiply the fifth 
Equation by 5, (which is prefix d to a in the eighth, ) 
* e 1 WIE . | 
16. Likewiſe the eight uation multiplie LT 
(which is Pe Ihe 00 a * fifth.) r ; 5 1 i + 18 2400 
17. Then by ſubtracting the fifteenth Equation from j Rs e 726 
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15a Ie Io 10 = 1680 
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hd 


,* the Hxteenth, THIS Artes, VIE. .'- '. fo fe: 
18. Again, I proceed with the ninth and ſeventeenth 
Equations according to Rule 3. viz. I multiply the FOG op > 
ninth Equation by 5, (which is prefixd to e in C * 1995) zu boo 
the ſeventeenth,) and x produces : 1 | 
19. And the ſeventeenth Equation multiplied by 2, 6 1 
(which is prefix d to e 2 the ninth,) oy phe d 41 Loe ih 1621440 
20. Then by ſubtracting the eighteenth Equation) 3 
from the nineteenth, there remains 5 Nin 0 
21. And by ſubtracting the 14th Equation from the 
a 20th, (for ſince 5y is found in each of thoſe Equa- TT 3 
* tions, they need no Reduction accord ing to Rule 3.) r © ME 540 
%%%%%ô˙AAA v EN 2+ +4 | | 
22. Which twenty firſt Equation divided by 9g diſco- 5 | | 
) ooo ES... ©: 8 
" 1 23. From the 20th and 22d Equations, by ſetting oa 
| eleven times 60, to wit, 660 in the place of 111 . «© . $y+660= 840 
. 4 
inthe 2019, then , / oe inns NY 
24. Therefore from the twenty third Equation, afrer z 5 
due Reduction, the number y is diſcovered, vix. 5 %» 1 
25. And from the gth, 24th, and 22d Equations, this ariſes, . . 2e+36+60= 120 


n y 
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=. 60 


26. 1 25th 450 . ye Keen, TE , cc on 1 
27. From the 5th, 26th, 24th, and 22d Equations, by 5 
1 of equal Quantities, this 18 ariſes, 5 34-F24+72-+120= 336 
28. Laſtly, from the 27th, after due Reduction, and =. 
number a is diſcovered, viz. . . C4. Me 0. 
Thus by the 28th, 26th, 24th and 22d Equations the four numbers ſought, (to wit, 
a, , j, u,) are found 40,12,36 and 60,which will conſtitute the four Equations in Quel. 8. 
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ELIF — — 
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QUEST. 9. 


A Maid being at the Market is offer d 10 Apples for a penny, and 25 Pears for 
two pence; now if at thoſe rates ſhe would lay out 95 pence to buy 100 Apples and 
Pears together, how many Apples, and how many Pears ought ſhe to have ? BY 
1. For the number of Apples ſought put . . . . VE on 
2. And Tor the number of Fears 


ſtep, and ſay, If 10. 1: (= 0 wk of they lh E 
number of Apples ſought is Few S | 
V vt. 7 | 4. Search 


2 22 * 5 A 25>" oy 
— — e ſs _ | ——_ —— : — — 


7 babe ; Pof views, © * 5 8 


4. S0 out ſo the colt of rhe number of Peats in the ond 15 
54 tep, and fay, If 25 . .& the colt of the num-! 20. 


b 4 
ber of Pears fought is found 3 
5 hen. (accotding to the TN the Money laid out for TR. 
all the Apples and Pears ſought muſt be equal to 92 Pence; > © + 24 = „ 
hence this E uation, Eo to oa a. 


Pears bought muſt make 100, therefore . . 5 a a+ e = 


7. Then the Equation in the fifth ſtep, aftet due Reduction, | 
will give his Equation in Integers, to wit, $ 5044408 = 4750 
8. And the Equation in the ſixth ler being multiplied by 50 

prody 5508 50e = 5ooo 


9. Then By ſubtracting the Equation | in the ſeventh ſtep from | 
n Gets the eighth, there ariſes . 13 . 
10. And the Equation in the ninth ſtep divided by 10, diſco. | 
vers the number e, viz. . . * eee 
11. Laſtly, from the ſixth and tench ſteps, the number a is al 
ſd made known, viz. ; > : = 75 
By the firſt, ſecond, eleventh and tenth ſteps i it appears that there che hs bought 
75 A l 25 Pears; which numbers will ſolve the I may. _ be * 


7 — 


2E T 10 W 10. 


To divide 90 into four ſuch Numbers, that if the firſt be increaſed with 23 che ſe- 
cond leſſened by 2 ; the third multiplied by 2; and the fourth divided by 2; the 
Sum, Remainder, Product and Quotient may be "equal between themſelves. 
Let b and d be put for the two given Numbers, 90 and 2; alſo a, e, y and 1 for 
the four numbers lought, then the * may be ſtated thus; 5 
I. 7) Eo + . E APE 2 H 

41 hind %% ¶ ͤũͤm : ., le wud 
3. And . o . 5 1 2 a dl „ . a+d = dy 


4. And . . . Ry. „ 9 13 4 4 
What are the numbers a, e , and a? 1. 3 


of RESOLUTION. 


5. The firft Number ſought is equal to it ſelf, viz. , . a 
7 from the ſecond Os, by tranſpoſition of ; 2 
r + 2-3 } aT2 
7. And by dividing each part of the third Equa- . 
tion by d, this ariſes . . . 433 73 — 
8. And the fourth Equation multipliel by F ptoduces 4d = u 
9. The Sum of the tour laſt Equations gives CEL 15 © 


ll 
A 


. 


EY = 20+ 24+ © 2 +da+44 = a+e+y-+u=h 
4 
to. Which lat Ecquarion, after due Reduction, gives 4 Hdd 
dd+ 24+1 
11. Then from the tenth and fixth Equations, * > UA ddd- 2dd+4 . 
exchange of equal Quantities, . . 12 Ad * I 
12. And from the tenth and ſeventh Equations — = = DET: 


13. And from the tenth and eighth Equations, — | = i 24% 1 


The four laſt Equations give a Canon to. find out the four numbers ſought, which are 
18,22,10 and 40, which will ſolve the Queſtion. For, firſt, their ſum is 96 then if the 


firſt ni number 18 be inereaſed with the given number 2, it makes 20; and if tlie ſecond 
; Oo 2 number 
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leſſer; then the Queſtion may be ſtated thus, viz. 
3. The ſecond Equation after its firſt part is duly 9 . 


6. From the fifth Equation, by tranſpoſition of e, . Bo 


4. And by adding the ſecond Equation 
5- Sup 20 


number 22 be leſſened | 2, the Remainder is alſo. 20 Moreover, if the third nu mber 1 FR 
be multiplied by 2, ic likewiſe produces 20: Laſtly, if the fourth number 40 be divided 


by 2, the Quotient is alfo 20. Therefore the conditions in the Queſtionare ſatisfied. 


But the Numerator of the Fraction in the latter part of the tenth Equation ſhews 
That the Numbers þ and d muft not be given N but ſo, 175 ddd- 244-4 
may be ſubtracted from bd and leave a Remainder greater than nothing; therefore ) 


muſt be greater than ddd-+ add. d, and conſequently b muſt be greater than dd 24-4 1. 
Therefore, to the end the Queſtion may be poſſible, the numbers given muſt be ſuh- 


Jett to this, C | 

8 „„ as 5 
The number given to be divided (6) muſt be greater than the Square of (d 1) 

the ſum of the other number given and Unity, 1 


. ** — 


eren . 1 7 
There are two numbers whoſe Sum is equal to the diffefence of their Squares ; and 


if the Sum of the Squares of thoſe two numbers be ſubtratted from the Square of their 


Sum, the Remainder will be 60: what are the two numbers? h ee 
Put 6 for the given number 50, alſo à for the greater number fought, and e for the 


are 


1. It * 'S :; DO * o * o * 0 py 0 0 f ad ee — 
2. ARS: = 4+: +5 +16 32 aa ee 24e—aa—te 2 5 


What are the numbers a and e? = — dae 
RESOLUTION = 


contracted 1s. % . | bees: „ *2 1 
4. And the third Equation divided by 2 gives ae = 4b SY 
5. And if each part of the firſt Equation be YL * 5 
ded by a-+e it will give ee os 


[| 
Q, 
+ 
* 


there ariſes . 02-1 6: * * * 1 VVV | 2 0 » 
7. The fixth Equation multiplied by e produces ae = eehs - 6 


exchanging equal Quantities . . . + 
9. Then the eighth Equation being reſolved by the 
Canon in Sed. 6. Chap. 15. Book 1. the leſſer e =Viihkith; =; 
number ſought will be made known, viz. . Ee e 
10. And from the ninth and fixth Equations the } : 9 
greater number ſought will alſo be made known —- a = r f 2b 26. 
DZ. . 8 . . F . | £ | IT 3 
The two laſt Equations give a Canon to find out the two numbers ſought, which 
are 6 and 5; as may eaſily be proved. De ES 35 Fo 


8. From the fourth and ſeventh quations, T3 ee : = 22 


* 
\ 


* Y * 2 Fad 


TS * — —_ — 3 7 


There are two numbers, ſuch, that if their Sum be ſubtracted from the Sum of their 
Squares, the Remainder is 42; but if the Sum of the ſaid two numbers be added to 
the Product of their Multiplication, it makes 34: what are the numbers? 

Let a and e repreſent the two numbers fought, then the Queſtion may be ſtated. 
/ T ⁵ͤ ( 1 | 
a. MM 3 » 7, rarer, 240 10 A. 

What a the Numbers a ande? {|} — — — | 5 


. * 


PP: 


3. By adding the firſt and ſecond Equations toge- „ „ 
ther, the Sum will be Eq 5 © l: aa fee ra = 76 


* 


r 
N T 20H = 110 


* . * 


* 


"third. the uni 

hird, the ſum will be. 

hh of 21 5 1 3 119114141 2 | . N 
* ak | : 7 3 FF i NP ER. 

500 F . (08. 07} of! of" 6? | FIGS dre 343.3 24k 2 408 
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ee 


Then by ſe uarin each part of the Tn Ec uati- 4 
6. tion, 24 2 : 1 Ee 5 5 7 ” = 1 | 
„ The Sum of the two quations ma es yw+y = aa | OP 
8 8. And fromthe ſeventh and fourth Equations, by . Tee 246+ a-+6 
| W of equal quantities, thisE uation ariſes 17775 = TIO 
9. Which eighth Equation being reſolved by the ws. ER 
ao in Seck. 6. Chap. 15. Book 1. the num-> 5 (= 1 
(= a+ 9.5 10 
ber y, to wit, a+e will be made known, viz. 8 
10. Then by ſetting 10 (the value of ae) in the 3 
place of a e in the ſecond Equation, there ariſes 35 10= 34 
11. And by ſubtracting 10 from each part of the 4 
tenth Equation, there remains . * — 24 
12. And from the ninth Equation, b tranſpo- 3 
fition of a, there ariſes 2 = * 
13. And if a in the eleventh be multiplied by 10 
ad inſtead of e, the ſaid eleventh Equation will — 0a 24 
be reduced to this, Es 
14. Wherefore the laſt Equation being reſolved 5 
by the Canon in Se@, 10. Chap. 15. Book 1. the | 4 


two numbers ſought will be diſcovered, viz. 


Thus 6 and 4 are found- _— which will ag the Queſtion — as will be 


evident by the Proof, 


— — 


VEST 13. 


There are two numbers, ſuch, that the Sum of their Squares be 100, and if 
the Sum of the two numbers be added to the Product of their Multiplication, it 


makes 62; what are the numbers? 


Let a and e be put for the two numbers — then the Queſtion may be ſtated 


thus, viz. | „ 

I. It 3 1 8 $I 3 8 1 4 : f 5 aa+ee — Ioo 

E jo: + 4; „„*˙˙ Wpets = 62 
What are the Numbers a and 62 „ Cake 


RESOLUTION, 


g. The ſecond. Equation multiplied by 2 produces. 2ae+2a-þ 26 = 124 
4: The ſum of the firſt and third Equations gives 2 24e 24 ＋ 22 = we 


5. Suppoſe , 

6. Then by ſquaring each part of the fifth Equati = 
on this is produced, viz. - . * 

7. And by adding the double of the fifth Equation 3 

dt the ein, it gives. 7 R Mo 3 

9. And from the ſeventh and fourth Equations, by 74 
exchange of equal ee this Equation ariſes ty +2 = 

9. Which laft Equatton being reſolved by the Ca- be 
non in Sec. 6. Chap. 15. Book 1. the number ), ., y = 
to wit ape, will be made known, viz. . . 

10. Then from the ninth and ſecond Equations, 


by taking 14 inſtead of age, the ſecond 8 ae 14= 


tion will be reduced to this, vix. : 
11. Which laſt Equation, by equal fubraBtion of Ts 


„ 


= ate 
aa-þ ee 2ae 


aa ee 2ae+ 2a+26 
224 
are = 14 


* 


48 


12. The ninth Equation by tranſpoſition of a gives 7 . 


13. Then by multiplying à in the eleventh Equa- 
tion by 14 —a inftead of e, this Equation is 14 4 = 


produced, to wit, * 


14. Wherefore the laſt Equatlon being reſolved 008 7 a © 
Fe. — 6 


So che numbers ſought are found 8 and 6, which will ſolve the 


4 » 


by the Canon in Sect. 10. Chap. 15. Book 1. the 
two numbers ſought will be diſcovered, vir. N - 


ren by the Proof. | ak 


48 


Queſtion, as will 


4 QUEST. 14. 


ETI NI 
There are tvo numbers, ſach, that their ſum is 


their Squares, it makes 15: What are the Numbers? 


re ty ch, t. is equal-t6 the Product of their mul. 
tiplication , and if the Product or ſum of the faid Numbers be added to the ſum of 


Let a and e be put for the two numbers ſought, then the Queſt. may be ſtated thus; viz, 
11 C DP 5 's | | 


1. If 5 C5 50:8 Eo 0 s -» ae a+e 
b And "EGS » . . . q ING, the ales aa reer ae — 157 
What are the Numbers a and e? — ECNTICILNS 


RESOLUTION. 


3, The Sum of the firſt and ſecond Equations is.. a- T es- 2ae=abe1 5+ 


4. And from the third Equation, by — | 
of ae, there ariſes , . . . 33 
5. Suppoe 


4.7 = a+e 


aa- Tee 200—a—e=152 


6. Then by ſquaring each part of the fifth Equation 3 3 


7. And by ſubtracting the fifth Equation from the 
1 N 3 its _ Fo : 
8. And from the fourth and ſeventh Equations, by DOI. 
exchange of equal Quantities, there will ariſe . 5 1 
9. Which laſt Equation being reſolved by the Canon 7 


5 BN Saa ee 24e——6 


in Seck. 8, Chap. 15. Book 1. the number , to -. y = ae = 4s 
wit, ae will be made known, viz. , . . ,3 _ 
10. Therefore from the firſt and ninth Equations. ate = ae = 44 
11. Fm the ninth. Equation by egen „ fo, 8 Bt pions 
12. The eleyenth Equation multiplied by a, pro-?) cos ag PD 36 
1 1 ft * 05 nd twelfth Equa y Ww + 2 > 0 "0 JROOIR 
13. And from the tenth and twelith Equations, by d LS 
chaiſe of equal NL  - 4 ». n 
14. Wherefore the laſt Equation being reſolved by / 4 „ 
» the Canon in Seck. 10. Chap. 15. Book 1. the - 2 5 
1 


GO: 
- wy 


So the numbers 


”- 


two numbers — 4 be diſcovered; viz. - , 


ought are found 3 and 12, which will ſolve the Queſtion; for 


their Sum is equal to the Product of their Multiplication, and if their Sum 42 be 


added to 114 the Sum of their Squares, it makes 154, as the Queſtion requires. 


3 


There are two Numbers, ſuch, that the Square of a their difference is equal 8 
Product of their Multiplication, and the Sum of their Squares makes 20: what are 


the Numbers * - bh 5 Sn | IMs 

Let a and e be put for the two Numbers ſought, and let a be the greater; then the 
Queſtion may be ſtated thus, viz.  _ ins oe. 1 
1. H - - « +. +, 16).0,* © + | \» Ati; =. a8 


* | 
| . And * ».. 


©. 


. '+ | » aarree = 20 


What are the Numbers a and * I — — 
5 —__.. RESOLUTION. wy 
3. From the firſt Equation by tranſpoſition of —2ae, } _ CE 
this ariſes — : 4 Yo Abr. 1 r 
4. 2 Toon the 2 2 Rs Equations . 3ae = 20 
5. And the third Equation divided by 3, gives . . a= = 
56. And by adding the double of the. fiftl 4 3 
to the ſecond, it makes 5 fi = * . 
7. Therefore by extracting the Sqyare Root of each | 


{ ll 


| 


o 


Aa 


two numbers ſought will be made known, viz. 
8. From the — Mampf 


Fay” 
. i * * 
— * * 4 
- 9. he 
es os. 5 % 
* _ 
; "IP. 3 
4 «= * * 
” 


: > 
+ N J 4 


* 


k h 
” i O : a 4 
* < WES» ' : 
F * Fr * : 2 
z . * 8 FP 
; 77 
; 3 ; 
* 1 
a. «. & 


8 . | : wa” 

: 2 1 - . 22 

v ” C & . * / * 2 

* ' af : " a s * ; 2 
_ 7 — . 2 1 , "TR * 2 7 r 
: af © >: + "34. 4 v Ps. 4 1 . 2 " EOS CO * 2 = 4 3 n 
- n 5 7 8 2 > IR 2 8 . oy” n . ae * 3 * x 

2 Mx 5 ** "4 . 


— 10 
W 


Da, 7100 en eine en ih 
Equation multiplied by a, produces en ra, 4s 


. 
4 


nth Equation, by tranlpoſition of - , ao ng 


10. An 


* : 5 8 
. 9 14 2 2 nds LENS - * 
at 3 N ö 1 9 * 
4 af * 8 3 2 1 ok * - ' do 2 % * *. : 


Pr. 
4 nn as. " "OR tit * 5 1 


Ec HAP. 12. 4 various Poſitions. 


«x7 


10. And from the fifth and ninth Equations this ariſes, , x a, — ag = 22. 

11. Wherefore the laſt Equation being reſolved by? "a" a 5 
the Canon in Se. 10. Chap. 15. Book. 1. the two - 1 a = 787 + = 
numbers ſought will be diſcovered, viz. . . . e = V8. — V4 


The Proof. 


The difference of the two numbers in the eleventh ſtep is. I + VI = = 
The ſquare of the ſaid difference is | 
And (by the laſt of the three Rules in Sect. 10.7 „ 
| Chap. 9. of this Book) the Product of the Multipli- , . ; , , , , 2» 
cation of the ſame two numbers is allo . . . . r 
Laſtly, (by the firſt and ſecond of the ſaid three 
Rules) the ſum of the Squares of the ſaid two num- . 20 


| bers IS ” * . . * 0 > 0 0 * 0 . * * * 


— ** — 4 2 2 


0 * * * 0 „„ 


— — * 2 a>. 21 


* 
6— — 


SUEST.: 16. 0 
There are two numbers, ſuch, that if their ſum be multiplied by their difference, 
the Product is 21; but if the ſum of the Squares of thoſe two numbers be multiplied 

by the difference of their Squares, the Product is 609 : what are the numbers? 

Let a and e be put for the two numbers ſought, and let a repreſent the greater; 
then the Queſtion may be ſtated thus, viz. 
„11 mene that is, , = 21 
2. And'. . . a4 ee Xaa—ee, that is, aaaa—eeee, = 609 

What are the numbers a and e? [| — pw 


| RESOLUTION 
3. By ſuppoſition in the firſt Equation, , . , , . , a ee 21 


Therefore (by tranſpoſition of —e&) ; . . , , aa Sce . 21 
4 And by ſquaring each part of the fourth Equatio SEED * 
F300 In Naas ccees- 4 
6. And by taking the latter part of the fifth Equation 7 

inſtead of aaaa in the ſecond, the ſaid ſecond >eeee-+ 4.2ee+ 441 —ecce O9 

Equation will be reduced to this. J 8 
7. The ſixth Equation, after due Reduction, gives . , . ee = 4 
8. Therefore by extracting the ſquare Root our © 

each part of the ſeventh Equation, the leſſer num- ell 

ber ſought is diſcovered, . | 
9. T yo from the fourth and ſeventh Equations yz 

2 . i LE EI ( 8 
10. Therefore by extracting the ſquare Root out of 

cach part of the laſt Equation, the greater number -- 42 . 5 

fought is alſo made known, viz Þ.  - . . N' | 

So the numbers ſought are found 5 and 2, which will ſolve the Queſtion, as will he 
evident by the Proof. | F | 


2ee+ 441 


[ 


2 . 


. » aa = 4+21=25 


| SUBS . 2h 
There are two numbers, ſuch, that if their ſum be multiplied by the ſam of their 
Squares, the Product is 272; but if the difference of the ſame two numbers be multi- 
plied by the difference of their Squares the Product is 32: what are the numbers? 
Put a for the greater number ſought, and e for the leſſer; then the Queſtion may 
be ſtated thus, viz. . L | 
rr ͤĩ ˙˙wiÄ ! Fc xa = 272 
VVV pl. 2e „ aa—ee = 32 
What are the numbers a and e? HD — 
. 8 n E 
2. By multiplying age into aa ee, the fir . 3 
: eee * reduced to this, 5 Jans: Pas ere = 272 


LEES. Ji 
4 . 


4 4. Likewiſe, 


F 


| Reſolution of Queſtions 
. Likewiſe by multiplying ae into aa—ee the} 2 ES: 
l ſecond E Ton wil be reduted to this, 5. ee rn 
5. The ſum of the third and fourth Equations gives ꝛ⁊caa I gece = 304 


— — 


6. The half of the fifth Equation is, -. . 4 + eee = 152 
7. Thy Hon Equation ſuũbtracted from AT * 2aae-+ aaee = 240 


8. The half of the ſeventh Equation is. age av = | 
9. The Sum of the ſeventh and eighth Equations is.. gaae+3ae + = 360 
10. The ſum of the fixth and ninth Equations is aaa 3aae-þ 3aee-þ eee = 
11. The Cubic Root of the tenth Cas 54d 1 
there ariſes FJ) PORE Woes 305g Tens ä 
12. By dividing each part of the firſt Equation by 
the reſpective part of the eleventh, there will ariſe 1 
By the two laſt Equations, the ſum of the two numbers ſought is found 8, and 
the ſam of their Squares 34; therefore by the Canon of Queſt. 7. Chap. 16. Book 1. 
the numbers themſelves will be found 5 and 3, which will ſolve the Queſtion, as may 
eaſily be prored. | FRO 33 


[ 


„ -s.- gap 


* AY * 


” nn . 
To divide a given number 14 (or b) into three continual Proportionals, ſuch, that 


if the ſaid given number be divided ſeverally by every one of the ſaid three Propor- 
tionals, the ſum of the three Quotients may be equal to 124 (or d) a number given, 
. SOLUTION 8 | 
1. For the firſt (or leaſt) of the three ae: 6 
JJ 1 
2. For the ſecond (or mean) Proportional put . 4 
3. Then the ſquare of the mean Proportional be- } ag 


— — 


ing divided by the firſt gives the thind, de nit, J 7 


— 

1 TE . 

5. Which ſum muſt be equal to the given —_— = OO 

14, (or b,) whence this Equation ariſes, vi. ee = 5 LD 

6. Then by reducing thatEquarion to Integers, this ariſes ee+ae+aa = be. * 

7. ag. (according to the Queſtion) let the gi- 
ver! number 5 be divided by every one of the, Þ , b be 

three Proportionals in the fourth ſtep, ſo the C e | a aa 

three Quotients added together will give 


4. Therefore the Sum of the three Proportionals is e+a+ 
| i | 


8. But the ſum of the three Quotients in the ſe- 7} „„ 
venth ſtep muſt be equal to the given ſum 124, - — + — + be 2 
(or d,) hence this Equation ariſes, 4 . . * 42 as 

* 4 Wh auer reduced to Integers = baaa.-E baae- baee = daaae 


10. And by dividing every Term of the Equation ee 

in the ninth ftep by a, this As + baa bac bee = daae 
11. The ſixth Equation multiplied by b, produces - baa—+ bae+ bee = bbe 
12. And from the tenth and eleventh Equations, „55 

(here each of two Quantities is found equal > . daae = bbe 
to a common third) this ariſes, viz. . . ._ £ == 
13. The twelfth Equation divided by e gives daa = bb 


14. And the thirteenth Equation divided by d gives . . aa = - 
15. Therefore by extracting the ſquare Root out F 3 
of each part of the fourteenth Equation, the mean Þ» a = 1 ＋ = 4 
Proportional ſought will be made known, viz. 4 


16. And becauſe a is now known, to wit, 43 and 


= 14; therefore the Equation in the fixth >ee+ 42+ 16 = 148 
ſtep may be reduced into this, vin. > N 
a 17. Which 


HA. 012. 


17. Which: laſt Equation, after due Reduction, will give. Ice eis 
15 Laſtlyf the Equation in the ſeventeenth den being e ns N 5 
reſolved by: the Canon in: Sect. rv. Chap. 15. Book 1. the - er 18 eee 
N or eee pizmt en 1 0 1d f, oO 
Thus the three I roportionals ſought are found 2, 4, 8, which will ſati 5 
ditions in the Queſtion: For firſt, 2, 4 and, 8 are manifeſtly in ee eee 
ſecondly, their ſum is 14; thirdly, if tl be divided by 2, 4 and 8 ſeverally, the ſum 
of the Quotients 7, 35 and 14 is 12 ; a8 was preſcribed in the Queſtion 24 . 
It may alſo be obſerved, that thoſe three Quotients are tontinual. Proportionals as 
will be manifeſt from the ſeventh ſtep of the Reiolntion;: where they are repreſent -- iy 


by +, Land; for the Produtt made 


1 | 5 
Line e n , v feta c5 5 
to wit, the Product 2 that is, _ equal to the Square of the mean-Proportional 3. 
i 8 ug 1 i ed 1d e. | a” 


— 


OY 367 en 1; 8 NT a 
by the Multiplication of the two 'Extr emes, | 


. 


x 


— — PIs E ti 2 2 2 Ps . 


, 17 x 
— R a. A 3 


1 80 9UEST 19. *V„ 


To find three numbers in Arithmetical Progreſſion, ſuch that if the firſt be Wade lied 
by 1, the ſecond by 2, the third by 3, the ſum of the Products may be 62 and age 
* ſum of = No of the three numbers may 'make 275. 3 

Let the three numbers fought be repreſented by a, e, y, and ſuppoſe a to be th 
ſmalleſt and firſt Term, then the Queſtion may be ſtated thus, VIZ, 18 5 


9 
2 


— 
. 2 


1. If . 6 6 —2 s © VV © . . . . E—4 = y—6 : 
%%/%ẽ i,;+- HIS. 


3 And - S-.--- 1 8 SI o N 0 WER * 0 : aa ee — 275 
What are th numbers % 63.5. M nent trans 


4. By ſuppoſition in the firſt ſtep . . e 


5. Therefore by Tranſpoſition of —a and —e, 
there ariſes V 8 
3 11 


| . . VVV 5 : * -*þ 71% 23 a+y =2e : 
6. And by dividing each part of the laſt E =. oY, 
I by dividing, t of a 


quation by 2, It glv ES + 60: 5's ** ! RCW 48 
7. And by 1quaring the Equation in the fixth ? : . 
ſtep rhere comes forth. 5... , 5 aa -F Tf = ce 
8. Then if inſtead of 2e in the ſecond Equation, 5 0 


there be taken the firſt part of the fifth, the --. a+a+y+3y = 62 
ſecond will be converted into this, viz. . Y © oo e 
% mDdnts ere eo, „ 24-+4 = 2 
c ,. >a 
11. And by tranſpoſition of Quantities, in the) B = 
tenth Equacion this * VIZ. 's RN th «nts; SIO SS : 
12. And by ſquaring the eleventh Equation, 
there S x og „„ k 0 5 . 961— 120 ＋ 4% = aa 
13. From the ſeventh, eleventh and twelfth ? 
%%% . ĩðͤ v 
„ ht evident ↄ— 5= chef 053, w 
15. And by adding the twelfth, thirteenth and) 
fourteeuth Equations into one ſum, it makes 3 3 
16. But by ſuppoſition in the third ſtep, ... 275 = aa ee 
17. Therefore from the fifteenth and fixteenth ) 2227) ares 2 | 
Equations, by Exchange ofequal Quantities, F * r 
18. And after due Reduction the Equation ind 1 4 3 
the ſeventeenth ſtep gives * 5 RANT EE 
19. Therefore by reſolving theEquation in the — 
18 ſtep, (according to the Canon in dec. 10, (OO . 
Chap. 15. Book 1.) two values of y will be Fax 13, OT 137 
JJ ;Ü».ô·ͤ ˙7ʃ > | eee eee 
20. And from the 19th and 11th Equations... . . ,  , . . a=x, or 35 
de [hab ahem e eee e e ee eee 
755 | | Ka dw i), * A y | 612 


. x 


o 


Wl 

8 
— 
1 


$ 4 


— 
* 


2 


* 


. . 


: 45S; | - 
Let the three Numbers ſought be repreſented by a, e, , and then the Queſtion may 
e / 
3 e e J aa ae 95 48 3 
2. And # = * . FE.» . - . 5 CT 1 32 | 
3. And , LS Datos 3 N . _aaT), . ee: 3 .. 2 3 
„Waun r RT OH 
8 J» ͤͤ OE RES piea 
4. From the firſt Equation, by tranſpoſition of? 1 


5. And by diyiding each part F the laſt Equa- — 48—aa 


2 U * * 


1 


„„ ie KO... 1. + ++ 
6. And by tranſpoſition of —aa in the ſecond}  * 
JJC 
7. And by dividing the fixth Equation by a, } 
thete WINS. » - +» » « » + 5 «© It 
8. From the Analogy in the thitd ſtep, by com- 
_ the Frodutt of the extremes to the > 
Product of the means, this Equation ariſes . 
9. The Square of the ſeventh Equation is Y =22243;,644a+ a+ f 
10. The double of the ninth Equation is -. 25 = 2048LI 28. 2a 
f on \ £647) %% art x 
x11. If inſtead of 2j in the later part of the Y 5 
eighth Equation there be taken the later ore = 2048+ 1 2889+ 40+ 
part of the tenth, the eighth will be conver- H — ä 
% A 35 | 
12. The Square of the fifth-Equation is. > . . _ ee = 23240=96aaTeat 
K. an ates Wits — hem 
I1520—480aa+ 5at 


/ 


we 2 

{ 
_ 8 
"EE 
* 


A 
& 
I 
* 
J : 

S 


\ tt a. am ac 


13. The twelfth Equationmultiplied by 5 gives -. . Fee = 
14. From the eleventh and thirteenth Equati- Wins = 
ons, by comparing their later parts one to- © | 
the other; and reducing the Equation there. C S = 9472. 
by reſulting, this Equarion-aviles, vz.. © 
15. Which Equation in the 14th ſtep being re.) ry 
folved by che Canon in Seck. 10 Chap. 15. , . a =v592,014 | 

Book 1. will diſcover two values of a, 'viz, N (© F 
x6. But the leſſer of thoſe two values ofa, to | 
wit, 4, is the firſt number ſaught by the | 

Queſtion, for the Square of the greater yalue | f 
592 exceeds 48, but according to the? © e=g 
ſuppoſition in the firſt ſtep. it ought to be 
leis than 48; ſuppoſing then 4 4, 13 
follows from the fich rar . \ bes OO UTIL 8 
17. Laſtly, from the 15th and 7th Equations, . _, F 
1 his *. are found out, to wit, 4 and 12; which will farisfie' the Queft..- 
| on, as may cally byproved, "Hs 9 UEST 18. 


5 


2 


** 


— 


* 


* 
7 
K 


85 7 » N + 


Ex various Poſitions, 


pe QUEST 21. 
To find three ſuch numbers, that the ſquare of the firſt, together with the pA. 

of the firſt multiplied by the ſecond may make 10; alſo, 5 5 — 4 
cond with the Product of the ſecond into the third may make 21; and laſtly. th 3 
Square of the third, with the Product of the third into the firſt may ke e 7 „that the 
Let the three numbers ſought be repreſented by a, e, y, and then the Queſtion may 


2 


be ſtated thus; 


1. IF "TY » * 92 - 0. - 4 5 aa Tae 1070 


„ „ = 5 I | | 
3. And TOY Y; 8 3 What are the Numbers a, e, y ? 


e RESOLUTION. 
4. By tranſpoſition of aa in the wg, * 


Equation this ariſes, . . . n IN 0 
5, And by dividing each part of the ef = ot 
fourth Equarion a, it gives ar Rar it = 


* . | * o . . - o ad ' 
7. And from the ſecond, fifth and — 
ſixth Equations this ariſes, . . LIED 


8. And by ſubtrating 22 100 ; 
from each part of the ſeventh E- —— 6— — 
quation this remains . ax 

9: And by dividing each part of the 3 4 . 


8h Equation by r _ this ariſes ( 28 Joa aaa 


5 
, Co a | * I 0044—2044-+ as : 4 
11. And by multiplying the ninth E- } ye 1 ID IOOn 
quation by a, it produces I0o0a aaa 
12. And by adding the eleventh Equation to the tenth, the ſum makes 
233 —13 34 ＋ 2391493 OO 1000 
Y = 3 — 
. | Iooag—20at+a%. 
«3. Therefore from the third and twelfth Equations this ariſes, 
 24a56—13 346+ 23914+—920044+I0000 __ 2 4 
Ĩc0caa— 20 t as? 
14. Which laſt preceding Equation, after due Reduction, gives this that follows, viz. 
2477824 — 1435 4 5S0044=5000, | 
15. That is, after Tranfpoſition of 5000, | 
—a 7824 —143 5444+ 580044—5o000 =0, 1 
16. Then by ſuppoſing u=2a, and proceeding according to the Rule in Set. 7. Ch. 11. 
of this ſecond Book, the Equation laſt abo ve written will be reduced to this following 


Equation in Integers, vix. 

ELS u3 314 — 2296804 371 200uu—1 2 80 = © | 
17. And by ſuppoſing x = un we may inſtead of — 1s in the laſt preceding Equa- 
tion write — x+, and inſtead of + 314u* we may ſet 314x3, alſo — 22968xx in 
the place of — 229684, and + 371200x inſtead of + 371200up, and laſt of all the 
Abſolute number — 1 280000 : whence this following Equation ariſes ; and then 
after x is made known, its ſquare Root be the number u; (for by ſuppoſition x =au, ) 

—x++214x3 —22968xx+ 3Z]1200x—1280000 = o. 

18. Now becauſe the laſt Term — 1280000 in the Equation laſt above written has 
many Diviſors which will be uſeleſs in the finding of the value of x, it will be con- 
venient before they be found out, to ſearch out limits, within which ſuch a value of 
the Root x doth fall as will produce a value of a capable of ſolving the Queſtion 
propoſed; to which end I proceed A eG 
3 p 2 


I 0—aa 
+ y = 21 


a a 


ad 


19. By 


4 1 
Ly 


— 


hich laſt Equation being reſolved by the Canon in 4 69 hs 


p 


eaſily be conceived that when e is leſs than y21, (as ity at- 12, We 


25. Therefore by doubling each part of the nineteenth and N A. Ed 40 8 
OY, Pe oo LON 355 C. 

26. And by ſquaring each part in the twenty fifth ſtep, r , $7 40 7 755 
„ «ot + og nt oe - V2 C1025, Ec. 

27. But by ſuppoſition in the fixteenth ſtep u=2a, and con- 7 . 
ſequently o o -6 * . * 8 8 62 5 . . . | 5 ; 

28. Therefore from the two laſt precedent ſteps it's evident that » in 5 = 3s Ge 

29, And becauſe by ſuppoſition in the ſeventeenth, ſtep, 9 Xx = un 15 wh f 

30. Therefore from the twenty eighth and twenty 2 85 5 45 | 
ſteps it follows tat 5 2 T1023, Ofc, 


31; Having found that ſuch a value of x in the Equation in the ſeventeenth ſtep as is 
capable of producing a true value of the deſired firſt number a, muſt be leſs than 40; 
but greater than 162; it is manifeſt that among the Diviſors of 1280000, the 
laſt Term of that Equation, theſe three only, to wit, 16, 20, 32, are neceſſary to 
make tryals in finding out the ſaid value of x, and conſequently of a; and therèfore 
(according to the Rule in dec. 9. Chap. 11, of this Book) I firſt divide the ſaid Equati- 
on in the ſeventeenth ſtep, to wit, — 1 314x3—22968xx+37t200x—1280000 
= o by @—16, and the Quotient is exactly —x3+2 98xx—18200x-þ 80000, 
wherefore 16 ſhall be a true value of x in that Equation : And becauſe by ſuppo- 
fition x = un = 4aa, it follows that y16 (that is, /x)=u=2a, and conſequently 
2a the firſt number ſought. 5 „ 
32. Now ſince 2 is found equal to a, the firſt Equation, to 3 
wit, aa ae = 10 will be reduced to this, viz. . . , , $74 = 20 
33. Whence the ſecond number e is diſcovered, viz. . . , e= z 
4. And conſequently the fecond Equation will 1 o 


4 2 
” a * 2 „ 6 


= 


to this „%% P» re ex. 
3 35. Whence the third number) is diſcovered, vis. 4 4 
5 Thus the three numbers ſought (to wit, a, e, y, are found 2, 3, 4, which will folve 
1 the Queſtion: For the Square of the firſt with the Product of the firſt and ſecond 
| makes 10; alſo the Square of the ſecond with the Product of the ſecond and third 
makes 21 ; and the Square of the third with the Product of the third and firſt makes 
24, as was required; 5 5 | 
Nete, That the Quotient found out in the thirty firſt ſtep, to wit, the Equation 
—x3+ 298xx—18260x-+ 80000 = 0 has three Affirmative Roots, whoſe values 
(by the Rule in Se@. 9. C. 11. of this ſecond Book) will be found very near equal to 
4, 78522, and 215+: 3 but theſe are without the limits of x diſcovered in the 
thirtieth ſtep, and therefore although the Equation in the fifteenth ſtep may be ex- 
_ pounded by four Affirmative values of a, yet only one of them, to wit, 2, is capable 
of ſolving the Queſtion propoſed. ce. — 5 
Note alſo, That if none of thoſe Diviſors which were diſcovered to be within the li- 


4 mits for the finding of a due value of x had produced an exact Quotient without a 
. Remainder, and conſequently in ſuch caſe the number a had been Irrational, yet a 
Rational number, near the true value of x, and conſequently of a might be found out 
by the help of the General Method in Chap. 1 o. of this cond Book 


. CHAP, 


CHAP. XII. 


capable of innumerable Anſwers, 


J. A Fter 4 Queſtion is ſtated by Ec uations in ſuch manner as has been ſhewn in the 

1 A W twelfth Chapter, ik thoſe Equations be equal in multitude to the 
Quantities ſought, then the Queſtion has a certain determina ble number of Anſwers; 
but whenſoever a Queſtion affords not as many given Equations, not mutually depen- 
ding upon one another, as there be Quantities required, it is capable of innumerable An- 
ſwers. Queſtions of this latter kind are very pleaſant and delightful, but oftentimes ex- 
ceeding hard to be reſolved, eſpecially when all the Anſwers in whole numbers that a 
Queſtion is capable of are deſired; and therefore! * It will not be unacceptable 
to the Learner, if in this Chapter I give him a taſte of that vaſt Skill, by expounding 
three Propoſitions found out by Monſieur Bachet , the two firſt of which contain the 
ſubſtance of the eighteenth and twenty firft in his ingenious little Book, entituled 
Problemes plaiſans & deleckables, qui ſe font par les Nombres, (Printed at Lyons in 1624 ;) 

but his Method of ſolving and demonſtrating the fame being very tedious and obſcure, 
I ſhall wave ir, and deliver two ways of my own finding out, which are both intel- 
ligible and demonſtrative. The third Propoſition (which is handled by the ſame Au- 
thor in his Comment upon 41 Prop. of the Fourth Book of Dicphantis,) I ſhall alſo 
explain at large by various Queſtionss. 3 | 

e 


Tuo whole numbers prime between themſelves being given, to find out two others, 
ſuppoſe a and h; that if a be multiplied by the greater of the two given numbers, and 
to the Product there be added a given whole number, the ſum ſhall be equal to the 
Product of 5 multiplied by the leſſer of the two numbers firſt given. Moreover to find 
out all the whole numbers a and ô that are capable of producing the ſame effect. 

. Explication. TT 
1. Numbers prime between themſelves are ſuch as have only Unity for their common 

Diviſor; (per Def. 12. Elem. 7. Euclid.) fo 12 and 5 are faid ro be Prime between 

themſelves, becauſe they have no common Diviſor but 1, to divide them ſeverally, 

ſo as to leave no Remainder ; the like may be faid of 20 and 21, 7 and 3, Ec. 
2. I call a number the Multiple of another when it exactly contains that other twice, 
thrice, or more times, without any Remainder : As, 6 is a Multiple of 3, becauſe 

it contains 2 exactly twice; likewiſe 18 is a Multiple of 6, becauſe it contains 6 

Juſt thrice without any Remainder. Moreover I take the Liberty to call a num- 
er the Multiple of it ſelf, becauſe it contains it {elf juſt once. Theſe things pre- 
miſed, I ſhall proceed to ſhew two ways of ſolving the preceding Prop. 1. and ex- 

plain the ſame by Queſtions, e 


nnn . 
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ect. II. The firſt Method of ſolving the foregoing Prop. 1. 
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f To find out all the values of a and b in whole numbers that may make 9a 6 b, 
Dix. that nine times the whole number a with 6 added may make ſeven times the 


whole number. 
The Equation propoſed . . 9a e =76, 
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M E xplication. | „ 
1. To the number 9 prefixt to a I add 6, (to wit, +6 which follows ga) and it makes 
15, to this Ladd again 9 and the ſum is 24, to which I add again 9, and it gives 33: 
and in like manner I continue the addition of 9 to every next preceding ſum until 
I have found out theſe ſeven numbers, 15, 24, 33, 7 51, 60, 69, "Which ſtand 

(as you ſee in the Example) under 9a, and on the left hand of thoſe numbers I {et 

I, 2, 3, 4, 5, 6, 7. Theſe two Columels of numbers do ſhew that if 1 be taken 
for the value of a, then 9a+6 makes 15; but if 2=a, then ga+6=24 , if 3 = a, 
then 9a+6 = 33 3 and ſo of the reſt. The addition aforeſaid is in this Example 
continued only to the ſeventh ſum inclufive, becauſe (as hereafter will appear) the 
ſmalleſt whole number that can expreſs the value. of a, never exceeds the number 
prefix d to b in the Equation propos e. 7 5 

2. Then under 7501 fer the Multiples of 7 orderly one under another, viz. 14. (to wit 

twice 7,)21, 28, Oe. until I have found outa number equal to one of the ſeven num- 
bers 1 5, 24, 33, &. ſo at length among the Multiples of), I find 42, that is, fix 
times 7, to be equal to 42 that ſtands among the numbers in the ſecond Columel, 
which later 42 (by the conſtruftion aforeſaid) is compos d of 6 and four times 9. 
Whence *tis manifeſt that if 4 be taken for the value of a, and 6 for the value of b, 
then 9a4+6=7b (=42) vix. nine times 4 together with 6 is equal to ſeven times 

6, and therefore one Anſwer to the Queſtion is diſcovered. | „ 
Note 1. When the given whole number prefix d to b in the Equation propos'd 18 4 

ſingle figure, or ſome ſmall number of two places, then this firſt Method will readily 

diſcover the ſmalleſt values of a and b in whole numbers; for the ſmalleſt whole num- 
ber a never exceeds the given number prefix d to h, as hereafter will be made manifeſt : 

Bur if the number prefix d to þ be large, then the work by this firſt Method will be 

intolerably tedious, eſpecially inthe ſolving of Prop. 2 © N 
Note 2. If the two given whole numbers which are prefix d to a and b in the Equation 
propos d be not prime between themſelves, then it will ſometimes be impoſſible to 
find out any whole numbers for the values of a and 6, to ſolve the Propoſition: as, if 
two whole numbers a and b be defired that may make 6a+3=2b, it may ealily be 
 ſhewn that tis impoſſible to find out two ſuch whole numbers; for the whole number 
a muſt be either even or odd, but whither it be even or odd, if it be multiplied by 
the even number 6 the Product ſhall be even; (by Prop. 21, & 28 Elem. 9. Euclid) to 
which adding 3 the ſum will be odd, (for odd, added to even makes odd, ) which ſum 
ruſt be equal to 2b, and conſequently the half of that ſum is the number b; but the 
half of an odd number cannot be a whole Number, and therefore þ in the Equa- 

tion propos cannot be a whole number: But if the given whole numbers which are 
prefix d to a and þ be Prime to one another, then whatever whole number be given 
ro be added to the deſired Multiple of a, innumerable whole numbers may be found 
out for the values of a and h, as hereafter will be ſhewn. 

3. After the two ſmalleſt whole numbers are found out for the values of a and b to 
conſtitute the Equation propoſed, all other pairs of whole numbers that are capable 
of producing the ſame effect, may be orderly enumerated into two Arithmetical 

Progreſſions thus formed; wiz. Having found 4. for the ſmalleſt whole number a, 
and 6 for the ſmalleſt whole number 6 to conſtitute the Equation before propoſed, 
to wit, 9a+6=7b, let the faid 4 be made the firſt Term, and 7, which is prefix d 
to h, the common difference of the Terms of the firſt Progreſſion; then let 6, the 
{ſmalleſt whole number b, be the firſt Term. and 9 which is prefix d to a in the ſaid 
Equation, the common difference of the Terms of the latter Progreſſion, fo the 


Terms of thoſe Progreſſions will be theſe, viz. 


Values of a; 4, 11,18, 25, 32, 39, 46, 53, Cc. 

' Values of b; 6, 15, 24, 33, 42, 31, 60, 69, ET | 
4. Now out of the firſt of thoſe Progreſſions you may take any Term for the value of a, 
as 11 (the ſecond Term,)and then the correſpondent Term in the latter Progreſſion, = 
to wit, 15, ſhall be the value of ö; by which two numbers 11 and 15 the Equation 
g9a+6=7þ may be expounded, viz. nine times 11 with 6 added is equal to ſeven 
times 15. Likewiſe 18 and 24, alſo 25 and 33, and every pair of correſpondent 
Terms in thoſe two Progreſſions will cauſe the ſame effect, as I ſhallnow demonſtrate. 
„ | | . Prepa- 
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5. Let c and repreſent two whole numbers Prime between”, 
themſelves, and a, h, d, three other whole numbers, ſuch 
that all five will make this Equation, vin. 
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6) Let an Arthmetical Progreſſion. be ſo formed that 4 
may be the firſt and'leaft Term, and » the common dif- 
D a2 0727, 24 4 190TE 9 
7: Let another Arirhmetical Progreſſion be Eumed fremy ;; 
5 the firſt and leaſt Term, and c the common difference & b, bc, b+ 26, c. 
J d . LF ag Dt >" i 
8. Ifay, if you. tnultiply c by «7-1: (the 1 . 8087 of tlie firſt Frogreſfion,) inſtead 
of a in the Equarion in the fifth ſtep, 'and to the Product add d, the ſum ſhall be 
equal to a Multiple of u, to wit, the Product of multiplied into b-+c, (the ſe- 
cond Term of the later Progreſhion ;) and the like may be affirmed of every fol- 
owing Term ia each Fragranom. fo oO En ot OD 
. eee ne 1 34 enen 5 . 
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9. By ſuppoſition in the fifth ſte s. 
10. And by adding cn to each part of: that Equation, 

this ariſes, _ LG EG MO RC V ˙ A 
11. Therefore from the laſt Equation 
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After the ſame manner it may be ſhewn that. oa-+3n, Id 30 


And ſo forwards. Which was to be prove. 
15. Now ſuppoſing a and b to expreſs the ſmalleſt whole numbers that are capable of 


conſtituting the Equation in the fifth ſtep, to wit, cad ub, I muſt demonſtrate 


that no other whole numbers. befides the Terms which follow a and & in the two Pro- 
greſſions formed in the ſixth and ſeventh ſteps, can be taken inſtead of a and b to 


produce the ſame effect: If it be poſſible, let a+ ſome whole number J, viz. a+f 
de taken inſtead of a; and let h+ ſome whole number g, viz. 6+g be taken inſtead 


of b; then c multiplied by a-+f makes ca-+cf, to which adding d, the ſum is 
car fd, which muſt be equal to. the Product of » multiplied by b+g, to 
wit, ub ug, whengdee . card nb Ang 
16. And by ſuppoſixion in tlie fifth ſtep, r. carb dab 
17. Therefore by ſubtracting the laſt 1 8 CD ATT Fog 
from the 3 Ab Bause %%%ͤ;ͥ́ x A, 
18. And by reſolving the laſt Equation into 192 VVV | 
"portionaks,' this Analogy ariſes, vi. * My). OT FP TR 
19. Whence it is manifeſt thar the whole numbers Fand g are in the ſame Reaſon (or 
Proportion) as the whole numbers » and c, and conſequently, ſince & and c are by 
ſuppoſition whole Numbers Prime between themſelves, F muſt neceſfarily. be equal 
_  - eitherto u, or au, or 3", Oo. and g muſt be equal to c, or 2c, or 3c, £7. Where- 
dre au, a+ 2, a zu, Ec. viz. the Terms which follow a in the Progreſſion in 
the ſixth ſtep, and b+c, b+ 2c, b 3c, &c. vix. the Terms which follow: b in the 
Progreſſion in the ſeventh ſtep, are. the only whole numbers that can be taken inſtead 
of aand b, the leaſt whole numbers to conſtitute the Equation propoſed, to wit, 
cared Wan b6 IRE... T.. —— 
o. If there he two. whole numbers a, and 6, given or found out, which will conſtitute 
the Equation before, propoſed or ſuch like, and thoſe twp numbers be not the ſmalleſt 
values ofa and b, you may by the help of thoſe given find out the ſmalleſt, by this 
Rule; viz. Divide the given whole number a, by the given number which is prefixt 


rob in the Equation 1 the Diviſion is finiſh'd there will remain either 


a number or nothing; if a number remain, it ſhall be the ſmalleſt value ofa but ifo re- 
main, then the number prefixt to bis the ſmallaſt yalue of a, and conſequently the cor- 
reſpondent value of bi iseatity di ſcovered by the Equatian. The reaſonbff his Eule is 


manifelt by §. 9. C. 7. B. 1. For if any Term greater than the leaſt oflan Atithmeticat- 
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number. This is the firſt of the four Caſes above mentioned. 


PEEL Values of b; 21, 29, 37, 45, 53, 61, Cc. 
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2. fox the value or ay; divide 32 6 ISP: 70 65 
Gur times in 3 2, and there remains 4; now this Remainder 4 is-theſmalleſt value of a, 


+6=44257; Therefore 42 divide 
Xt a=20, andbþ=26, then this ; 
now if you defire the {mall whole numbers a and b to conſtitute that Equation,divide 


20 the giyen value of @ by 4 which is Prefix d 10 b, and there remains o, therefore 


_ Laſtly, from what has been ſaid in the third ſtep, all the yalues of aand b in 


Values of a; 4, 8, 12, 16, 20, 24, 28, 32, Cc. DIRT 7 56 
Values of b; 6, 11, 16, 21, 26, 37, 36,41, GG.. _ 
wn | * . . | 5 : E SEN : n 3 3 | 19, 

WE IS 


Se. III Another way of ſolving the foregoing Prop. 1. 

In this later Method there are four principal Caſes, which I ſhall firſt explain by 

Queſtions, and' then ſhew how the Reſolution of the Propoſition will always run into 
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FF Explication. = un 
Firſt I add 97 (to.wit, +97 in the Equation propoſed) to 8, which is prefix'd 


to a, and it makes 105, this I divide by 5 the number prefix d to ᷣ; and becauſe the 


Quotient 21 happens to be exactly a whole number without any remainder, it ſhall 
be the ſmalleſt whole number 6 ſought, and the whole number a in this caſe is always 
1. The Reaſon is evident, for if a =, then 82-+97=8—+ 97 ; and if this ſum hap- 
pens to be a Multiple of the given number prefix d to h, then b is neceſſarily a whole 

Then after x and 21, the ſmalleſt whole numbers a and þ to conſtitute the Equation 
propos d, are found out, all the other values of a and b in whole numbers will be found 


in theſe two following Arithmetical Progreſſions formed according to the Rule in the 


third ſtep of the foregoing Se@. 2. viz. | 22 
„ene? . i tf th 


I ſay every two correſpondent numbers in. thoſe Progreſſions may be taken for values 
of a and b in this Equation, 8a+97=5b ; as for Example, if «1 be taken for a, and 
37 for b, then eight times 11, with 97 added ſhall be equal to five times 37, viz. 
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ja Explication. 


® 


Firſt, I add 6 (to wit, +6 1n the Equation propoſed) to 49 which is prefix'd to «; 
and it makes 55; now if this 55 were exactly diviſible by 13 which is prehx'd to 6, 
the Quotient would be the whole number þ ſought, and 1 the number a, (as in Queſt. 2.) 
But 55 not being a Multiple of 13, I proceed thus, viz, I ſeek the Multiple of 13 which 
js next greater than 55, by dividing 55 by 13, fol find that four times 13 is lefs than 
55, but five times 13, that is, 65, exceeds 55, by 10; therefore 55 is equal to 65 
wanting 10, viz. 55=65—10. This is the ſecond Equation in the Example. 

2. Then I divide 49 which is prefix d to a, by 13 which is prefix d to b, fo I find 
that three times 13, that is, 39, Is the greateſt Multiple of 13 contained in 49, and 
there remains 10; therefore 49=39+10: which is the third Equation. 

z. Now becauſe +10 is found in the third Equation, and —10 in the ſecond, 1 


add thoſe Equations together, ſo the faid 10 vaniſhes, and there ariſes 104 = 104; 


which is the fourth Equation. 5 
4. Then! divide 104, that is, either part of the fourth Equation, by 13 which is pre- 
fix d to b in the Equation propos d, and the Quotient 8 is the whole number 5 ſought. 
5. Then from the ſaid 104 in the fourth Equation, I ſubtract 6, (to wit, +6 in 


the Equation propos d) and divide the Remainder 98 by 49 which is prefix d to a, 


ſo the Quotient gives 2 for the whole number a ſought. „ 
I-fay 2=a and 8=b will make 49a+6=136, as was required in @nef. 3. and all 
the values of a and b in whole numbers that are capable of producing the fame effect, 


are the Terms of theſe two following Arithmetical Progreſſions whoſe conſtruction 
has been ſhewn before. | Is 


Values of a; 2, 15, 28, 41, 54, "BF 5 Ec. 
Values of bz, 8, 57; 106, 155, 204, 253, Cc. 


Note, That the manner of forming the ſecond and third Equarions in the foregoing 
Reſolution of Que. 3. muſt bediligently obſerved, becauſe the like work is conſtant- 
ly uſed in the tollowing fourth, fifth, ſixth, ſeventh, eighth and ninth Qneſtions : 
But it's by accident, that the ſame number ro follows the Signs — and -+ in the ſaid 
ſecond and third Equations, and therefore the adding them together to produce the 
fourth Equarion, is an Operation peculiar only to this and the like accident, which I 
call the ſecond of the four Caſes before mentioned. 

But that in this ſecond Caſe, the Reſolution infallibly produces whole Numbers for 
the values of a and h, I prove thus: Firſt by Conſtruction, 65—10 (the later part 
of the ſecond Equation) wants 10 of a Multiple of 13, and 29-+10 (the later part of 
the third Equation) exceeds a Multiple of 13 by 10; therefore the Sum of the ſaid 
65—1o and 39+10, to wit, 104 (the later part of the fourth Equation) ſhall be 
a Multiple of 13 ; and conſequently 104 divided by 13 will 7 give a whole Num- 
ber, to wit, 8, for the value of b. Secondly; becauſe 104 (the firſt part of the fourth 
Equation) is by conſtruction compos d of a Multiple of 49 together with 6; by ſub- 
tracting 6 from 104, the Remainder 98 ſhall be a Multiple of 49, and conſe uently 
98 dirided by 49 will give the Quotient an exact whole number, to wit, 2, for the 
value of a. Whence it is manifeſt, that if after the ſecond. and third Equations are 
formed out of the firſt (to wit, the Equation propoſed) according to the preceding 


Directions for ſolving Queſt. 3. it happens that the number following + in the later 


part of the third Equation, is the ſame with the Number following — in the later 
part of the ſecond; there will certainly ariſe two whole Numbers for the values of 
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To find all the whole Numbers a and þ that may make 8244 66 = 135. 


The Equation propos d, 


= on 


The Reſolution, . 


1. The ſecond and third Equatio 


2. Becauſe the Number 4 which 
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ns are formed out of the firſt in ſuch manner as 
before has been explain'd in the Reſolution of Queſf. 3. 


follows the Sign + in the 


* 


later part of the third 


Equation, happens to be an Aliquot Part, to wit, + of 8 which follows the Sign — in 
the later part of the ſecond Equation, I multiply each part of the third Equation by 
2 (the Denominator of the faid Aliquot Part,) to the end there may be +8 in the 


Equation made by 
is the fourth Equation. 


3: Now fince +8 is 


that Multiplication ; fo there is produced 164=156+8, which 


found in the fourth Equation, and —8 in the ſecond, I add 


thoſe Equations together, ſo the faid 8 vaniſhes, and there ariſes 312=312 z which 


is the fifth Equation. 


4. Then! divide 312, 


(to wit, either part of the fifth Equation) by 13 which is pre- 


fix d to b in the Equation propoſed, and the Quotient 24 is the whole number þ ſought. 
5. Laſtly, from the ſaid 3 12 (in the fifth Equation) I ſubtract 66, to wit, + 66 
in the Equation propos d, and divide the Remainder 246 by the given number 82, 
(which is prefix d to a ;) ſo the Quotient 3 is the whole Number a ſought. = 
I fay, 3 Sa and 24 =b will make 824 66 = 13 b, as was required in Que. 4. 
and all the values of a and h in whole Numbers that are capable of producing that 


Values of a; 3, 16, 


29, 


39 5 


68, 


Equation, are the Terms of theſe two Arithmetical Progreſſions, (whoſe Conſtruction 


has been ſhewn before in the third ſtep of Se#@. 2.) viz. 
42, 
5 Values of 5; 24, 106, 188, 270, 352, 424, t 
| Note, That it was by meer chance that the number following the Sign 
third Equation happened to be an Aliquot Part of the number following the Sign — 


ET. 
Ec. 5 
＋ in the 


— 


ſecond, and therefore the multiply ing of the third Equation by the Denominator of 
the Aliquot Part, is an Operation peculiar only to that and the like accident, which 
is the third of the four Caſes before mentioned. The Reaſon of the Operation in this 
fourth Queſtion (or third Caſe,) may be eaſily diſcerned by the Demonſtration before 
given in Que. 3. but for further illuſtration I ſhall add another Example of Caſe 3. 


_  9UEST. 5. 
To find all the whole Numbers that may be values of a and þ in this Equation, viz 


6bola+9g =200 b. by 
The Equation propoſed . 


The Reſolution, . . 5 


o o, 


| x 
7 
| 


1.  601a+9. = 2006 _ 
2] 610 = yeo-190 
3 601 . 
41114190 = 114000190 _ 
51 14800 = 114800 les 
V 5 
3 Ws 
114800o—9 ere . 
2 772 — — — 
CON 845 : : 
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13 capable of 


e , 25E 3-att Explication. V 
Thhe Reſolution of this Queſtion is like that in the foregoing: Qugſt. 4. for ſince + 1 
in the later part of the third Equation happens to be an Aliquot part of 190 which 
follows. — in the ſecond Equation, I multiply each part of the third by 190, to 
the end that . 190 may be found in the Product, as you ſee in the fourth Equation; + 
then by adding the fourth Equation to the ſecond,” the Sum makes the fifth, which is bee. 


a 


_— — 


— ——— Ig 


„r „ 9, ra l * „ — 
g , „„ 


9 
rs 
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free from the Signs + and —=; laftly, from the fifth Equation the whole numbers = 
574 and 191 expreſſing the values of band a are diſcovered, | in like manner as in the —_ 
preceding third and fourth Queſtions z which numbers will conſtitute the Equation +, 
_ propoſed: For 601, times 191 together with 9 is equal to 200 times 574, that is, 1 


114800; and all the reſt of the values of a and & in whole Numbers to make that 
Equation will be found in theſe two following Arithmetical Progreſſions formed by 
the Rule before given in the third ſtep of Set. 22. 
1 Values of 45 191, 391, 59 f, 791, 931, Oe. 
Values of 6; 574, 1175, 1776, 237), 2978, Cc. 


802 i 
. ; F 4 i - . 
* c * w * > a * 


What are a and b in 


= If If a4 5 = 93 b. 3 . 
NI if 9 8 22 F 3 f 241 410 2 whole Numbers? 
| = webs = 186 — 60 55 
Bar) Out of 1. 1 3 121. <1 93 ＋ 28 3 | 
Suppoſe |aſ35460 E284 em? dn? 


[133 


4 
Out of 44 : Wy 
Sepp 7 28T 
8 | =" 
9 — 


. 7 IP REIIDF: 195 
F.. 2. 10 56 _ = 54+ 2 | 
— 45 Eg. 8 ＋ iq. 11. 99 : „ M3 3.4 * 
5 0 25 F 0 . 2 | . 54 3 7 5 2 2 
Out of 11 and J. f = e =, Here the Regreſſive 
8 % ³ ³ §¶ĩĩ ³ A es! PTE DEI} -,-:-., 
11x 93 +153. = 1176 VV 
12, 6 and 5, 3 | F 
1176 ä 


-- 


| | 3 s- 43 m4 
13 and 4. 14 28 da 
5 RE | 1— Rn ee 8 1 t 

2 33 42 * 121 + 126 = 5208 


— * 


r 


* * 


1 Exsyplication. „ 
I. The ſecond and third Equations are formed out of the firſt in like manner as be- 
fore in the Explication of Que. 23. DE SED 
2. But becauſe 28 which follows + in the third Equation, is not equal to, nor an 
Aliquot part of 60 which follows — in the ſecond, the proceſs cannot be made like that 
in the third, fourth and fifth Queſtions; fo that now a fourth Caſe takes riſe, and the ſcope 
of anew ſearch is to find out a number 4, ſuch, that if it multiply the ſaid + 28, the 
Product may exceed a Multiple of 93 (which is prefix d to b) by 60; for then itwill he e- 
© - vident, that if the third Equation be multiplied by that number 4, an a will be pro- 
duuced whoſe firſt part ſhall be a Multiple of 121, and the latter part ſhall exceed a Mutiple 
of 93 by 40, and then the reſt of the work will be like that in Caſe 2. in Queſt. 3. In the 
.  'fearch therefore of the number d, the fourth Equation is aſſumed; to wit, 93c+ 60=28d. 
3. The fifth and ſixth Equations are formed out of the fourth, in like manner as 
| the ſecond and third out of the firſt "49% 
44. Becauſeg whichfollows + in the ſixth Equation, is neither equal to, nor an Aliquot 
part of 15 which follows the Sign— in the 2 next ſcope (for the like reaſon before 
r | qQ 2. | given 
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given concerning the number d) is to find out a number , ſuch, that if it multiply the 
aid +9, the Product may exceed a Multiple of 28 which is prefix d to d, by the faid 
15; to which end the ſeventh Equation is aſſumed, to wit, 286 15 f. 
5, The eighth and ninth Equations are formed out of the ſeventh, in like manner 
as the.ſzeond and third; out of the ſſiſt. o: % gil 
6. Becauſe 1 which follows + in the ninth Equation, is an Aliquot Part of. 2 which 
ſtands next after — in the eighth, the ninth is multiplied by 2 the Denominator of 
* the ſaid part; (according to the Rule in Cale 3. Dneft. 3.) whence the tenth Equation 
K is produced, to wit, 562 54 27“. e 
5 7. The eleventh Equation; to wit, 99 = 99 is the Sum of the eighth and tenth; and 
ſince the ſaid eleventh is free from the Signs ＋ and —, a Regreſſive work now begins, 
to find out the whole numbers f, d, h and a; in this manner, viz. 55 1 
8. By dividing either part of the eleventh Equation, to wit, 99, by 9 which is pre- 
fix d to F in the ſeventh, there ariſes 11=f, as in the twelfth Equation: — 
9. Then multiplying the number F, to wit, 1 1, by 93, that is, either part of the ſixth 
Equation, and to the Product adding 153, that is, either part of the fifth Equation, the 
Sum makes 1176, (as you ſee in the thirteenth Equation) which 1176 is a Multiple of 
28, to wit, that which is tepreſented by 28 d in the fourth Equation; Therefore, 
10. By dividing the ſaid 1176 by 28, the Quotient 42 is the number d, as in the 
fourteenth Equation. 225 8 5 | 


11. Then multiplying the number 4, to wit, 42, by 121, that is, either part of the third 
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Values of a; 43, 136, 229, 322, 415, 508, &c 
Values of ö; 56, 177, 298, 419, 540, 661, Oc. 


14. After the Numbers f and d in the foregoing Reſolution of Queſt. 6. are known, 
the Numbers e and c in the ſeventh and fourth Equations, may eafily be diſcovered ; 
but there is no need of their help in the finding out of the defired Numbers a and h. 

15. But methinks I hear the Reader make this Objection, viz. How does it appear, 
that from every three whole numbers given in ſuch 22 as before is declared in Prop. 1. 
there may infallibly be found out two whole numbers à and þ to ſolve the ſaid Pro- 
poſition, by the Operation before explained in the four Caſes before mentioned: For 
Anſwer to this Objection, I ſhall here ſhew how. far the Proceſs need be continued at 
the fartheſt, to find out an Equation having -+1 in its later part; for when ſuch Equa- 
tion ariſes, tis manifeſt by the Operation in the third Caſe explain'd in Qusff. 4, and 
5. that two whole numbers a and b will infallibly be diſcovered to ſatisfie the Propo- 
fition, and conſequently innumerable other pairs of whole numbers to produce the 

ſame effect. Firſt, then in the foregoing Queſt. 6. the given number 121 which is 
prefix d to a, being divided by the given number 93 which is prefix d to b, after the 
Diviſion is finiſh'd there remains 28, to wit +28 in the later part of the third Equa- 
tion: Secondly, the ſaid Diviſor 93 being divided by the ſaid Remainder 28, after 
the Diviſion is ended there remains 9, to wit, +9 in the later part of the ſixth Equa- 


tion: Again, the laſt Diviſor 28 being divided by the laſt Remainder 9, after this 
Diviſion is ended there remains 1, that is, +1 in the later part of the ninth Equation, 
which Remainder 1 you will always infallibly come unto by a continued Diviſion in 
that manger, becauſe the two given Numbers prefix'd to a and b are (as the Propo- 
ſition requires) Prime between themfelves ; and that continued Diviſion is no- 
thing elſe but the Method of finding out the greateſt common Diviſor unto. two 
LEES: ELL | = B f | | Numbers 


* 


oc e 
+ * n o \ 4 
rs > 2 255 5 g 


7 cx * 
3 


* 


8 5 — e 


3 —_ ͤ K „ 


CHAP, 13. capable of Innu 


—_— OS * 


merable Anſwers. 


Numbers; fo that you may at firſt (if you pleaſe) diſcover unto what Lettet ar the 
fartheſt, the proceſs need be continued before you return backward according to the 
Operation explain d in Queſt, 6. Bur oftentimes before you come to the ſaid Remain- 
der 1, the Reſolution will run into one of the three Caſes explain'd in Dueft. 2, 3, 4, 
and 5. as will appear by the following ſeventh, eighth, and ninth Queſtions. 


— * 
—. 


— * „6 -4 
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e 


Vn bi i, 1k 
To... 8 '=-104 — 6- : 
Out +: 4 35 = 6 ＋ 19 
Suppoſe 426 c+6 ii 8 nt? f =? 
of 4. 4 8 „ 
Suppoſe | 7119 e+6 = 7 
Ont of 7.4 8025 3 28 3 
SLEPT. e e 
N ua? 
Out of 10. 11 7T+3 = to 1 | | PAIN 
Out of 10and 11. 124 22 22 Here the Regreſſive : 
JFF. I — work begins. 
Out of 12, 9, 8. 132 X 19, + 25 = 63 . : 
13, and 7. 14.3 5 = f 
„. 
14, 6 and 5. 15 * 26, +32 = 266 
VV 
15 and 4. 16 19 —ͤ 14 1 ; 
16, 3 and 2. 1714 * 97, +98 = 1456 . | 
17 and I 18,2456 =56 =6 8 . 
7 R = MW VVV „ 
, I. 
17 and 1. [19 |———— 1 ="4 
7 FF 
Esplication. 8 


| In this ſeventh Queſtion the proceſs is formed like that in the foregoing ſixth, and 


the laſt Letter in the work is h, whoſe value is diſcovered in the twelfth Equation by 
the help of the tenth and eleventh, according to the Operation in Queſt. 2. and then 


by the help of the Number þ, the Work returns backward to find our the Numbers F, 


d, b and a, in like manner as in Queſt. 6 But in this ſeventh Queſtion the laſt Letter 
in the Proceſs, ro wit, h, is made known before an Equation ariſes which ha 1 in 
its later Part; aud the like effect happens in the following eighth and ninth Queſtions. 
Now in Anſwer to this ſeventh Queſtion, all the values of a and b in whole Num- 


bers that are capable of conſtituting the Equation propoſed, to wit, 99a+1 = 26 b, 


are the Terms of the two following Arithmetical Progreſſions, which are deduced 
from the two ſmalleſt values of a and 6, (to wit, 15 and 56 found out as above,) 
according to the Rule in the third ſtep of Sc. 2. 


Values of az 15, 41, 67, 93, 119, 145, Oe. 
Values of ö; 56, 153, 250, 347, 444, 541, Oc. 


9UEST. 8. 
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CLIC DDD 
TEE "Reſolution of Queſtionss 300K II. 
eh ne he . Fg OE 
„ 5 What are the whole 
1 If 1880 * 3 with numbers a and 6? 
— ... cm? a=? 
8 7 
„ gag © frz 
| 5 ＋ 6. i Teo, TM 160 5 5 i 
Ts 4 d : 8 „„ 
—— 5 — ARES” e 3 SIR | f , 
8, 3, 2.92 * 119, * 125 = 3933 Wk, 
2933 = 69 — 5 : 
9, . e 2 Ds 5 
0 1 3933 —6 — = 
* is = 33 a 


Values of a; 33, 99, 147 , 204, 261, 318, Oc. 
Values of b 69 , 188, 307, 426, 545, 664. 7 Cc. „ 5 

In which Progreſſions, every two correſpondent Terms may be taken for values of 
a and b to conſtitute the Equation in Queft. 8. „ „ 
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11 eee 


e ot OT What are the whole 
2" i 1345 1 T œnumbers a and b? 
„ (1 194 = 213—39 | EE es 
Out of 1.4 3/173 ... 
Suppoſe | 4j7ic+39 __= 31d = d= ? 
_ C| ejx10 „„ 5 
Out of 4.4 : 71 ; = 62+ 9 5 x . 3 
Sod Foo. =? {=? 
ondy jr T4. 
8, and 9. | 9 4 = 5=f Regrefs. 
9, 6, 5. [roſs x 71, +110 = 465 
| 65 — ——— äb—— 
6 2” mw 1 > 
TI, 3, 2. 1 7 173, 1174 = 2769 
12, 1. 127752 N 
e I bo 5 
Wy 3 ei gw iq 
Values of a I6., #7 ß 2295-007 - 978.06. 
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Values of 53 | 39 „ 212 5 3 3.» 4 558 I 7315 904 3 Sc. 


96 ee e eee I Th 
Two whole numbers Prime between themſelves being given, to find out two others, 
ſuppoſe à and b, that if a be multiplied by the leſſer * thoſe two numbers given, and 
to the Product there be added a whole number given, the ſum ſhall be equal to the 
Product of þ multiplied by the greater of the two numbers firſt given. Moreover. to 
diſcover all the whole numbers a and I that are capable of producing the ſame effect. 
When each of the two given numbers which are Prime between themſelves is a ſin⸗ 
gle Figure, or ſome ſmall number conſiſting of two Characters, then the firſt of the 
tuo ways of ſolving the foregoing Prop. 1. will readily ſolve this ſecond; but waving 
that Method I ſhallſhew two other ways by the help of the later of thoſe two Methods. 


Ths 
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. Capable of Innumerable Anſwers. 


The firſt Method of ſolving Prop. 2. 
CES RF. 16 of | 
hat are a and b in 


os I. þ ee e whole Numbers? 
Out of 1. 20 145 = 173—28 1 
Buy Prop. 1. | 3| 2769 | = 2768+1 _ 
Eg. 3 x 28. | 4177532 = 77504+28 
* 822 — 
CS ny - 3 
Out of 5, 1. 6/5 = 449 7 
55 | a T3. L true Values, 
| | i. 55 I. / 1 - = 1094. a. 
| By the Rule in g56 = 1 the leaſt Values ; 
Seck. 2. Num. 20. 1223 . FRE” 7 s {7M 
| FE SE bo xplication. - 


1. I multiply 71 which is prefix d to a in the Equation propoſed, by ſuch a Num- 
ber, that when 3, to wit, +3 in the ſame Equation is added to the Product, the 
Sum may be either equal to, or leſs than ſome Multiple of 173 ; fo multiplying 71. 
by 2, the Product 142 increaſed with 3 makes 145, which is equal to 173 wanting 
28, viz. 145=173—28, which is the ſecond Equation. 

2. Then by Prop. 1. of this Chap. I ſeek two ſuch Numbers a and h, that if a be 
mulriplied by 173, and the Product increaſed with A 1, the Sum may be equal to the 
Product of þ multiplied by 71 ; viz. Suppoſing 1734 + x = 516, and proceeding 
accord ing to the foregoing Quef.g. I find 16 for the value of a, and 39 for h; there- 
fore 173 x 16, IS IX 393 or JI X39 = 173 x16, +1; that is, = 
2768 7 I, which 1s the third Equation. 7 1 — 


z. Becauſe +1 in the later part of the third Equation is an Aliquot Part of 28 in 


- 


and it makes the fourth Equation, to wit, 77532 = 77594 + 28. 2 
4. l hen by adding the fourth Equation to the ſecond the Sum gives the fifth, which 
is free from the Signs + and — ; and from the fifth Equation the whole Numbers 
449 and 1094 are diſcovered for values of þ and a, in like manner as in Queſt. 4, and 5. 


the ſecond, I multiply the third Equation by 28 the Denominator of the ſaid Part, 


out by the Rule in the twentieth ſtep of Seck. 2. 5 
5. Laſtly, by the help of the two ſmalleſt values of a and b, and the Rule in the 
third ſtep of Sect. 2, all that are capable of ſolving Queſt. 10. will be found in the 


two following Arithmetical Progreſfions, which may be continued as far as you pleaſe. 


Values of a; 56 : 229 402 „ 748, 921 5 1094 : c. 
Values of P; 23, 94, 165, 236, 307, 378, 449, Se. 
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. 5 
5 3 What are à and b in 
Oe | 1 = 656, whole Numbers? 
Out of 1. | 25922 = 5070—48. 
By Prop. 1. A 66 een. 
Eg. 3 * 48. 463168 = 312048 
5 sro We S 
Out of 5, and 1. e = 226 1 — . | 
VCF T true Values. 
vx; 57 J. 7 3 22 win | wag 145 a 
„ 3 — 
By the Rule in 815 Fat | 
; $:8 2 Num, 20, | 982 = þ 5 By * 7909 = 
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and by the help of thoſe the ſmalleſt values of a and b, to wit, 56 and 23 are found 
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Explication. 5 1 
I. I add 22 to 5000 and it makes 5022, which is not exaCtly divifible by 65, for 
77 times 65 is leſs than 5022, but 78 times 65, that is, 5070, Exceeds 5022 by 48; 
therefore 5022=5070——48, which is the ſecond Equation, ' 2 
2. Then by Prop. 1. of this Chap. I ſeek two ſuch whole numbers a and b, that if 
a a be multiplied by 65, and to the Product there be added 1. the Sum may on Gopal 
to the Product of h multiplied by 223 viz. Suppoſing 654a+1=22b, and proceding 
according to the later Method 0 reſolving the toregoing Prop. 1, I find 1 and 3 to be 
values of a and b CO, 4 47 +1=22X33 or 22X3=65X1,-F1; that 
1 —=65+1, which is the third Equation. _ | 
” : 5 N the Work as s in the Explication of Queſt. 10. all the de- 
fired values of a and b in whole numbers that are capable of conſtituting the Equa- 
tion firſt propoſed in this eleventh Queſtion will be found to be the Terms of theſe two 
following Arithmetical Progreſſions, vix. 1 5 : 
Values of a; 15, 80, 145, 210, 275, 340, Oc. 
Values of ö; 82, 104, 125, 148, 170, 192, Oc. 
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; . Another way of ſolving Prop. 46 - : 
4 8 e „ What are à and h in 
2145 "= 173 — 28 
Out of x. 3213 1 
Suppoſe - 417367728 r =? d =? 
5,5, = 240 —39 
„ RT 7 3.4; 
„„ . TOOL nw /.. B04 
1 
8, 4. 1 . . 18 _ 4 Regrels. 
9, 3, 2. |roſt8X213,+145 = 3979 
10, T. 1 5 „ | 
a 4 12222 — 2 36 = 4 
e 
„„  Baplpotiove, 


tion is formed as is there directed. 7 Ne NED 3 HE | 


. ” . 


2. The third Equation is thus formed: Foraſmuch as the given number 71 is leſs 
than 173 which is prefix'd to h, I multiply 71 by ſach a Numher that the Product 
may exceed 173, and be alſo Prime to it; ſo multiplying 71 by 3, the Product 213 
exceeds 173, alſo 213 and 173 are Prime to one another, then I divide the fame 213 
by 173, and find that 213 contains 173 once, and 40 over and above; therefore 
213=173+40, which is the third Equation. „„ | 
3. The fourth, fifth, and fixth Equations here, are formed! like the fourth, fifth, 
and fixth Equations in the foregoing Quell. 66. N 
4. Then becauſe 13 which follows + inthe ſixth Equation is an Al iquot part of 39 
which follows — in the fifth, I multiply he fixth Equation by 3 the Denominator 
of: the faid Part, (for 13 is + of 39,) and it produces the ſeventh Equation, ro wir, 
__ $19=480+39. Nr a OY es lo Fo. 
5. The eighth Equation is the Sum of the fifth and ſeventh, (according to the " 
tation in Caſe 2.) and then in the ninth Equatien the Regreſſiye Work begins, to find 
out the values of d,b and a in ſuch manner as has been ſhe vn in divers preceding Queſti- 
ons of this Chap. So at length all the values of a and b in whole numbers to ſolve this 
twelfth Queſtion will by this later Method be found the ſame as before in Que ft. 10. 
a oor or co om nt TD See. 5. 
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CHAP. 13. capable of innumerable Anſwers. 
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Io divide a given number into three or more numbers, ſuch, that if every one 
be multiplied by a different number given, the ſum of the Products wy k *» «ef _ 
iven number. But the ſum of thoſe Products muſt fall bet the two Products made 
by multiplying the given Dividend into thegreateſt and leaſt of the given Multiplicators, 
The ſolution of this Problem is explain'd by the following Queſtions of this Chan. 
ter, and oftentimes requires the help of the two preceding Propoſitions, as will partly 
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5: VVV 3 OT SO a er Jy=24 


1 And J ⁰y BOY ET Wo "IK - 36a+2 e+8 — 16 
What are the whole numbers a, e andy? || — k . a p 
RESOLUTION. 


2, The rſt Equation multiplied by 36, which is 5 | | 
, prefix*d to 4 in the ſecond, produces * 36a + 36e-+ 365 2886 "oy 
4. The 2d Equation ſubtracted from the third, leaves . 12e+28y=348 
5. The 4th Equation by tranſpoſition of ＋ 28y, gives. 12e=348—28y 


6. The fifth Equation divided by 12 gives e229 HJ} 
; _ | > i i 3 
If inſtead of e in the firſt Equation there be ta- „ 
' ken the later part of the fixth, this ariſes . . 5 ors +y=24 


8. That is, E „ #8 . SS o 1 * 8 42 ＋29— = 24 


9. From the eighth Equation by tranſpoſition of 2 45 1 


JJ ĩ 0•m.màoVuA.. 8 
10. That is, = i . © 0 . 4 6 8 $ 83 > . Yn; | 


11. By the later part of the tenth Equation tis evi- 5 4y — 
ee, Wo Wy. 3 5 
12. Therefore by multiplying each part in the ele- 5 = | 
venth ſtep by 3, it follows that. 4y = 15 
12. And by dividing each part inthe 12th ſtep by 4. y 34 
14. And from the later part of the fixth Equation, 
by arguing in like manner as in the eleventh, > 5 124. 
twelfth and thirteeth ſteps, i will be manifeſt that 9 
15. Now if Fractions or mixt numbers were admitted to be the values of a, e, and y, 
then by the thirteenth, fourteenth, tenth and ſixth ſteps tis evident that 
y any number between 34 and 123. | 


| £1008 4 ER ; 
16. But to find ont whole numbers to ſolve the Queſtion, the limits in the thirteenth & 


fourteenth ſteps do ſhew that y muſt be ſome whole number greater than 3, but not 
greater than 12, yet every whole number within thoſe limits will 
not ſerve the turn, for the values of a and e before diſcovered will '2|e 


2. 

not be whole numbers unleſs 5 and 7 be whole numbers; but 315 6 
5 Land 4 cannot be whole numbers unleſs y be 3, or ſome Mul- III T2) 
tiple of 3, and becauſe 3 is without the 1 may be 6, or 9 or 12, and n, 
TE) r | ” « trom 
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"Reſolution of Queſtions 300K IL 


from the fifteenth ſtep a ſhalſ%ye z, or 7,0r11;ande, 15, or 8, or 1. Now in anſwer 
to the Queſtion, 3, 15 and 6, 12 wit, a, e and y) are three ſuch whole numbers, that 
their ſum is 24, and if the firſt be multiplied by 36, the ſecond by 24, and the third 
by 8, the ſum of the three Products makes 516, as was required. The like may 
be ſaid of each of the two other Anſwers. But if Fractions or mixt numbers were 


admitted, innumerable Anſwers might be given to the Queſtion, as before has been 


ſhewn in the fifteenth ſtep. es EE, 
| Note. When one part of an Equation conſiſts of an Affirmative letter and ſome Ne- 


eative Abſolute number, a limit may thence be inferr'd, above which the number fig- 


nified by that letter ought to be taken. Bur if one part of an Equation conſiſts of a 
Negative letter and of an Affirmative abſolute number, it will give a limit beneath 
1 ſented by that letter muſt be choſen. Sometimes alſo rwo 


which the number repre NUIT 0 : 
limits will be diſcovered, (as in this thirteenth Queſtion for the choice of the number 


y; ) and ſomerimes but one, (as in divers of the following Queſtions.) | 
ws be QUE ST. 14. _ 
To find three ſuch whole numbers that their ſum may make 100 z 


— 


and that if the 


firſt be multiplied by 4, the ſecond by 34 and the third by 15, the ſum of the three 
Products may make 300. . 7 | 


For the three numbers ſought put a, e and y, then the Queſtion may be ſtated thus 
i. HH 8 e „ „„ | a+ e+ y = Too 
+ at M.. ior „ AN HS Hy =i100- 

What are the whole numbers a, e andy? I — — 
RESOELUTIUMN. 


[| | 


3. The firſt Equation multiplied by 4, (which is prefix d 5 'Þ ee 5 


to a in the ſecond Equation,) ns + 
4. The ſecond Equation ſubtracted from the third, leaves > - * 100 
5. The fourth Equation by | tranſpoſition of 1 75 gives i —_—_— 5 
6. If inſtead of e in the fitſt Equation there be taken the N , 17 _IIY 

later part of the fifth, this will ariſe e.. F 7100 +74 3 


— 


7. That is, after due Reduction, V 


8. From the later part of the fifth Equation it's 8 119 — 
5 IT TOY „ 
9. And conſequently by multiplying each part in the d „ 
OE EL ²⁰ ͤ:m m es 
10. And by dividing each part in the ninth ſtep by 11, 
KENT 7 Gr de ee F J' 245 2 
Whence 'tis manifeſt, that if the three numbers ſought were not reſtrained to whole 
numbers, any number leſs than 4.5-—< might be taken for the number y, and then the 


numbers a and e would be diſcovered from the ſeventh and fifth ſteps. But to have the 


Queltion ſolved by whole numbers, the number y muſt be ſome whole 


- | 5 number not greater than 45, and ſuch as may cauſe 2 and Y to be 
ol 5| . . 

12008 ph whole Numbers, for orherwiſe the values of e and a in the FM and 
: : 1 2 ; : ſeventh ſteps will not be expreſſible by whole Numbers; but IT and 


363430 n be whole Numbers unleſs y be 5, or ſome Multiple of 5, 


42123135] and therefore y may be 5, Or 10, Or 15, or any of the reſt of the 
48,12 40 numbers in the third Columel of this Table; and conſequently, from 
2241 1145] the fifth and ſeventh ſteps of the Reſolution, the whole numbers e and 


will be ſuch as ſtand under e and a. Thus you ſee that the Queſtion 
receives nine Anſwers in whole Numbers, which are all that it's capable of: So that 
if you take 6 for a; 89 fore; and 5 for ), their ſum is 100; and if 6 be multiplied 


\ 


4 


— Es * 8 FY ” po ws * 


of innumerable Anſ wers. 


HA P. 13. capable 
8 — — : — — — — — 
by 4 89 by 3 3 and 5 by 15, the ſum of the three Products makes 300, as the 


ſtion requires The like may be proved of every one of the other eight A | 
Note. When three numbers are ſought by a Queſtion of this nature ir xl 
of many Anſivers in whole numbers, all the values of every one of the letters in whole 
numbers are in Arithmetical Progreſſion, and therefore when two of thoſe Anſwers are 
found out, all the reſt within the limits diſcovered by the Reſolution are conſequent] 
given by Addition or Subtraction of the common difference in each Rank, as may 4 
fily be perceived by the values of a, e, y in the Table above- written. But when four 
numbers are ſought, the values of a letter are oftentimes found in ſeveral Arithmeti- 


cal Progreſſions, as in the following Hue. 20. 
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To divide 1533 into three whole numbers, ſuch, that -. of the firſt, together 


with z of the ſecond and +++ of the third may make 167. 


For the three whole numbers fought pur a, e, and y, then the Queſtion may be 


Les" ogy 

RC ISIS Corr uote da 3-5 4+ + 0% 8& J=1533 

2. And 3 2 4 J 8 2 Ta Ae 158 
+ - What are the whole numbers a, e, and)? — e . 
| RESOLUTION. 


I! 


3. The firſt Equation multiplied by A, produces. ae 2 
4. The fourth Equation ſubtracted from nad 5 
i d ß 
5. The ſecond Equation by tranſpoſition of jp 9 

/ + ec » +» $ ik GE GE 
22261 , 2266 


Il 


1 
e ops 
1397 
e © 


6. The fifth Equation divided by 24, gives -. 97 + 226 
7. If inſtead of) in the firſt Equation there be) , Te 22261 Fg þ = 
taken thelarer part of the fixth this ariſes, . 5 1533 


8. The ſeventh Equation, after due m_— 22 126440 3230 
ion, gives B En 97 
9. By the eighth Equation it's manifeſt that. 3 23e 126440 
Io. And conſequently by dividing each part j 1 
J) 22h, on LS - 39 TT 
11. Now to find out yy wee of * Th 
in whole numbers, (if there be a poſſibility V 
I multiply the ſixth Equation 6 the De- C 97) © 2226I +226 
nominator 97, and it makes 3 | 
12. That . . 226e+22261=97y 


13. Then by the foregoing Prop. l. of this Chapter, I ſearch out all ſuch whole numbers 
as may be values of e and y to conſtitute the laſt Equarion, that is, 2262422261 
=97y; but with this Condition, viz, That the greateſt whole number among thoſe 


that are found out for the values of e may not exceed 3911. ne 


as the preceding. reath ſtep requires; ſo I find four values | a | e | y 


1533 the Number firſt given to be divided, the Remainders | 178|338|1017} 


ofe, to wit, 47, 144, 241, 338; and four values of y, to 1147 47 339 
wit, 339, 565, 791 and 1017: Then the Sum of every 324144 565 
two correſpondent values of e and y being ſubtracted from 501241] 791 


| 


| 
| 


ſhall be the deſired values of a, to wit, 1147, 824, 501 and 


178 ; fo thereareonly four Anſwers to the Queſtion in whole Numbers, to wit, 


The Proof of the firſt Anſwer. 

The Sum of 1147, and 47 339 is « « 1533, 
1 of 1147 18 VCC . e _ 1437 
CHEE Corea, qo os 

+06 239 iS 1 3 8 | . 6, 

Laſtly, the ſum of thoſe three Tron 11 
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116 Reſolution of Queſtions 
' Therefore all the Conditions in the Queltion are ſatisſied, and the like may be pro- 


ved by every one of the other three Aniwers in whole Numbers; but if Fra&iong: 
were admitted, innumerable Anſwers might be given by the tenth, eighth, and ſixth 
ſteps of the Reſolution. hs vr 

hpbrehe apdogarige et EG & 5 . 2 of hte bo 3 8 


— 


To find the three Numbers, that their Sum may make 300; and that if the firſt 
be multiplicd by 6, the ſecond by 5, and the third by z, the Sum of the three 
products may make 1496. ; : 3 

Let a, ey be put for the three Numbers ſought; then by forming the reſolution in like 
manner as in the preceding thirteenth, fourteenth and fifteenth Queſt. it will appear that 
y = any Number between r. 27 and 76; | 


0 EE 5 
— Wy: 
300 | 


Whence tis evident, that there cannot be three whole numbers found out to ſolve 
this Queſtion, for 300 is the ſmalleſt whole Number that can be taken for y to cauſè 


11939 and 89) to be whole Numbers; but 300 exceeds the greater of the two li- 
$00  200-- | . | 
mits above diſcovered for chuſing of the number). 


® as 5 . oF 
8 . « 8% --- + ++ ,& xv „ * E S 5 — x ne 
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„ Une 9. 5 52 
Ifone would lay out 98 _ to buy 40 Birds, ſuppoſe Patridges, Larks and 
Quails; how many of each Kind may be bought when Patridges are at 3 pence a piece, 
Larks at an half penny a piece, and Quails at 4 pence a piece? | 
Let a repreſent the number of Patridges, e the number of Larks, and y the number 
of Quails ; then according to the Queſtion, a- e+y=403 and becauſe the number of 
all the Patridges multiplied by the price of one of them produces the full coſt of all, 
it's manifeſt that 3a is the full colt of all the Patridges; and for the like reaſon 2 ſig- 
nifies the full coſt of all the Larks; likewiſe 4y the full colt of the Quails ; But thoſe 
three particular Sums of Money muſt be equal to 98 pence, therefore 3a-þ e? 
= 98 ; ſo that the Queſtion may be ſtated thus; - 8 
EW PE nor oe ee oe Sena 
\ 4. an + Sr EE 8 34+ 3e+ 4y=98 
| What are the whole Numbers a, eand y? [| ———— 
LE EL ASD Ae. | 0 
3. The firſt Equation multiplied by 3 (which of ans 05 1 


in the fecond, ) produces. 
4. The ſecond Equation ſubtracted from the third, leaves - A — 822 


4 


ariſes "PIE TE 9 EE 2, TE. 8 . » „„ 5 
6. Then inſtead of) in the firſt Equation, if there be ſet te? Fe 
later part of the fifth, the firſt will be reduced to this, . 3 ae ——=22=40 
7. The fixth Equation; after due Reduction, gives. > ,=g,_7% 


5. From the fourth Equation, after due Tranſpoſition, MEE 8 a os 


8. By the latet part of the fifth Equation its evident that > Ce c 22 


9. And conſequently by multiplying each part in the eighth j 2 
OLD 3-6 04. 
to. Whence by dividing each part by 5, it follows that — ,— g4 
11. Again, from the later part of the ſeventh Equation, ) ? 
by arguing in like manner as in the eighth, ninth and > e = 17. 1 
tenth Reps, it will appear that ; ee .\1 7 ; 
Bo - ; E Is 8 12. Now 
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e of innumerable Anſwers. 
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12. Now fince the nature of this Queſtion requires that the deſired value of a. and 
be whole numbers, it's evident from the fifth and ſeventh ſteps that e muſt be an Shen 


number, otherwiſe 2- and will not be whole numbers; for if e be an odd number, 


2 
the Dividends 5e and 7e will be odd, (for odd multiplied by odd produces odd 
therefore their halves cannot be whole numbers. Since then e 2 be an . 
ber, it's manifeſt by the tenth and eleventh ſteps, that . | 


may be 10, or T2, or 14, or 16, but no other even Partr. Larks:Quaits; 


number whatever; and conſequently from the fifth ſtep x | 7 6 
ſhall be 3, or 8, or 13, or 18; and from the ſeventh ſtep, 25 ( 

a ſhall be 27, or 20, or 13, or 6. Thus it appears that 45 ; 15 3 
the Queſtion may be ſolved by four ſeveral Anſwers (an 7 1 8 
not more) in whole numbers, viz. Firſt, 27 Patridges, 3 5 ph 


10 Larks, and 3 Quails, which are in multitude 40, ma | 
be bought for 98 pence at their reſpective prices given in the Queſtion ; or 20 Par- 
tridges, 12 Larks, and 8 Quails, which are likewiſe 40 in Multitude, and the like 
may be affirmed of the other two Anfivers inſerted in the Table in the Margin. 

But if a Queſtion of the fame nature be defired that has but one anfiver in whole 


numbers, the following Epigram (cited by Monfieur Bachet in his Comment upon the 


one and fortieth Queſtion of the fourth Book of Diophantus,) will be ſatisfactory. 


FR FY " pe es. - ISFYY a 4 * 4 7 . 
— — — a 2 EY 


Ut fot. emantur aves, bis denis utere nummis 3 
Perdix, Anſer, Anas empta vocetur avis. . 
Sit ſimplex obolus pretium Ferdicis, ematur 
biex obolis Anſer, biſque duobus Anas. 
Ut tua procedat in Incem queſtio, mentem 
Conſule, fic loquiter pectoris arca mii. 
Sint Anates tres atque due, fimplex erit Anſer, 
© MAecippe Perdicesquatior atque decem. On 
The ſence is this: If the price of a Patridge be an half penny, 4 Gooſe 3 pencs;, 
and a Duck 2 pence; how many of each kind may be bought at thoſe rates, if it be 
deſired that all the Birds bought may be 20 in number, and coſt 20 pence > 
Let a repreſent the number of Patridges, e the number of Geeſe, and y the number 
of Ducks, then this Queſtion (like the preceding ſeventeenth) may be ſtated thus: 
T. If F 4 SM 5 ö FEE VV; a+ e y=20 K 
%%% ⁰⁵ don ĩ mend ¼ ier guns): 
What are the whole Numbers a, eand y? {| kkwyqm —— 
| oe RESOLUTION. 
The firſt Equation multiplied by 2, produces are = 10 


3 s 
4. The third Equation ſubtracted from the ſecond, leaves -. *+ Y=10 


* Y 4 
* 


r 


| 4 2 
5. By tranſpoſition of - in the fourth Equation, this ariſes - E= I — 


6. The fifth Equation divided by 4; gives . 4. , » 6 oY 
7, By ſetting the later part of the fixth Equation in * Nr 
F place of e in the firſt, this ariſes . : , 6 «T4 5 Ty=20 


8. Which laſt Equation, after due Reduction, gives > a=1 Rp. 


9. From the later paft of the ſixth Equation it may be in- | 
ferr'd, (in like manner as in divers of the preceding > y = 67 
| Queltions) that TY 6 HRT ls, 4-2 0 . RY * * 8 a ; | | 
10. But the ſixth and eight ſteps do ſhew,that to the end the values of e and a may be 
Whole numbers, as the nature of this Queſtion requires, it is requiſite that - and 7 
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Reſolution of Queſtions BOOK II. 
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be whole numbers; by Yand — cannot be whole numbers, unleſs y be 5 cr ſome 
Multiple of 5 ; and by the ninth ſtep y muſt be leſs than 6+, therefore 5 is the only 
whole number that can be taken for y, or the number of Ducks; and conſequently 
the fixth ſtep gives 1 for the value of e, that is, x Gooſe; and by the eight ſtep, 
the value of a is 14, that is, 14 Partridges; which three numbers will ſolve the 
Queſtion, as may eaſily be proved. 1 


The Reſolutions of the following nineteenth and twentieth Queſtions do ſhew how to find 
out innumerable Anſwers to any Queſtion belonging fo the Rule of Alligation alternate 
in vulgar Arithmetic, when three or more things are to be mixed together, according to 


the import of that Rule, 


| GUEST. 19. 

A Vintner having three ſorts of Wines, the prices whereof per Gallon ate 24 pence, 
22 pence, and 18 pence, deſires to make a Mixture out of them that may contain 60 
Gallons, in ſuch manner, that the total Mixture being ſold at ſome mean price per Gallon 
between 24 penceand 18 pence, ſuppoſe at 20 pence,may make the ſame ſum of Money, 
as all the particular quantities of Wine in the Mixture at their own prices. 1he Que- 
{tion is, to find what quantity of each ſort of Wine may be taken to make that Mixture. 

For the deſired number of Gallons of the firſt ſort of Wine to make the Mixture, put 
a ; for the number of the ſecond fort e; and of the third y: Then a+e-+y=60, 
(the total number of the Gallons in the Mixture; and becauſe every Gallon of the 
mix'd quantity muſt be ſold for 20 pence, the 60 Gallons mix d are worth 1200 pence, 
and ſo much alſo muſt all the Products of the particular Quantities of each fort of 
Wine multiplied by their peculiar prices amount unto ; therefore 24a-+ 22e-þ 1 8y= 
1200=60X20. So that the Queſtion may be ſtated thus: e 
HE, eo | 
2. Ill 4x00. 2406+ 226+ 161=1200 (f=6ox20 

What are the numbers a, e, 2 || —— mh 2 
3 Narro 
3. The firſt Equation multiplied by 2 

(which is prefix d to à in the ſecond Þ 24a 246 f 24) 2 1440 
| 1 3 IR £ K 1 „ 

-” e FRE © Jeon uation ſubtracted ?" 5 
| * the third, . „„ OY 26T 69=240 
5. The fourth Equation by e 3 

c e eee 
6. The fifth 1 4 e 3 gives . 6=120—3yp 

By taking the later part of the fixth E- 3 
f 4. "Sſtead of e 15 the firſt, this mite 4+ 1200-29 FJ==00 
8. The ſeventh Equation, after due 2 1 
duction, diſcovers the value of a, viz, F *© YO 
9. From the 8th Equation it's evident that y © 30 
10. And from the fixth Equation, -, . | 124 ; | | 1 
x1. By the 10th, 91h, 8th and 6th ſteps it's manifeſt that innumerable Anſwers may be 
given to the Queſtion propoſed ; for fince Fractions are not here excluded from being 

Anſwers, you may eſteem . y = any number between 3o and 40; | 


—y 


— 


PE a = 2y—60; 

EY ES ar Fo 0 ono 5 
12, Whence nine Anſwers in whole numbers are diſcovered, to wit, thoſe expreſt in 
7777757 this Table. But the Rule of Alligation in Vulgar Arithmetie finds 
2 27 3 out only one Anſwer to this Queſtion, to wit, the fixth. And becauſe 
421 3; innumerable Numbers may be taken between 30 and 40 for values 
41303 of y, you may find out as many Anſwers as you pleaſe in Fractions, 
1212 3 (which are, not excluded in Queſtions of this Nature ; ) ſo if for y 
140 3 1 you take 302, then @a = 1, (= 2) —60,) and e = 287, (= 120 
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EE. * The-Proof of the frſt- Anſwer. 
1 ng of. 115 at 24 15 per 1770 together with 27 Gallons at 22 pence 

er Gallon, and 31 Gallons at 18 pence per Gallon, amount to 12 e ry 
alſo the value of 60 Gallons at 20 pence per Gallon. ö which is 
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CH AP. 13. capable of innumerable Anſwers. 


— — 
— 
— — 1 
— ——b 
ä ©1407 5 ——— 
- — 


* 


. 


A Vintner having four forts of Wines, whoſe prices per Quart are 16 pence, 10 pence, 


ſo as this mixt quantity being ſold at ſome mean price per Quart between 16 pence and 
6 pence,ſuppoſe at 12 pence,may produce the ſame ſum of money, as all the particular 
quantities of Wine in the Mixture if they were ſold at their own prices. The Queſtion 
is, to find what quantity of Wine of each ſort may be taken to make that Mixture? 
Let a, e, y and u be put for the unknown quantities of Wine that are {ought to make 
the Mixture ; then a fer Hur Too, (the rotal number of Quarts in the Mixture ) 
and by multiplying thoſe Quantities ſeverally into their peculiar prices, the ſum of the 
Products is 16a-F 102+ 8y-+61 ; which ſum muſt be equal to the Product of 100 
multiplied into 12, that is, x200 pence ; So that the Queſtion may be ſtated thus j 
I. 1 JJ 8 2 e y+ u 100 
TT AR i ) Vd d CIS, it 
5 What are the Numbers a, e, y and un? I ln Ae hinge 
The given Equations being fewer in multitude than the numbers ſought, it's a fign 


8 pence,and 6 pence, deſires to make a Mixture out ofthem that may contain Ioo Quarts, 


| | 
— 
Dd 
O 
O 


that the Queſtion is capable of inuumerable Anſwers ; now that you may find out as ma- 


ny of them as you pleaſe, the firſt ſcope in the Reſolution muſt be to diſcover limits to 
direct your choice of ſome one of the numbers ſought, and accordingly, the drift in 
the eight Equations next following is to ſearch out limits for the firſt number a. 
| fr. ᷣͤ 8 
2. From the firſt Equation by tranſpofition of a, „ _ 
: this _ 3 5 7 3 5 n= 100—4 
4 the ſecond Equation by tranſpoſitio | 
. if 166, this ariſes, . 3 > g 8 4 | Nh Io0e+8-+61=1200—I64 
5. The _ Equation pron omg y to wit, 3 5 
the leaſt of the known numbers which are pre- , 
fix'd to the letters in the firſt part of the fourth C be 6=600—64 
P ͥ © © 88 35 
6. Again, the = TI 3 by 10, 1 | 
that is, the greateſt of the known numbers which A 
are prefix d to the letters in the firſt part of the Toe I Io. οο - 
fourth Equarion produces 
7. Ir is manifeſt thar 1 ey ed i” = Equa- 
tion is leſs than the firſt part of the fourth, there- ny 
fore alſo the later part of the fifth ſhall be leſs 806 200=—I68 
than the later part of the fourth, viz. . . 
8. Therefore from the ſeventh ſtep, after due 23 1 
""duttion, it follows, that”. + + + - - 
9. Aga in, for as much as the 2 5 inn 
Equation is greater than the firſt part of the 4th, (. 3 
bs alſo the later part of the fixth ſhall be 100010 f 1200-168 
greater than the later part of the fourth, viz. . 
10. Therefore from the ninth ſtep, after due 1 a C 354 
duction, it follows, that . . .'. .'. . * 


Now ſince it is found by the eighth and tenth ſteps, that a the number of Quarts 
ſought of the firſt ſort of Wine to make the Mixture muſt be leſs than 60, but greater 
than 3 32, let ſome number within thoſe limits be taken for the value of a, viz. 


11, Suppoſe 
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} 52 47+e+3+#=100 i 6 
* «©» © ez 


752=164a 


E 15. Then by ſetting 752 in the place of mw F752+ Loe y- En 1200 


in the ſecond Equation, this ariſes 


mains, vix. 18 4 S 5 . p $0 0} ; | | 

17. The Equation in the thirteenth ſtep multi- 7 
plied by 10, (which is prefix d to e in the 
Arten Podue es 

18. Then by ſubtracting the Equation in the 
ſixteenth ſtep from that in the ſeventeenth, 
the letter e vaniſhes, and this Equation re- 
mains, 8 


Joe 1 ＋ 1022530 


© 


+ + 2Tan=ba 


of + 4x, this Equation ariſes, . . . . 
20, And by dividing each part of the maps y=aI—2n OD , 
In the nineteenth ſtep by 2, it gives . . 55 . | 
21. Then by ſting the latter part of the Equa- . 
tion in the twentieth ſtep in the place of y e 4I—2u FA 252 
in the thirteenth ſtep, it makes =O | 
22. Whence, after due Reduction. e=nFI12 


| 19. From the eighteenth ſtep by waffen; PR IEA 47 


23. By the later part of the Equation in the 


twentieth ſtep, it's evident that 2 A 41, 1 205 
— ß TS 
And becauſe the known number 12 which follows +# in the twenty ſecond ſtep, 
(expreſſing the value of e) is Affirmative, there is not any limit to ſhew above which 


0 6 * ©, . 


the number u ought to be taken; and therefore, according to the three and twentieth 


ſtep, u may be any number leſs than 20; ; Therefore, 


24. 3 = + * . th 3 6 * . h 1 2 20 | 

25. Then from the twentieth and twenty fourt 5 
ſteps 1 chat 13 „ 5 enn 

26. And from the twenty ſecond and twenty? 2 
SL + > 4c... +. [ 9 (=#+12) 


Thus by the eleventh, twenty ſixth,twenty fifthand twenty fourth ſteps; four whole 


numbers are diſcovered, to wit, 47,32, I and 20 for the values of a, e,y, and u, which 


numbers will ſolve the Queſtion. For if 42 Quarts of the firſt ſort of Wine, 37 Quarts 
of the ſecond, 1 quart of the third, and 20 of the fourth be mixed together, the ſum 


makes Io quarts, which at 12 pence per quart yields 1 200 pence; and the ſame number 


of pence will be produced by ſelling 47 quarts at 16 pence per Quart, 32 quarts at 10 


Pence, 1 quart at 8 pence, and 20 quarts at 6 pence; which was required. 


But becaufe (by the twenty third ſtep) u may be any whole number leſs than 202, 
nineteen Anſwers more in whole numbers may be found out by repeating the Proceſs in 
the twenty fourth, twenty fifth and twenty ſixth ſteps; ſo that 47 being taking fora, 
there will be twenty Anſwers in whole numbers, which are inſerted in the following Ta- 
ble. And by putting a equal to every whole number ſeverally between 33+ and 60,which 


© the limits diſcovered in the eighth and tenth ſteps, for the chuſing of the number a, af- 


ter a due repetition of the Proceſs with every one of thoſe whole numbers, in like manner 
as before with 47 from the eleventh ſtep to the end of the Reſolution, two hundred nine- 
ty four Anſwers more in whole numbers will be diſcovered, which with thoſe twenty in 
the Table make three hundred and fourteen Anſivers in whole numbers to this 2 
1 5 Queſtion, 


* i 
w_ > . 2 
i g uy 


| Queſti 
which confiſts partly of Fratt 


 CHAP:13. capable of Inmmerable\ Anſwers. 
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on, to which the Rule of Alligation in Vulgar Arithmetie gives only one Anſwer 
ions too; but by the Method above deliverd, innume- 
rable Anſwers may be found out in Fractions. The Table follonss. 


Gr, 
a en | 
4731319 
11 | 47 30 5 18 | 
1 17 
47 28 2.46 
47 271115 
| 47 | 26 | 12 | 14 
47.| 25 | 15 | 13 
47'| 24 | 17 | 12 
47. ]-23 | 29 | 12 
[47] 22 | 21 | 0 
47 [21] 23] 9 
472025 8 
4719 27 7 
47 [1829 6 
„ 51 
147163341 
. 
471437 2} | 
[42.1181 461-1; 
| „„ 2 +; 


Forty-one perſons conſiſting of Men, Women and Child 


ren, ſpent in the whole at- 


2 Feaſt 40 Shillings; whereof every Man paid 4 Shillings, every Woman 3 Shillings, 


and every Child 4 pence, or + 
likewiſe of the Women and Children. 


The Nature of this Queſtion not ad mitting Fractions 


* 


of a Shilling: It's deſired to find the number of Men, 
in the Anſwer, the ſcope of the 


Reſolution muſt be to divide 41 into three ſuch whole Numbers, that if the firſt be 
multiplied by 4, the ſecond by three, and the third by g, the Sum of the three Products 


may make 40: To which purpoſe 


TH con ee >» 
6 IE ! 8 
What are the whole numbers a, e, y? 


ler a, e and y be put tor the defired numbers of Men, 
Women and Children, and then the Queſtion may be ſtared thus, viz. 


„„ „% 41 e T = 41 


' RESOLUTION, 


3. By forming the Reſolution in like manner as in the torego- 
ing thirteenth, fourteenth and fifteenth 


appear, that * - 9 o o 5 . 2 7 


44 ＋ 36e ＋ 3 = 40 
ll * — — 
E 317 
F =! 32773 
1 = 
Queſtions it will 5 © 124 3 
. 8 . 4 . 3 87 = 83. 


3 | 


Whence tis manifeſt that 32 and 33 are the only whole Numbers within the Li- 
mits for the chuſing of the Number , but this muſt neceſſarily be a Multiple of 


otherwiſe 
7 2 3 


and 2 will not be whole Numbers, and conſequently the values of 


e and a above expreſsd cannot be whole Numbers; therefore 33 is the ſole whole 

Number that can be taken for the value of y, to wit, the number of Children, and 

conſequently the values of e and a above expreſs d will give 3 for the number of Wo- 

men, and 5 for the number of Men : which three numbers 5, 3 and 33 will ſolve the 

. Queſtion, for their ſum is 41; and if the firſt be multiplied by 4, the ſecond by 3, 
I is 40, as was required. 


and the third by +, the ſum of the three 
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13. Whence by equal ſubtraction of 12, thete remains „ y+ 1 


16. And by fubtracting 72 from each part of the laſt 


, — — leo, Awe 7 e ——— — 


1 


eg i 5 1 v 4 g -, : 
BOOK II. 
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; g "FAN * F A * * 5 a . 
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i O hd + a &* *- i 8 
1 | 1 ; | | % * I © is 

« 0 
: / ' 1 * . * + 7 5 * 5 (3 
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Twenty perſons, confiſting of Men, Women, Boys and Girls ſpent at a Fea 


23 vg 4 4 <p —_—_— 


number of Men, likewiſe of Women, Boys and: Gitls. 


. \ 


4 * 
. 1 * P « - | — * 1 1 3 - * £ * 4 / * 
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ing : It's deſired to find out the 


| in 
the whole 94 Shillings ; wheteof every Man paid 6 Shillings, every Woman 4 Shil- 
lings, every Boy 3 Shillings, and every Girl 1 Sail Wenan 4 oft 


"x 7 
* 


2 


The ſcope of this Queſtion is to find out fqut ſuch whole numbers that their ſum 


may make 20; and that if the firſt be multiplied by 6, the ſecond by 4, the third by 3, and 


To If o „ 0 ” * . 63. bv ; > E-—'0 = | * = SIE ³ artery -i 


2. Ad . . „ „ 475 1.31, l =g9 
What are the whole Nui bers a, ey „ * . 


; V-3 
2 


20 


RESOLUTION | 


the fourth by x, the ſum of the four ProduAs may. make 94; therefore by putting 
the 


a, e, y, u, to repreſent thoſe fbur whole numbers, the Queſtions may be ſtated thus; 


The firſt Scope is to ſearch out Limits for the Number a in like manner as before in 


z 


the twentieth Queſtion, viz. 


3. By tranſpoſition of a in the firſt Equation, this ariſes, e y+ un = 
4. Likewiſe by tranſpoſition of 6a in the ſecond Equa- 


tion, there comes forth . .. 3 - . + «- > 
5. The third Equation RP by 1, (to wit, the 
ſmalleſt of the Numbers prefix d to the Letters in the 


1 
7. It is manifeſt that the firſt part of the fifth Equation 
is leſs than the firſt part of the fourth, therefore alſo { - 


1 4e ＋ 3) ＋ uw = 94—6a 


firſt part of the fourth Equation, where I is ſuppoſed ETAL ns —_— 
to be prefix d to u,) does produce the ſame third, viz. > 

6. Again, the third Equation multiplied by 4, to wit, | 

the greateſt of the Numbers prefix d to the Letters in & 4e-+4y+4u = 80—44 


the later part of the fifth ſhall be leſs than the later C 20— © pb 


--pattof tha unth, „ 
8. Therefore from the ſeventh ſtep, after due Reduction,“ 1 
it follows that „ ß ey he wed fe fe 1 Py a 2147 
9. Again, foraſmuch as the firſt part of the fixth Equa- 
tion is greater than the firſt part of the fourth, there- ( 


fore alſo the later part of the fixth ſhall be greater 80—ga N 94—ba 


than the later part of the fourth, v. 
10. Therefore from the ninth ſtep, after due Reduction, 2 
—:.. m 5 e WF" F 


Now fince cis found by the tenth and eigth ſteps, that a, (or the number of Men) 


taken for the value of a, vix. 

%.... 888 

12. Then by ſetting 12 in the place of a in the firſt 
Equation, this ariſes, 6 yy + 


— +8 


12+ + * 


14. And by multiplying the Equation in the eleventnh? 

ſtep by 8 . 1 * : SDSS Ir CT LUKE þ ——— 

75. Then by ſetting 72 in the place of 6a in the ſecond ? 
Equation, it gives 131 7246+ 39+ 1 


Equation, the eee is : Tie On WTF. 
17. The Equation in the thirteenth ſtep being multiplied ? 

by 4, (which is prefix d to e in the fixteenth) gives F e 
18. Then by ſuhtracting the Equation in the ſixteenth ? 

ſtep from that in the ſeventeenth, the Letter e vaniſn-- 2 5473 


es, and this Equation remains. 


e 


, I. 


=> 


is greater than 7, but leſs than 145, let ſome whole number within thoſe Limits be 


a 


20 


8 
6a 


94 


22 


32 


10 


| 19. Whence 
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CHAP. 13. capable of Innumerable Anſwers. 


[l 


FE Hs 4 oe 

20 Then by ſetting the later part of the Equation in 
the nineteenth ſtep in the place of y in the thirteenth, e + 10—3u4+u = 8 
76 os Eon Wo. 

21. Whence, after due Reduction, this Equation ariſes, © e = 2u—2 

22, From the later part of the nineteenth Equation, it 

GS ( ²˙ 0‚ Ry Ju 34 
23. And from the later part of the twenty firſt Equation, « = 1 - 

No ſince by the twenty ſecond and twenty third ſteps, u (or the number of 
Girls) is found to fall between 1 and 3 let 2 be taken for the value of u, VIZ, 
% T © 5 
25. Then from the nineteenth and twenty-fourth ſteps, y = 4 (= 10=3nu) 
26. And from the twenty firſt and twenty fourth ſteps, e = 2 ( = 2u—2 ) 

Thus by the eleven:h, twenty fixth, twenty fifth and twenty fourth ſteps, four 
whole numbers are diſcovered, to wit, 12, 2, 4 and 2, for the values of a, e, y and 1. 

Again, by taking 3 for the value of u, (which is within the Limits before diſcovered) 
the nineteenth and twenty firſt ſteps will diſcover 1 and 4 for the values of y and e, (a 


TO—3u 


[I 


being 12, as before. Wherefore two Anſwers to the Queſtion are found out; for the 


number of Men being put 12, the number of Women will be | | 
2, the number of Boys 4, and the number of Girls 2; or the . 1 


number of Men being 12 as before, there will be four Wo- 2 — 
men, 1 Boy and 3 Girls. Again, if 11 be put equal to a, (or 7 / 3 
the number of Men,) and the proceſs be repeated from the 1 #4: 
eleventh ſtep to the end of the Reſolution, there will be found . 
two Anſwers more in whole numbers. In like manner, if 9, 10 pp 3 x4 © | 
and 13 be ſeverally be put equal to a, three Anſwers more will | oa | a : „ 
be diſcovered; But if 8 and 14 be ſeverally put equal to a, , - * 3 
altho they be within the Limits in the eighth and tenth 2 E 


ſteps, yet the work being repeated as before will not ſucceed 
to find e, y and u in whole numbers; ſo that there are only ſeven Anſwers, to wit, 
thoſe inſerted in the Table ; bur that every one of them will ſolve the Queſtion may 


* 0 


eaſily be proved. 


— 


If a Queſtion of this nature be deſired that has but one Anſtwer in whole numbers, 
let the number of perſons be 60, and 100 the number of Shillings ſpent; alſo let every 


Man ſpend 2 Shillings, every Woman + of a Shilling, every Boy + of a Shilling, and 


every Girl © of a Shilling; then by forming the Reſolution as before, the number of 
Men will be found 46, the number of Women z, the number of Boys 5, and the 


number of Girls 6. 


A 


SVEESET 23. 

To divide 200 into five ſuch whole numbers, that if the firſt be multiplied by 12, 
the ſecond by 3, the thitd by x, the fourth by 2, and the fifth by =, the Sum of the 
Products may alſo make 200. 3 

This Queſtion may be reſolved like the foregoing twentieth and twenty ſecond, but 
I ſhall leave it as an exerciſe to the induſtrious Analyſt, who (if he thinks it to be worth 


his pains, ) may find out 6639 Anſwers to it in whole numbers, (as Monſieur Bachet, in 
the two laſt Pages of his little Book before cited in Sect 1. of this Chapter, does affirm. 


icholas Tartaglia handling this Queſtion, (which is the laſt of the ſeventeenth 


Book of the Firſt Part of his Arithmetic,) thought it a great matter that he had found 


out one ſingle Anſwer to it in theſe five whole numbers, to wit, 6, 12, 34, 52, 96, and 


aſſerted, That Queſtions of this ſort could not be perfectly ſolved, either by the Al- 
gebraical Art, or any certain Rule ; but the Contents of this Chapter do manifeſtly 
ſhew, that the Imperfection was in the Artiſt, and not in the Art. | 


i; 


The End of the Firſt Volume. 1 


un — 
oo © -— wo. A Fon 


1 
q ; 
* 
1 
: ?. 
Tit 
19 

f 


— —Uä 
4 we ©. 


1 
* 


p 
3 
. f 
it 
[4-1 6. 
Ji 
* 
, A'S 
2 
B+ | 


- — 
Te Sp ere Arete 1. 


Ms 


* OTST > ew 
. A. 4 * 


* _— r 
299 * orga $7. i te ee” 
— 
= n 


: _—_— wh 8 A > tudes 2 2 7 

iy ging — — = — — 4 — 
a tne —— — 

= — * 

* 3 _ i... Eo 

et Se "x: #4 4 
4 FY 
* 
7 

1 vw = 


2 8 
* 


PG 


— 


I * n. A ** K 5 * . * , 
os, - bd * wt 9 a 5 
933 5 
— TRE # * 
, 4 
x 
. - 
* : ** 
1 2 
* 
0 * * S " - 
ö 1 . te 4 — 2 4 
—— 4 — ——U— — 1 , 1 
* 228 
n * Si * Re i 
* 4 * 2 : 
* "= — — - = * 
ö „ ot 3 *, E 
# 5 * # 14 9 * 9 1 8 F 1 4 
» [ + 4 2 : - ; 
* - * 
. . : 
* . 
1 ; f | , * 
1 * 8 
— Wy — — — * FIR : pray . 4 * * 1 
4 = - ue » * 8 
. 1 —— 1 & % 2 . i 
"4 24 a * — 
\ * 
* 5 _ m PI ww & 5 * 
W 0 MF $ * - 7 - 
© # ; F. 3, * . W ; : + — A . 4 . 
* + x « * 5 . 
* o 4 * r * * pe 1 * — * . 
* & 5 > . jm 
T 5 * F * 28 a * ; 
0 » ; i 7 - — + 
» * . * mY -- * 
* | N — - ? * 


LY 
+4 
i 
— 
- 
* 
” 
— 
4 
N 


ED hs 
o 
* 


0 5 4 9 
ö 1 
0 : 
n wy hap «20.49 19 - Kew. ah 4 N = 8 . } 
o S « * * S . 5 7 3 4 
5 ! * N —7 4 2 
* RK 
ah. "Y ad. 4 1 ; : * i N * L e - # HE 
| GIO | NE wes 8 . 4 
— * wa — 
x — . * 0 4 I . 1 | 
5 + = 5 , F . £4 
* * 45 7 { 4 $ *» 1 oh + 
* * * 17 
_ 1 * 4 : \ * = i 1 1 | 4 
£ 8 1 - 4 * * — N 
* —— mite. 4 — nos PET ET" 3 6 7 1 % * i, $1 1 > ; : » 
: * 4 « « bi © — — i 4 S z « 7 y 
s V, . * 8 i bo - 5 
* - 2 4 7 * — £ - 1 22 — . $. 4 
32 — - * * - A 
j — * 8 7 1 
A . 0 * . va 3 
2 7 7 * 9 * 0 . ; - £3 
< — 7 * * * * FO has. wn -, 2 4 
2 * * » = 
a. . * 1 1 o . k by — Fo . „ 5 4 - + 4S 
* << A o 
* — w—_ ; \ — Ll * wy f <q 
m 9 — Um * - * : f £ "2 
5 5. 5 - * 4 * G # * = # * . * 1 
7 + . . G — =p : . » 1 4 
— — 7 . 
| 7 2 — I N * * 4 : / 
3 : . * 7 * : 
| * * 7 Lined * P . * 4 £ * 2 : 
3 * - £4 A 1 
*. oy 6 Y 81 * 2 * 
* 1 5 * 5 : 
# * of * 5 
* — ” - 3 2 iN » 1 
* F 4 j n : 
22 1 5 „ ms : 
* * — 
9 - * . 1 
5 © a> . . * j 
L 52 : 82 2 2666. * s p 7 by = 
. 7 _—_— « f — . * : by RY # J 
- —_ * * F * . < 4 - „ 
dias 7 —— A -- 
4 x 1 1 1 * — #16, BY ** mY 4 
s ORs 8 - wes = 4 a * * * pms p 
3 Py 4 2 x * * 4 a "I 4 i * * * * . 
* . * = * * * * * rn —— — 4 * —— 3 £ 
het % { SY 4 . P * 7 » 5 — ”- 
— : 7 * * ; 2 5 : 
— „ © 0 1 4 * * 4 f 
* - * s 4. — * 1 
6, x. 4 7 er Dory _ ba 4 7 hoy ” . 
, -” „ - * 1 
1 * 8 * 
a — \ — * o ” 
* 9 : S - ' Ca 
3 . 1 7 * * + * 2 4 
« by © * ** - 4 . 
#4 E * *% ; i , f 
5 83 ** N 8 
* 0 - 4 * 
* 1 
> 
* * EC . 
g ». 4 = 5 ' . j R F 
» £ * 
j 4 5 wt, RE » * a : 
* * 8 * *. 1 * * * pw » i 
7 3 * * mT \ 4 
» -. ” . 5 * So —— I 5 : 
« — — «of wm, 4 TY 1 4 ; 
* LY a dg * — 5 
—— — 8 4 » * * * * 
5 * * o 
1 Mm 5 K — * 8 — ” 
> I * ow "i * 5 — x 5 
3 — » * > a * — 
* ” *= 
= * N 
, 4 = = . — > * by #4 
* > - 6 . * » So 4 . * b 
—— * » * by 5 * 
o 9 0 * a 2 1 8 
| | A | 2 
0 . ** 4 > &- 
A = = N 1 
f * 
/ 8 5 | 
- * 2 wy 
* 1 # 
by 5 * \ 
- *. J 
1 * * * * * K 
— o 1 * — . * 8 L . 
£ * - __ 
1 * * « ; 9 * 9 LY > = ; 
ö . * A 63 
” * + » 
3 . 8 > 
— n — F , * + b - 7 
FE . * 4 * — — * 
A 4 
o_ — * pe . of % + — . % * * 
— | * 1 Z * 5 . — gy % * * 0 - 5 * 7 
4 n . > TY : - ; F — wv A 
n . $4 Ws 4 
« = "+ % 7 4 * 4 — 
„ } 1 f » 4 wy — . 
0 * * 2 
Js » 4 7 82 — - 1 * 
% : FR * * = * , 
5 L * 3 
— 0 2 * 6 % * a 1 . +4 , * — * t 1 
* * * „ (ad o . 
w + * e 1 1 
s 1 * 0 — 
b — + % ; 
* * — *. 5 
4 a 
| ey hd of” - * , . | I 
P » * * m * — . ! 
p 3 * * * 
f ; . a 2 
N ; * 4 © * * 
* . — * * a 4 | : 
5 * * . I % * o 9 % - " — * 4 
5 8 11 a” 4 9 % * 4 
L . 1 "uy — 7 — 
- we + —— * — 
- $4 _ 4 v Snowy 1 >» 3Þ: 
— 1 * * * 4 Y LI * \ 
# 5 — 1 86 : mandy , % I 7 
7 1 4 7 1 * p * * w 
* * oy — 2 5 » * 5 _ * 11233 *, * * 3 
* * « d 
; $ — ” * * * 4 * 5 * © * be 
— bo , 5 2 pee” 2 - © 
* 134 FH d . Oo * * % 
2 2 * * LO 
8 of "© * 4 1 . * 
— * e w 4 — * % 0 a $3 r +» z PF — . +, i } 5 3210 94 ways Fr 4 
o 
* 0 
* 
- 
— - . 


> % . 
2 * 2 5 1 2 
- 4 2 
by PS. 2 2 ve a 
4 » * a * P . - 
1 2 # A * - 1 2 | 
f 


4 A, > * W «4 2 * F 
U * 1 1 5 5 5 a 95 e * 4. 4 5 

1 P «+ v4 r a; 7 A 45 * $f 
= 4 2 I 4 - ” 


1 7 
4 


. * 


* 


4 


g 5 : 3 3 Wo £ * y | 5 3 E | : | g Fo > : * | . 5 =” / | 
The Geometrical Conſtruction of Algebraical Equations; And the Name: ical 
EkReſolution of the ſame by the Compendium of Logarithme. 


- . * * F 
2 * „* # 53 
0 3 . + . 5 5 1 . 5 a F 4 * 
% 1 4 . 2 yy 1 1 th. 11 — ** * 1 _ ated 4 . # * 4 75 85 - 8 
a ; WY — 3 * * * r ©. %. 5 IE — _ 1 — „ - = * 
SH IS -£ 4 : 4 £ 1 an 5 — & a — * 2 Ai. TORS fot Shy ROY 5 

* o * * 5, * * * 

8 o . : - i ” * : . 7 

4 5 G - F b » © W443 9 : ; ö , I f 
* 1 ”- 1 1 PR 3 * 4s b a * WV # - " . A * 1 * * 1 * ; on. ,.. $ x 

. X k * 3 s © . 5 7 A F Ki Lot £ ; #: o 
" - i *. = © , . g A o * * % * 4 =. > 10 7 * * 
5 : l 8 " ; 1 s ar > J! - 4 . " 3 $ 2 
1 ad - „„ 
% k 4 . : 8 „ 
a > ? W- "I 4; * p g 9 2 * 0 1 
” Z * * o my 
Kg | „ 3 OR 2 * 4 * 7 
9 ; bs 

* 
Y 


» 
33 * N 
Is” 7 fs F-a+ 4 


are oftentimes expetienc'd; on ſeveral Occaſions, how difficult a thing it ip 
Id Diſcourſe, eſpecially of Mathematical Matters, fo as to pleaſe the Learned. 
therein, and at the ſame time to Inſtruct ſuch as yet want to be taught: The 


Flegant Demonſtrations, made Conciſe by Art and Pains.: The later demand Ex- 
pPlicationsdrawyn out in Words at length, leaſt any part of the Reaſoning not being 
clwkẽearly apprehended, ſhou'd hinder the Evidence of the whole Argument; whiltt 
thoſe alteady vers d in Mathematics cannot endure ſuch Prolixit x. 
hut ſeeing, according to the Intent of the Noble Sir Henry Savil, the Mathe- 


A 


matic Studies of the Junior Academics are committed to the Care of his Pro- 

” feſſor: of Geometty; I thought it fit to conſult, not fo much my own Reputa- 
tion, as the Profit f the Auditory : Omitting therefore what might make a ſhew _ 
: of deepet Learning, the Geometric ConfiruQtion of Analytic Equations ſhall be 

the Subject of theſe Lectures: Tis, indeed, a common one, and treated of by Au- 
rhors of great Note; and on that Account, perhaps, I may ſeem to do no morè than 
the ſame thing over again. But having ſome Grounds to think I have added ſome- 

| thing of my own, whereby ' theſe Conſtructions may be perform'd with all 

4 oſſible Facility, and having likewiſe extended them to Equations of Six Dimen- 

lu?/c-oũ0ns, without any Reduction; I don't doubt but that, as it will he of Advan-, 

= © rage to Studious Learners,” fo it may not be unacceptable to Mathematicians of a 

% ̃ ² ͤ ii!!! ³˙ ꝛꝛ ĩðV—sw xy 

"Es For our Method needs no Preparation of the Equation, requiring only the 

ZBiſection of the given Co- efficients : Whereas the Conſtruction of Equations of 
ſiwe or fix Dimenſions, that Mr. Des Cartes gives at the end of his Geome- 

u, requires the labour of an intollerable Calculus ; and contrary to the Tenor 
ol his own Rules, he makes uſe. of a | 
* 4nother that is more Compounded, among all thoſe of the ſeco 

enumerated by the great Sir I. Newton) which from its Tricuſpid 

„„ oo om nome 8 

What ſerves our purpoſe is only one Invariable Curve, and that alſo the mgſt 

ple of irs kind, viz. a Cubic Paraboloid, or that wherein the Cubes of the Oy, 
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ſecond Kind, (lately 


Form is by him 


- 
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Ainates are to one another as their reſpective Ahſciſſas: which Curve being once 
1 ſtead of an Inſtrument for the Conſtruction of an ſuc Equa- 


by means of the IncerſeQions of Menne 
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former require nothing but what is New and Curious, nor are pleasd but witn 
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Curve-Line, than which there is ſcarce, 
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* Conie- Section, whoſe Poſition is readily defin d by the Co- efficients of the given 
= ©” © Fauation, and thence eaſy to be deſcribld. _ ** 
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They are yndouhtedly in the right, who require in Geometric Problems, a Geo- 
metrical Conſtruction by Lines, ſuch as we are about to ſhew; and in Arithmetical 
ones, an Arithmetical Effection, i. e. by Numbers or Calculation. But theſe Sci- 
ences being very near a- kin, give mutual Aſſiſtance to one another; ſo that whenever 
tis requir d, that any thing in Geometry ſhowd be more accurately determin'd, no 
Mathermmatician will undertake to do it by a Rule and Compals (becauſe of the 
defect of Inſtruments, and of our Senſes, whereby the Interſections of Lines im- 

perfectly drawn, are yet mofe imperfett) but he will. give a Solution as near the 

© Truth as you pleaſe, by an Arithmetic Calculus, according to an Equation deter- 

mining the Nature of the Problem. = 

To this end I have formerly, (in Philoſ. Tranſa#, Numb. 210) Publiſh'd a ge- 

neral Method of Calculation, which is ſufficiently Compendious : But that Cal- 
enlus ſeems to be ſomething DefeQive in higher Equations, explicable by many 
Roots, and thoſe not bounded within narrow Limits: For this way we come at 

=. . the true quantities of the Roots only by Trial, and Correcting of Errors, much 


„ oo 


ſtruction rightly manag'd lays open the whole Myſtery in a ſhort view, and at 
once ſhews directly as well the Number and Quantities of the Roots, as their 
Signs, viz. whether they be Affirmative or Negative: And then the Meaſure of 
any Root being taken out of the Scheme, as not much differing from the Truth, 
may preſently be verified by the help of the aforementioned Calculus, to what 
Number of, Places you pleaſe: And this is one Notable Ule (if not the chief) 

of theſe Conſtructions. 
That theſe Conſtructions, therefore, might be perform'd with the greateſt Faci- 
lity and Eaſe, we muſt conſider, that all Problems determin'd by Simple Equations, 
= and which may be refolv'd by the common Rules of Arithmetic, viz Addition, 
= = Subduttion, Multiplication, and Diviſion, or by any Operations any way Com- 
= pounded of them, require only Right-Lines to Conſtruct tage. 
= But lane Equations, viz. ſuch as involve the Square of the Quantity ſought, and 
are ſolv'd Arithmetically by extracting the Square Root, require, beſides Right- 
F* Lines, ſome Curve of the Conie-· Sections, to Conſtruct them: Among which Curves, 
_— rhe Circle, for the Facility of its Deſcription, is look*d on as the moſt fimple ; and 
„ next it the Parabola, which, indeed, from the Nature of its Equation, is more 
3 4 fimple than the Circle it ſelf: Bur ſeeing it cannot be deſcrib'd but by Points, and 
1 the uneertain Motion of the Hand, the Antients hardly admitted it into their 
= Geometry; and would ſcarce allow that to be Geometrically effected, which could 
rg not be deferib'd by the help of the Compaſſes : Whence that Famous Difſquifi-. 
a | ion, concerning the Duplication of the Cube Geometrically came to nothing: See- 
Ing they attempted to folve a Solid Problem by the Geometry of Planes. e 
Baut the Modern Mathematicians, in this Buſineſs, exclude no Curves, provided 
=. it be certain that the Thing propos'd cannot be done without them, or by more fim- 
= 2 ple ones: And tis a Fault, if, without neceſſity require it, you make uſe of a 
Parahola inſtead of a Circle, or an Eligſe or Hpperbola inſtead of a Parabola; con- 

_ kquently, a Circle only can have place in the Conſtruction of Plane Problems. 

But if there are three or four Dimenſions of the Quantity ſought in the Equa- 
133 tion; beſides a Cirele, a Parabolic Curve is moſt commodiouſly made uſe of: 
_ which, together with the Circle, will conſtruct all Cubic and Biquadratic Equa- 
1 tions, with the greateſt eaſe imaginable. | 


*F 4 
= 


* 2 


cation of the Cube, Triſection of an Angle, and the finding of Two or Three Means 
Froportionali, &c. nor as yet 15 there any need of an E toſs or Hperbola, unleſs, 

in the Problem to be ſolved, that Conic-Section be given; But any Faxahola:once 
,.  . accurately deſcribd, and cut in Braſs, or the like, will ſerve inftead of an In- 
mrument for the Conſtruction of Solid Equations; which is a Conpendinm by no 


And, admitting the Parabola deſcribed, nothing is more facil than, The Dupli- 
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F © Conic-Seftions alone are not ſufficient, therefore the Aſſiſtance of ſome Curve of 
tie Second Kind muſt be had, of which, as I faid before the Cubic Paraboloid 
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hut if the Equation propos 


may be. 5 1 1 | 
Theſe things being premis'd in general, let us come to the thing it ſelf : And firſt . 


Elements of Euclid, 


In the Firſt, where the Square of the unknown Quantity & is 
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is the moſt ſimple; This Curve, combined with ſome one of the Conic Sections, 


will Conſtruct all Surſolid (as they are called) and Quadrato · Cubic Equations, 
howerer affected. And this Paraboloid once rightly deſcribd, and cut in Braſt, 
will be ready at hand for the Solving of all ſuch Equations of five or ſix Di- 


mentions. | 


menſions, there will be need of ſome other of thoſe ſeventy two Curves of the Second 
Kind, enumerated by the Illuſtrious Sir J. Newton, but which of them it muſt be, 
and in what Situation or Poſition to be applied, will depend on the Co-efficients 
of the given Equation : and the Interſections of that Curve with the Cubic Para- 


boloid (whereof there may be nine) will defign all the Roots of the Equation. But 


ſeeing we have not as yet thorowly attain'd to all the Properties and Deſcriptions 
of theſe new Invented Curves, we ſhall at preſent content our ſelves with conſtruct- 
ing all Equations under thoſe of ſeven Dimenſions in as clear a Method as 


* 


of all, as to Simple Equations, that are conſtructed by Right-Lines only; Theſe re- 


quire no more than the firſt Rudiments of Geometry, namely, to exhibit the Sum or 
Difference of given Right-Lines : To find a fourth Proportional to three given 


Right-Lines : To cut a given Right-Line in a given Ratio, and the like: Which, 


as they contain no manner of difficulty ta any tho? never fo little vers d in the 
I ſhall therefore leave, as more proper, to each PFerſon's pri- 


vate Study and Exerciſe, and ſhall take no farther notice of them. 
But Plane Equations, or (as they are now commonly called) @uadratice, viz. 


ſuch as contain the Square of the Line ſought, require a Circle, as was faid 


before, to conſtruct them: And after a due Reduction, will all be in fome 


one of theſe Forms, vix. ny | 
: 2 | : 1 J. xx = ad | | ET 
; 2. xx + ba =ad 
3. xx — bx =aa 
4 bx xx a4 


angle ab, the Duadratic Equation is ſaid to be Pure, and x the Quantity ſought, is 


a Mean Proportional between a and b; and conſequently, is conſtructed by 17 : EE 


Lg 


6. of Euclid, thus, : * 


— 
bi— 


I | EE . : 2 2 NE 3 , 9 
Make the Right Lines AB, BC, equal to the Lines or Quantities a, 5; Biſect 
AC in E: l as a 1 diſtance AE or CE, deſcribe a Semicircle 
ADC. Then on the Point B, ere&& BD Perpendicular to AC, which will Inter- 
ect the Semicircle in D: 1 fay, BD is the mean Proportional ſought or x. | 
For the Triangles ADB, DBC, are fimilar by 31 El. 3 Euclid. 


— — —— — 


2 — — 


ABC or a b, by 17 El. 6 Euclid. Which was to be done. 


If there be five or fix Dimenſions of the Quantity ſought in the Equation; the 


d be of a higher Degree, ſuppoſe 7, 8, or 9 Di- 5 


equal to the Rect- 


Z Conſequently 
AB: BD: : BD : BC, wherefore the Square of BDor x x is equal to the Rectangle 
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Conic- Section, whoſe Poſition is xeadily defin d by the Co- efficients of the given 


uation, and thence eaſy to be deſcribd. 


„ 


They are yndouhtedly in the right, who require in"Geometric Problems, a Geo- 


metrical Conſtruction by Lines, ſuch as we are about to ſhew; and in Arithmetical. 


ones, an Arithmetical Effection, i. e. by Numbers or Calculation. But theſe Sci- 


ences being very near a-kin, give mutual Aſſiſtance to one another; ſo that whenever 


*tis requir d, that any thing in Geometry ſhowd be more accurately determin'd, no 


Mathernatician will undertake to do ir by a Rule and Compaſs (becauſe of the 
defect of Inſtruments, and of our Senſes, whereby the Interſections of Lines im- 


erfectly drawn, are yet moe imperfect) but he will. give .a Solution as near the 


ruth as you pleaſe, by an Arithmetic Calculus, according to an Equation deter- 
mining the Nature of the Problem. 

To this end I have formerly, (in Philoſ. Tranſact. Numb. 210) Publiſh'd a ge- 
neral Method of Calculation, which is ſufficiently Compendious : But that Cal- 
cnlus ſeems to be ſomething DefeQtive in higher Equations, explicable by many 
Roots, and thoſe not bounded within narrow Limits: For this way we come at 
the true quantities of the Roots only by Trial, and Correcting of Errors, much 


after the manner of the Rule of falfe Poſition, On the contrary, a Geometric Con- 


=. oo. 


ſtruction rightly manag'd lays open the whole Myſtery in a ſhort view, and at 


once ſhews directly as well the Number and Quantities of the Roots, as their 
Signs, viz. whether they be Affirmative or Negative : And then the Meaſure of 


any Root being taken out of the Scheme, as not much differing from the Truth, 
may preſently be verified by the help of the aforementioned Calculus, to what 
Number of, Flaces you pleaſe: And this is one Notable Il ſe (if not the chief) 


of theſe Conſtructions. | 
That theſe Conſtructions, therefore, might be perform'd with the greateſt Faci- 


5 lity and Eaſe, we muſt conſider, that all Problems determin'd by Simple Equations, 
and which may be reſolvd by the common Rules of Arithmetic, viz Addition, 
Subduction, Multiplication, and Diviſion, or by any Operations any way Com- 


pounded of them, require only Right-Lines to Conſtruct them. | | 

But Plane Equations, viz. ſuch as involve the Square of the Quantity ſought, and 
are ſolv'd Arithmetically by extracting the Square Root, require, beſides Right- 
Lines, ſome Curve of the Conze-Sefons, to Conſtruct them: Among which Curves, 
the Cirele, for the Facility of its Deſcription, is look*d on as the moſt ſimple; and 


next it the Parabola, which, indeed, from the Nature of its Equation, is more 


fimple than the Circle it ſelf : But ſeeing it cannot be deſerib'd bur by Points, and 
the uncertain Motion of the Hand, the Antients hardly admitted it into their 
Geometry; and would ſcarce allow that to be Geometrically effected, which could 


5 * be deferib'd by the help of the Compaſſes: Whence that Famous Diſquiſi- 


/ Aion, concerning the Duplication of the Cube Geometrically came to nothing: See- 


. 


ing they attempted to ſolve a Solid Problem by the Geometry of Planes. 


0 . 


But the Modern Mathematicians, in this Buſineſs, exclude no Curves, provided 


it be certain that the Thing propos d cannot be done without them, or by more fim- 


L- | 
Hrrabola inſtead of a Circle, or an Ellipſe or Hpperbola inſtead of a Parabola , con- 


ple ones: And tis a Fault, if, without neceſſity require it, you make uſe of a 


ſequently, a Circle only can have place in the Conſtruction of Nane Problems. 

But if there are three or four Dimenſions of the Quantity ſought in the Equa- 
tion; beſides a Cirele, a Parabolic Curve is moſt commodiouſly made uſe of: 
which, together with the Circle, will conſtruct all Cubic and Biquadratic Equa- 
tions, with the greateſt eaſe imaginable. | = 


* 0 


Proportzonals, &c. nor as yet 15 there any need of an E aſe or Hyperhola, unleſs, 
in the Problem to be folved, that Conic-Section be given; But any Parabula once 


And, admitting the Parabola deſcribed, nothing is more facil than The Dupli- 


accurately deſcrib'd, and cut in Braſs, or the like, will ſerve inftead of an In- 


firument for the Conſtruction of Solid Equations; which is a Compendium by no 
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If there be five or fix Dimenſions of the Quantity ſought in th 
Conic-Sections alone are not ſufficient, therefore the Aſſiſtance of ſome Curve of 
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the Second Kind muſt be had, of which, as I faid before the Cubic Paraboloid 
is the moſt ſimple; This Curve, combined with ſome one of the Conic Sctions, 
will Conſtruc all Surſolid (as they are called) and Quadrato - Cubic Equations, 


howerer affected. And this Paraboloid once rightly deſcribd, and cut in Braſt, 
will be ready at hand for the Solving of all ſuch Equations of five er ſix Di- 


mentions. | 


But if the Equation propos d be of a higher Degree, ſuppoſe 7, 8, or 9 Di- 
menſions, there will be need of ſome other of thoſe ſeventy two Curves of the Second 
Kind, enumerated by the Illuſtrious Sir J. Newton; but which of them it muſt be, 
and in what Situation or Poſition to be applied, will depend on the Co-efficients 


of the given Equation : and the Interſections of that Curve with the Cubic Para- 


boloid ( whereof there may be nine) will deſign all the Roots of the Equation: But 


ſeeing we have not as yet thorowly attain'd to all the Properties and Deſcriptions 
of theſe new Invented Curves, we ſhall at preſent content our ſelves with conſtruQ- 
ing all Equations under thoſe of ſeven Dimenſions in as clear a Method as 


may be. 


Theſe things being pretnisd in general, let uscome to the thing it ſelf : And firſt 4 


of all, as to Simple Equations, that are conſtructed by Right-Lines only; Theſe re- 
quire no more than the firſt Rudiments of Geometry, namely, to exhibit the Sum or 


Right-Lines : To cut a given Right-Line in a given Ratio, and the like: Which, 


as they contain no manner of difficulty to any tho' never fo little vers'd in the 


Elements of Euclid, I ſhall therefore leave, as more proper, to each Perfor's pri- 
vate Study and Exerciſe, and ſhall take no farther notice of them. Ty 

But Plane Equations, or (as they are now commonly called) Quadrat ici, viz. 
ſuch as contain the Square of the Line ſonght, require a Circle, as was faid 
before, to conſtruct them: And after a due Reduction, will all be in fome 


one of theſe Forms, viz, 


I. xx = ab | 
« 2. xx + ba ad „ 

| 3. xx — bx = ad 

4. bs - xx aa 


Fg 


nu. the Firſt, where the Square of the unknown Quantity x is· equal to the Re: 
ic Equation is ſaid to be Pure, and x the Quantity ſought, is 
a and b; and conſequently, is conſtructed by 17 : El. 


angle ab, the Quady 
| a Mean Proportional between 
6. of Euclid, thus, = 


* 


I | | F : 1 | a 5 5 5 
| Make the Right Lines AB, BC, ual to the Lines or Wantities a, G; Biſect 
in E: — as a Centre, ID diſtance AE or (E, deſcribe a Semicircle 

ADC. Then on the Point B, ere BD Perpendicular to AC, which. will Inter- 


Ert the Semicircle in D: I fay, BD is the mean Proportional ſought or x. 
For the Trianę 


— — — — 


N. a lid. 1 o be done. 3 97 
AC or a, by 17 El. 6 Euclid. Which was to be done. 4 . 


the Equation, the 


les ADB, DEC, are fimilar by 31 EL 3 Euclid. Conſequently 
AB: BD :: BD : BC, wherefore the Square of BD or = is equal to the R angle 
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ence of the two Extremes, between which a is a mean Proportiona:#fince x is to a, 
as a to x -þ b in the ſecond Form, or x — bin the third Form, by 1% El. 6. Euclid. 


are Affirmative Roots of the Equationn . 
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ee other Quadratic Equations 
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Hence ariſes the Conſtruction. —f—:!.! oF 
Make BE = = b, and erect the P erpendicular DB; which make equal to a: 
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that of the Equation x x —b ada; But BC is the:NegativeRoot of the former, 


put for the Quantity x, BC will be * b, and > the:ReQtangle x x-+b x, or 

ABEC, will be equal to the Square of DB or a: In like manner, if BC be equal 

| x will be equal to 
„ IS” 2 2 
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For AC or b being their Sum, if AB be put equal to x, BC will be equal to þ * 
or if BC be x, AB will be b— x; whence in both Caſes, h x — xx, or the Rectangle 
ABxBC, will be equal to aa, or the Square of DB. Which was to be done. + 
This laſt Eauation ſometimes becomes Impoſſible, biz, when a is ſo great as that 
the Parallel DF does neither cut nor touch the Circle ADC, that is, when à is 


fedter than . b: For a ought to be a Geometrical mean Proportional between the 
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arts of b; and conſequently leſs than an Arithmetical Mean, or 25; nor are the; 
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are called Afeded Equations ;* of which the 
© Teond and third Forins have the ſame way of Conſtruction; Forwhether x x ＋ bz, 
bor xx b x be equal to the Square of a, the Quantity b is every where the differ- 


„ OnE as a Centre, with the Radius DF, deſcribe a Semicircle ADC, interſect- 
_ ing the right Line BE, produc d both ways, in the Points A, and C; I fay that the 
right Line AB is the Affirmative Root of the Equation'sx x -- b.x = aa, and BC 


le ance DB=a : Which Parallel, if the Equation be poſſible, 
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3 * 
Hence is diſcoverd a New, And, for its Facility, not unuſeful Method for Re. 


ſolving theſe fort of Equations, by the help of the Tables of Logarithms. 
N N . . 


For the Second and Third Form. | e | ; For the Fourth Form. 
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For, by(Euclid El. III. Prop. 20) the Angle DEA is double theAngle-DCA or ADB; 
and if DB or a be made Radius, the Roots AB and BC will be Tangents of the 
Arcs that anſwer the Angles ADB, CDB, which together are equal to a Right- 

Angle, becauſe in a Semicircle, (by Euclid El. HI. Prop. 31 ; ) Conſequently, if, 

nin the ſecond and third Form, you make, as the half of þ to a fo the Roth to A 
Tangent; or in the fourth Form, ſo Radius to a Sine, the Arc anfwering thereto 
meaſures the Angle DEA, which having Biſected, you have. the Angle ADB, 
whoſe Complement to a Quadrant is the Angle CDB , ſo that the Logarithmic 
Tangent of half the Arc AD Added to, and SubduQed from, the Logarithm of BD 
ora, will give the Logarithms of both Roots. | 
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Let the Roots of the Equation x x * b a a, (expounding bby 15 4d aa by 
| 1 ed „ „5 PRE A Th) L 6-3 1 Hi £ ; 

175) be required. F r en ne 09 DG 

„ Then 7 % 175. 3: Radius: Tang S. ⁹ FTTtt . fn et bh ik 
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log. 175 1.121519 ont 7:55 en 
Log. 72 = ©.87506I ; | 


Deb 6 * 
* * 
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10. 246458 


Tang. 60® .27* 
And 1.121519 = Log. a, | 
9.765366 = Tang. 30. 134. 


Sum 0.886885 


Log. 7.7070 = Root of s x + 15 x = 175. 


Log. 22.7070 = Root of xx'== I5 * 175. 


Diff. 1.256153 


A 1 let hx—xx aa, be IIàx — XX = 17. 
Then 52: 517: : Radius: Sine of 48.3 3˙ 40 
. tits 4 = 2416.50 
| Log. 17= 1.230449 


Len 
be oo none EE SOT 
| 9.874861 = Log. Sine 489 3 % 
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Diff. 0.960943 = Log. 9.14 fere * _ 


So that x may be either 1.86 or 9.14, whoſe 51 
Tue uſe of this Compendium in the Numerical Reſolution of theſe Equations, 

will be more Conſpicuous, when in my next I ſhall ſhew the like Solution of Bi- 

quadratic Equations, affected by a Square only. V 

| Another Method of Conftrafting 


_ 1 Ftty is not a Square, 


* Equations, whey the given Quan- 
ut am given Rectangle, as cc. 


Caſe 1. & * LA (d. 1 Caſe 2. bx—xx=cd. 
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Let AB be made equal to b. On A and Beret the Perpendiculars AC and BD, - 
make AC=c, BD=49, which, in Caſe 1, place the contrary ways, but, in Caſe 2, 
the ſame way with the Line AB: Joyn CD, and biſect it in E. With the Centre E, 
and Rags HOO | >, deſcribe an Arc cutting the Line AB (product in Caſe 1) 
in G and H; I fay that AH and AG are the Roots of the propos d Equation, viz. 

In Caſe 1, AG is the Affirmative, AH the Negative Root of the Equation 
xb cd; but AH the Affirmative, and A the Negative Root of the Equation 
& * d; and in Caſe 2, AH and AG are the two Affirmative Roots of the 
Equation -x x=c d; where tis to be Noted, That if the Semicircle whoſe 
1 1 CD, neither cut nor touch the Line AB, the Equation propos d 
is impoſſible. 5 r . 

For fince CA or c, and DB or d are at right Angles to the Right Line AB, and 
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the Centre E is equally diſtant from them, (by Euckd. III. 14.) the Right Line 
= 7 * 15 ; _— Fn 1 £ try wk * CA, 3 to 
| x BF, whic om the 35 and 36 III. Elem. id,) is equal to the Rectangle 
BH & BG or AG AI. 3 70147 wo. ec | e 
But by Conſtruction AB = b is equal (in Caſe 1) to the Difference of AG and AH, 
as (in Caſe 2) to their Sum; Wherefore c d is equal to x x+b x, in Caſe x, and 
e d is equal to ba—xx in Cſe 2. E. E. D. N | This 
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| This, *tis probable, is the Method the Antients uſed, when by their Avalyfi 
| they had a given Rectangle, the Sum or Difference of whoſe fides was known, 
and ĩt was rogues to find the fides; which they called 2 ply ing 4 Rectangle 
exceeding or deficient by a Square to a given right Line: Being but one particular 
Caſe of che more general Conſtruction deliver d by Euclid. Elem. VI. Prop. 28, 29. 
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the Conſtruction of all Equa- 
tions of the Quadratic Form, and that by a Method which I think to be 

conciſe enough, vix. by finding the Extremes, when the Mean, and Sum or Differ- 

| ence of the extremes, of three continual Proportionals are given: And this is done 


Jag laſt Lecture, I endeavour'd to ſhew yo 


u 


by 
—— 
<©- 


agreeable to the Mind of the Antients, as you may ſee in the 84 and 85 Prop. of 
Eudid's Data, ** = Ze Sa | | 
At the ſame time I ſhew'd that thoſe Equations might be reſolv'd by a Loga- 


tithmic Calculus, viz, by the BiſeQtion of an Angle. But before I paſs to Cubic 
, ave Bog there occurs that Spetzes of Biquadratics affected witha Square z which 
in its own Nature is really Quadratic, but whoſe Roots are not Lines, but 
Squares; and the Square being given, the Root is alſo given. Hy ; 
ow the Conſtruction of any of theſe is as eaſy as that of fimple Quadratics, 

on confideration that in the Equation where x+ +. & b» = d, dd is a Mean Pro- 
portional between x x and x? + ha: conſequently: þ b is the given Difference between 
the two Extremes. But in the Equation where b x* — * = di, bb will be the 
Sum of the Extremes; wherefore, the Buſineſs comes to the ſame, as if tho 
Problem were thus propos d, The Sum or Difference of two Squares, and the Rectangle 
of the ſides being given, to find the fides. Whence ariſes this Conſtruction. 

In the firſt Caſe, where þb is the Difference of the Squares; Deſcribe a Semi- 


circle, whoſe Diameter let be AC = v/ y/ 4 d+ + b+; in this Semicircle inſcribe 
the Chord AG, which let be equal to d: Let fall the Perpendicular GH upon the 
Diameter AC; then AG or d will be a mean Proportional between AC and AH, he- 
cauſe of the fimilar Triangles ACG and AGH: Ar the Diſtance BD, which let 
be equal to AH, draw DF Parallel to AC, cutting the Circle in the Point D: I ſay 
the Conſtruction is finiſh'd ; and that the Chords AD, CD, are the Roots x of the 
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Fountion propos d, namely, AD the Afficmative and CD the Negative, if the 
ProduQ þ wg the —— be Affirmative, that is, if it be + b6.x x, and 1 
on the contrary, CD will be the Affirmative Root and AD the Negative, if the _—_ 
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The Demonſtration is evident, becauſe in any two Quantities, the Square of the Sum 
exceeds the Square of the Difference, by four times the Rectangle of the Parts; 


and conſequently if to the Biquadrate of b, you add four times the Biquadrate 


of d, the Sum will be the ſquare of the Sum of thoſe ſquares of which 5% is the 


Square o 


Difference; therefore, the fide of this ſquare, viz. 74d. b, will be the ſum of the 


ſquares of che Roots ſought, equal to the Square of AC. 5 
1 Hence( by 47. I. EL Euclid.) the Roots AD, CD will be the ſides of a Right angled 


Triangle, whoſe Hypotenuſe is AC, and conſe uently are in the Semicircle ADC, 
in And ſeeing d is a mean Proportional between the Diameter 


(by 31. III. EL Eucli | f 
AC, and the Perpendicular BD, the Rectangle ACXBD will be equal to the 


f d; but AC is to AD, as CD is to BD, becauſe of the fimilar Triangles 
ACD, DCB, therefore the Rectangle ADxCD, equal to the Rectangle ACx8D, 
will be alſo equal to the Square of d; and the difference of the Squares of AD and 
CD being equal to bb, the Chords AD, CD are the Roots of the propos d Equation: 
Conſequently the Conſtruction holds. 5 bo 

And that the Antients handled this Matter in a Method not much different from 
this, may be ſeen in the 87 Propoſition of Euclid's Data. is 

But in the other Caſe, viz. where d. = bbx x — x4, the Conſtruction is ſome- 
what readier ; becauſe b b is now become the Sum of the Squares of the ſides of 


which d d is the Rectangle; Conſequently, on AC, which let be equal to b, as a 


Diameter, deſcribe the Semicircle ADC. Let the Chord AG be equal to 4. From 


G let fall the Perpendicular GH upon the Diameter AC: and at the Diſtance 
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BD, equal to AH, draw DF Parallel to AC, cutting the Circle in the Point D: 


I fay the Chords AD, CD, exhibit, even in this Caſe, the Roots of the Equation 


propos d, and that they are both Affirmative, +. 


Sum of the Squares of AD and CD, (by 47 


For, becauſe the Angle ADC is right, the _ of AC orb is equal to the 
. El. Euclid ) and the Rectangle 
ACXBD, equal the Rectangle ADxCD, is alſo equal to the Square of AG or d; 
becauſe by Conſtruction, AG is a mean Proportional between AC and BD. Wherefore 
the Conſtruction is true, ſeeing the Sum of the Squares of AD and CD is equal to 
the Square of h, and alſo the Rectangle ADxCD is equal to the Square of d. 
But this laſt Caſe is limited and becomes impoſſible, if the Square of d ex- 
ceeds half the Squareof b : For the Parallel DF in that Caſe cannot ſo much as 


touch the Circle ADC, as we have noted in a like Caſe in the Conſtruction of 


Quadratics. 


Hence ſeveral other Methods may eaſily be found for the reſolving of Equations 


of this Kind, befides the common Forms of Solution, which ariſe from the Sum 


and Difference of the Squares of the fides given, 
In the ſecond Caſe, there is one which will certainly appear new, and no leſs 


fit for Practice; for becauſe bb is the ſum of the Squares, and dd the Rectangle of 
their ſides, þ h ＋ 24 d will be the Square of the Sum of the Roots, and b b — 2dd 
will be the Square of their Difference, by the 4th and 7th of the II. El. of Euclid, 
and conſequently half the Sum and half the Difference of the ſides of theſe Squares 


will 
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will be the Roots of the Equation ſought; both of which will be had by two 


Extractions of the Square Root; which is lomewhat more compendious than 
J % . SO 8 an 


ſequently, if the Logarithm of the Square of ꝗ be increaſed and diminiſhed by the 
Logarithm of the Tangent of the Angle ADB= the Sum and Difference will be 


All theſe things clearly follow from what 1 have demonſirated in my former 


Lecture concerning Quadratits ss... 


and conſequently are had by adding the Logarithmsof thoſe Sinès to the Logarithm 


N 


"of vv adddd+ bbbb, in the Firſt Caſe, or to the Logarithim of b, in the ſecond 
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by fewer Lines, or reſolved by an ea fier Arithmetis Operation. 


57 6 & 
be & + 
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10.536616 = Tang, 73*4735% 
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"rotors = Ton Cie 
9.875482 = Log. T. 360. 53.4 
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1 2) Sum = 6.956166 (0.478083 = Log. 3:00665 * Hh ; | 
es 2 Diff. = 1.205202 (0.602601 = Log, 4.00499 The Roots fought. 
' Whereof the Leſſer is the Affirmative Root, if it be -+ bb; but the Greater, 


if it be —bb, in the Equation, - 
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Another way..." 


| 2.7986506 = Log. 629 = 44* + þ* 


: 0.6996626=Log. VV629 


= | 9.778404. Sine 36*.53. 47% 


0.699663 = Log. v6 = ” 
9.902938 Co- Sine, 367. 53˙. 47 
0.602601 = Log. x = 4.00499 ET | 
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EBkxanple 2. 7a — K = 10. eee 
| Then 34 : 510 22 Radius . Sine 643.23 as | . | a 5 4 | 
+ tag : 4. e 32-16. 415 3 


1 
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Being about to ſhew the ng rr ys in the nexr 
Lecture, twill be neceſſary that the young Student ſhould acquaint him- 
ſelf with. ſuch Properties of the Parabola, as are deliver'd in the firſt Book of 
Apollonius's Conics ; and likewiſe conſult what is to be found of this matter in 
Des Carters third Bock of Geometry: the Inveſtigation of all which, I ſhall en- 
deavour to deliver in ſuch a Method as may render expedite the Conſtructing 
all Solid Problems, even of thoſe in which there is a ſecond Term ; which is 
wanting in Des Cartes's Method. _ 1 „% eees 
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" Yttierto we hive been Treating of 


thoſe Equations whereby Plane Problems 
44 are reſolvd; which the Antients made the limits of their Geometry, as not 
caring in their Conſtructions to make uſe of Curves to be deſcrib'd by Points, but 
rather contenting themſelyes with Circles only. Wherefore they deny'd 
that Solid Equations could be Geometrically effected, that is, by Rule and Com- 
aſſes : But the modern Geometry allowing it ſelf a greater Freedom, in its Conſtru- 
tions rejects no Curve that it knows how to Jeſeribe or find the Points of, 
provided it be certain that the thing propos d cannot be effected without it, or by 
ſome more fimple Curve, ot dE ue 20 —_ 
Now the moſt ſimple Curve, in reſpe&t of itsEquiition, is the Parabola, viz. That, 
the Squares of whoſe Ordinates are to one another, as the Ahſciſſæ: which is evident 
fromthe 11th of the 1ſt Bock of Ap, cs Conics. AndanyParabola once deſcribd, 
is ſufficient to Conſtru& any Cubic or Biquadratic Equation, by letting fall Per- 
pendiculars on the Axis of the Nrubuoh, from its Interſections with a Circle, to be 
deſcrib'd according to the direction of the Signs and Quantities of the given 
Co. efficients of the ſeveral Terms of the Equation. - And indeed, we are very much 
oblig d to Des Cartes, for his ſnewing, not only that the Parabola would do the 


bufineſs, but that his Method-eomprehended-all Equations of three or four Dimen- 
tions, -Whoſe ſecond Term was wanting, by a very elegant and eaſy Conſtruction; 
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as may be ſeen in the third Book of his Geometry: But ſince Des Cartel requir 
the taking away the ſecond Term of the Equation, if there be any; and belides, 
he having no where delivered the Inveſtigation of his Method: we ſhall there- 
fore, in the firſt place, ſhew you the Inveſtigation of the Method; and then the 
2 _ wow * is a 5 Term preſent. = 
Since, from Arithmetical Principles, tis certain that ſome Cubic Equations may 
be expounded by three different Roos as Biquadratics by four; Thich 16 ci. 
number of Interſections of a Circle with a Conic - Section; tis evident, that theſe 
Roots may be Analogous to thoſe Interſections, and conſequently may be diſco- 
ver d by a Czrele given in Poſition (that is, to be.deſcrib'd according to the known 
Quantities in the Equation) applied to a given Parabola. Now a Circle is ſaid 
to be given in Poſition, when the Radius and Poſition of the Centre is given, which 
Poſition cannot generally be defined without two given Lines beſides the Radius. 
Wherefore to the Furabola ABC, whoſe Latus Rectum is a, let there be applied 
a Circle, whoſe Radius EP or EL callr, and let the Centre be E, whoſe Diſtance 
AD or FE, below or above the Vertex of the Payabola, let be h, and the Diſtance 
AF or DE, of the ſame Centre from the Axis of the Parabola call c. Let this Cir- 
cle croſs or touch the Parabola in the Points G, M; and from G, M, let fall the 


* 


Ordinate GR, MN on the Axis: and call AK, the Abſciſſe on the Axe of the Para- 
bola, y and the correſponding Ordinate GK x. Then (by the 11th of the iſt of 

' Apollonius,) the Rectangle ay is equal to xx; and if D be above the Vertex of the 
Parabola, DK or EO is the Sum of AD and AK, ory+b ; but if it be below, it 
will be the Difference of them, or y— &: Whoſe Square Subtracted from the 
Square of the Radius of the Circle, leaves the Square of (GO) the Ordinate 

in the Circle, becauſe of the Right Angled Triangle GEO (by 47th Euclid. 1ſt.) 
Wherefore, the Square of GO will be equal torr — bb - ＋ 2by ; But ſeging y 


, (becauſe of the Parabola) is equal to = let this value be put for I and its {ſquare | 


= „ gs Ao 2 : | 
inſtead of yy, then you will have m7 — bh 1 Wo equal to the ſquare of 


Which Equation by Reduction becomes * | 


x* » + 2abxx . 2a00x — aarr 
| + aaxx + aabb> = 9 | 
Let x* #* = adxx +. aapx Taaag = o, be the Equation to be Conſtructed 2 
And mutually ee the Co- efficients of the correſponding Terms, a d be- 
comes equal to 25; f 
Bum, but if it be +4, then the half Difference of a and d, becomes ö, that is, 
the Line AD, which is to be uſed in the Conſtruction: By the like reaſon c or 
_ (ED) the Diſtance of the Centre from the Axe, will be equal to 3p. And the |< 


conſequently, if it be —d in the Equation, then the half 
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dius of the Circle (r) is had by comparing the laſt Terms; for the Sum of the * 
Squares of -b and c, that is, the Square of AE A. or — the Rectangle ag; 18 
found equal to (rr) the Square of the Radius; Wherefore if the Square of the 
Line AE be encreas d by the Rectangle ag, if it be — 3 or diminiſh'd by the ſame 
if +9, the Square of the Radius of the Circle ſought will be had. foi 111405 


But if the Quantity q be wanting in the Equation, then (each of the Terms 
being to be divided by x) it becomes a Cubic; to beiConſtruQted/the ſame way: 
only here the Rectangle aq vaniſhing, the Radius of the Circle becomes then AB: 
and it paſſes through the Ventex of the Parabila,  : Þ; Hh 1 38 oo ] 
Whence ariſes the following general Canſtruction of all 'Equatiohs' of theſe 
Forms, where the ſecond Term is wanting, vs. 
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Any Parabola (BAC) being deſctib'd, o | the Axis AK, its. Latus, Redum call 
a; make AH equal to half the Latus Redtum; and from the Point H, below 
towards K, if in the Equation it be — 5, or above, if it be de HD be 
made equal to halfþ : Erect DE Perpendicular to the Axe, to the right fide of it, 
if it be -p, but to the left, if y, and make it equal to half p: The Circle 
deſcrib'd on the Centre E, with the Radius EA, will interſect the Parabola in fo 
many different Points M, on the right fide of the Axe, as there are Affirmative 
Roots; and in ſo many Points G, on the left fide, as there are Falſe or Negative 
Roots in the Cubic Equation ; and Perpendiculars let fall on the Axis, as MN, 


GE, are the Roots themſelves.” '. 
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But if it be a Biquadratic Equation, you muſt take a mean Proportional between 
4 and 9; whoſe Square, or the Rectangle ag, is to be Added to the Square of AE, if 
it be -g, of Subdutted, if it be +g, to. have the Radius of the Circle requir d 
to perform the Conſtruction. And this is Cartes's own Conſtruction; which ws 
have not only demonſtrated, but have alfo-ſhewn the Method of Inveſtigation ; 
whoſe further uſe will be evident by what follows, in finding the Poſition of the 
_ Conic-SeQtion to be applied to a Cubic Paraboloid, in the Conſtruction of Qua- 
drato-Cubic Equations: Nor have we any thing to add to this of Cartes, only that 
in our Conſtructions the Affirmative Roots are always on the Right, and the Nega- 
tive always on the Left fide of the Axis; which he places ſometimes on the Right, 
ſometimes on the Left, not without ſome hazard of miſtaking. 
But Des Cartes, as we ſaid before, firſt of all orders the ſecond Term, if pre- 
Tent, to be deſtroyed, in theſe Equations; and if it be preſent, his Conſtruttions 
will not do; we ſhall therefore take care to ſupply this Defect; and ſhew how 
the Parabola it ſelf performs the Office of taking away the ſecond Term. 
/.; Op ROT One Tet 
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* * + bxax+apx + Zz#9 = 0 A 
4 * +> bx* Tap +aaqsx A = 0 


5 comprehends all the Equations of theſe Forms that can be ima- 
Now all Cubics may be Conſtructed various ways by different Circles and a 
given Parabola; three of which I ſhall here exhibit: But in Biquadrarics the bu- 
ſineſs can be done but by one only Circle. „. „ 

The Demonſtration of all which, requiring an Algebraic Calculu, I ſhall leave 

as an Exerciſe for the Studious Thro. (Vide Philof. Tranſa@. No. 188, and 190.) 
The firſt Conſtruction of Cubic Equations ariſes from the confideration of the 
taking away of the ſecond Term, by putting, after the common way, y equal to 
x+ or — the third part of the Co- efficient of the ſecond Term, whence the fol- TY 
lowing Rule may eafily be Demonſtrated, viz. LY | 

The Parabola BAM, the Axe AE, and the Latus Rectum (a,) being given, let the 
Equation be rednced to the foregoing Forms; Then at the Diſtance BC equal to 
the third part of b, draw BK parallel to the Axe, to the Right-Hand, if it be 
+6, otherwiſe to the left, interſecting the Parabola in B: draw the indefinite 
right Line DP, perpendicular to and biſecting the ſuppos d Line AB, and cutting 
the Axis in the point &: From B let fall BC perpendicular to the Axe, and make 

GE always equalto AC, and place it downwards; Make EH equal to half p, to be 
2 7 upwards if it be p, but downwards if — p. From the Point H, or from 

if the Quantity p be wanting, erect HQ Perpendicular to the Axe, cutting the 
indefinite Line DP in the Point O. Laſtly, in the indetermin'd Line HQ, make 
OR equal to half q; to be placed from O, to the Right, if it be — 4, bur to the 

Left, if T4: Then a Circle deſcribd from the Centre R, with RA as Radius, 
will cut the Parabola in ſo many Points, beſides the Vertex, as the Equation pro- 
pos'd has true Roots; and they will be the Perpendiculars LM, demitted from 

everal Points of Interſection M, on BK the Parallel to the Axe: which, in this 
Figure being all to the Right of the aforeſaid Parallel, are all to be look d upon as 
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The Conſtruftion of the Equation 
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Circle paſſing through the Vertex of the Parabola, as well as if the ſecond Term _ 7 
were wanting; and therefore ſeems fitteſt for determining the Number of Roots in = - 
thoſe Cubic Equations where all the Terms are preſent. 1 va 
> The Second Conftruftion of Cubics is deriv'd from the Cubic Equation's being 
= reducible to a Biquadratic, in which the ſecond Term is wanting, by multiplying 
1 the Equation propos d into x — 5 = o, if it be +b in the Equation, or 
=: into x+b=0o, if it be —b:  Whence ariſes a Biquadratic wanting the ſecond 
E ' Term, which will have the ſame Roots as the Cubic, and one more equal to +6, 
_ 165 h in the Equation, or equal to — b, if it be —3. The Conſtruction 


\ 


þ 7 
- 
"I 


— 
x hs 
> 
\ 
* 
n ; 
4 1 g 
N 8 3 
15 pus 
* is 
1 : 
> 5 
» ,.- 
{ 5 * 
; 1 
„ K 
1 * 85 
i 4 
4 * * 1 ; # It 
* » a * : 54 
#8 % 4 i »Y 
4 * ine 21 J £% 12 
9 F FY _ N af - * 
, * 1 * 4 
? $4 29 * 7 FT FR, L * „ 7 ry S { i yd 
* * 5 * * 4 "5 N , $5 — 

* ia n 5 vo os #1 4 1 111 y 3 
? ; * "4 E 
* 1 4 "7 4 5 [4 

3 4 h 
Ss + * \ + ; $ 443 


The Conſtruction of the Equation 


5 1 x* - Xx —apx+aaq=0 


Of the given Parahola AMD, let A be the Vertex, AL the Axis, and a the Latus 
| Refum, At a diſtance equal to b draw DK parallel to the Axe, to the Right, if 
it be +b in the Equation, but to the Left, if it be —b.; which will meet the Parabola 
in the Point D. On the Centres D and A, with the ſame Diſtance, deſcribe oc- 
cult Arcs interſecting one another; and thro* the points of interſection, draw 
the indetermin'd Line BC, which will biſect the fuppo ed Line AD perpendicularly, 
and cut the Axe in the point E. Let EF be taken equal to half p, and ſer up- 
wards from E towards A, if it be p, but downwards from E, if —p. Thro'F, 
or thro' E, if p be wanting, draw 0 perpendicular to FA; cutting the Line BC 
in the Point G; And in GF, produc'd if need be, make GH equal to half 4; ſet 
it off to the Right, if in the Equation, you have — 4, but to the Left, if -+ 9. 
I fay, H is the Centre of the Circle requird for the Conſtruction, and HD its 
Radius, becauſe the given Co- effieient b is one of the Roots: And Perpendiculars 
demitted from the other Interſections to the Axe, on the Right, as LM, ſnew the 
Affirmative Roots: on the Left-Hand, as NO, the Negative. And this Method is the 
moſt eligible for the Conſtruttion of Cubic Equati ss. 
The third Method of Conſtruction is properly that of Biquadratics, but which 
. agrees alſo with Cubics, a Cubic being to be raiſed to a vas — by mul- 
„ tiplying the Equation equal to nothing into x z whence the Cubic may be con- 
= fidered asa Biquadratic having the fifth Term &) wanting. 
— his Conſtruction is detivd from hence," thay in Biqua#ratics, the ſecond Term 
= is taken away by putting y—- b equal to the Root x, if it be -+ b in the Equation, 
3 and the contrary : whence y the Roots of the new Equation will always differ from _ 
die Roots x bya fourth part of b; Henes the following Conſtruction is TC 
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"the. ef the Rectangle ar contained under r and the 
Lan e uche 48 1s ew i che Ca Gerken 
Thus the ng deſctib'd ;” by letting fall Perpendiculars from the feveral - 
Interſections with the Curve of the Parabola, on DL the Parallel to the Axe, you 
will have LM the Affirmative Roots, 7 NO the Negative ones, under the ſame 


Law as before. - | 2 5 
I might exhibit here ſeveral other ways of Conſtructing ſuch Equations, different 


Additions might hot be unacceptable, viz. that whereas the Root of x* + px = g, 
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0 Ik! be ſame Roots may each of them be given by three other different Ex- 
8 vix. the. Root of x? + ar q is allo | 
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Or laſtly, 
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b 80 likewiſe the Root of & —px = has theſe three other Expreſſions befides 
NB thoſe of Cardan, viz. 
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1 Nom 7 the two tft of 4 in both Caſes are evidently fimpler than Cardar's 
=_ Rules, im as much as Diviſon is an eaſier Operation than the Ertraction of the 
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Cube-Root, and they ariſe from the following Conſiderations.  _ 
If BE, be made equal to 39, and BD = V 4 that i 18 4 75 Vip, the Angle 


5 D BE being right, the Hypotenuſe D E will be 72 990 2E: And deſcribing 
4 Circle 7 75 AB will be equal to + 7 f ap 2 and BC = 


f er +9: Now AB, BD and BC being cominul Piopatona 
Gy realdn' of the the Circle) their Cube Roots will | : Þo likewiſe : That is, 
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_. -- if its Squaie, viz. p be divided by either of thoſe Roots, the Quote will be the 
= | other of them. And the like may be Demonſtrated in the other Caſe, wow 
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e Crs no ak gy: os il a Parabola, a ; NT. 
Ind taking the one Equation out of the other, tis obvious that the Remainder will. 
he equal; to nothing; and: putting inſtead-of, y the, Cube of x apply*&to the Square 
of a the Latis Rectum, (that is putting — for j) and multiplying all the Terms 
but, we ſhall have an Equation of fix Dimenſions, to be compared with any 


deſire will be readily diſcovered. ff.. TR ERR TER 
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Let the Equations ſtand fo, that each Member of the ſame Dimenfion of b be 


directly under its Correlative. Thus, / | | 7 1 
#5 * + 2acx+ + 2aabx3 + aOxx + 2a%s + abb "pg 
%% 
5 If an Ellipſe 42 d*xx — ae — pr 1 5 pon * 0 | 4 

a . ant of | 

= $7 akrt+ ei + aims P + ag = © : 

Then the Members of the two Equations are reſpectively to be compared roge- + 
ther; and, firſt, 2ac being put equal to ak, c will be equal to half x; and there & 
fore e, or BC in the Conſtruction, will be half the Coefficient x. And by a like 1 
Argument, the Double of h will be equal to the Coefficient I; whence 6b, or AB — 
in the Conſtruction, will be equal to <1; whereby the Poſition of the Diameter 1 
of the Conic- Section is determined. The Species thereof will be determined from I 


P dd in the 8 | 


the fifth Term of the Equations compared together ; for ſeeing cc — 2 


Hyperbola, or c + = dd in the Ellipſe, are equal to the Rectangle Tam, - kk, 


+ am will be equal to + dd x So that the Ratio of the Diameter to the Latus 


Rectum, or of ar top, will be as dd, that is, as + kk + aa to N A. ma, But if 
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and it be equal to + kk, the Conic- Section will be a 


in the uation, t 1C-DECTIO 
J if + des greater than + kk, wwill be an Ellipſe; if leſ or Negative, | 
then an Hyperbola. The Species cherefore of the Conic-Seftion to be deſcrived Is 
given, W Center will be Gſcovered 3 % 41 of the Sixth Term 11 "= 
po OT DR WH CS, be Tran 2r 27 HAT an 
4K beiag equal to r an whence f = ＋ X e 


= BK in the Conſtruction. But in the Caſe of the Parabola 11 K 11 = b 
whence . 2 becomes equal to the Latus Rectum of the Parabola fought. © {2 
Laſtly, The Semidiameter r of the Conic· Section is concluded from rhe ſeventh- 
and laſt Term; for fince bb + ag'is equal to the Difference of the Squares of: 
7 y and f (that is of KB and KL) into =, therefore as the Latus Rectum to the Dia- 
7 of the Section, ſos 7 11 + aq to the Difference of the Squares of r and F. But 
woe have already found f, wherefore v the Semidiameter 15 likewfſe given. 
Theſe things being rightly confidered, and due Care had to the Signs -r and — 
in the propoſed Equation, tis not only evident, how all thoſe of theſe Dimen- 
ſions may be con ructed, but alſo an Analytical Method is laid down, whereby 
the like Conſtructions may be inveſtigated for another Curve of the Second Kind 
given, as the Ciſſoid, Semicubick Paraboloid, &c. But from what foregoes We have 
Jeduced this following general Effection of all Equations of five Dimenſions, or 
of fix, when the ſecond Term is wanting, perhaps the moſt narural and eaſy poſſible. 
Having deſcribed on 4 convenient Plane any Cubic Paraboloid with all the Ac- 
5 curacy you can, (which will ſerve as an Inſtrument for all. Conſtructions of this 
| Sort) draw its Axis OAO through the Vertex A, and at the Diſtance AZ equal 
to the Latus Rectum a, parallel to the Axis draw the Line ZD; as alſo AZ touching 
and cutting the Curve in A, and at Right Angles to the Axis. Make AB equal to 
half the Coefficient I, downwards if it be — l, but upwards if + , and the 
Diameter of the Conic- Section ſhall paſs by B, or if the ath Term be wanting, 
| by the Vertex A. From B downwards if it be — k, or upwards if + E, make BC 
fy equal to + K, and let Z be equal to AC, and draw the Lines BD, CD indefinite- 
ly both ways 3 then ſhall BD be the Diameter of the Section. By B at Right 
Angles to BD draw the Line EBF, meeting. with AZ in F and DC in E; and 
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| from E towards D on the Line ED, make Es equal to m, if it be + m, or the : 


cohttary way it — m; and if S fall between C and D, or beyond D, the Section 
will be an Ellipſis; but if between C and E, or it be — m, an Hy perbola. And 
nn either Caſe the Ratio of ED to CS will be that of the Diameter to the Latw 
Re&um of the Section. But if + 1 be equal to EC, it will be a Parabola. Draw 
BS, and continue it both ways; and on the Line AZ make FH equal to », 
| Cody og Right of E, if it be —», or to the Left, if I n. By H, parallel 
to the 
to AZ, ſhall interſect BD the Diameter of the Section, in the Point K the Cen- 


„ 


xe AO, draw the Line HI meeting with BS in I, and the Line IK parallel 


ter thereof, if it have a Center. But if it be a Parabola, the Latus Rectum there- 
of will be to 2AH as CD to DB; or equal to 2FH =», if the Term & be want- 


ing; and the Diameter of the Parabola will extend ir ſelf infinitely, on the ſame 


Side of the Axis of the Paraboloid, on which the Point H is found. 


7 aw; If the Term 9 be wanting, that is, if the Equation be but of five 
on 


Dimenſions, the Section, be ir what it will, paſſes by the Vertex of the Parabo- 
loid'A, and conſequently BA is one of its Ordinates. But if it be — ag, BW= 
AB; +ag will be equal to the Ordinate paſſing by the ſame Point of the Dia- 


meter B: As likewiſe y AB*»— ag will be equal to a like Ordinate of the Section, 


N 


The Conſtruction of the Equation 


* — aN — a — a3mxx + a#nx + a5q = O 


if it be I 9, and aq be leſs than the Square of AB or -Z. But if + aq be greater 


than 4 U, the Vertex of the Section will be on the ſame Side of the Axis AO as 


the Center K is, if it be an Ellipſe, or on the contrary if an Hyperbola : And 
if it be a Parabola, the whole Section will be on the ſame Side as the Point H. 


Hence the Vertex V is in all Caſes readily determined: For taking CX a mean 


Proportional between CS and ED, CS will be to CX as the Ordinace BW 


= VIU aq to BY N OY I + aq = vir — or Vf — rr. Wherefore in 


the Caſe of the Ellipſe, place BY on the Line FBE, and KY = KV ſhall be the : 
Semidiameter of the Section required, and V the Vertex thereof. But in the Hy- 
perbola, in the Semicircle whoſe Diameter is KB inſcribe the Line BY, and 


make KV = KY, and V ſhall be the Vertex, and KV the Semidiameter ſought. 


But when ＋ aq is greater than 2 U, then the ſaid Line BY VTLa - 4 U, 


| Lge | Þ 
if it be an Hyperbola, muſt be placed on the Line FBE as before, and KV = KY 
will be. the Semidiameter of the Section, whoſe Vertex V will be on the other 
Side of the Axis AO. But in the Ellipfis, BY being inſcribed in the Semicircle 
whoſe Diameter is KB, KV = KY ſhall be the Semidiameter of the Section, 


which ſhall fall wholly on the ſame Side the Axis on which is its Center K. ; * : 
MN an hates, Ba N | . 
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